Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



Digitized by VjOO'J IC 



lyGoogle 



AN INTEODUCTION 

TO THE 

THEORY OF MENTAL AND SOCIAL 
MEASUREMENTS 



SECOKD EDITION-REVISED AND ENLASBBD 



FUBIjIBRBD bt 

Sftulpra OnlUgr, Qlalinabta ! M i ifaj r»% 

NEW YORK 
1913 



Digitized by VjOO'J IC 



St kdward l. tho&ndieb 



Digitized by VjOO'J IC 



SCHOOL OF EDUCATION 

LJtiKARY 



PREFACE TO FIRST EDITION 



Experience has suffidently shown that the tacts of human nature 
can be made the material for quantitative science. The direct 
transfer of methods originating in the physical sdences or ia com- 
merical arithmetic to sciences dealing with the complex and variable 
facts of human life has, however, resulted in crude and often fal- 
lacious measurements. Moreover, it has been difficult to teach 
students to estimate quantitative evidence properly or to obtun 
a&d use it wisdy, because the books to which one could refer them 
were too abstract mathematicaUy or too specialized, and omitted 
altogether much of the knowledge about mental measurements 
most needed by the majority of university students. 

It is the aim of this book to introduce students to the theory of 

mental measurements and to provide them with such knowledge 

and practice as may assist them to follow critically quantitative 

evidence and argument and to make their own researches exact 

and logical. Only the most general principles are outlined, the 

. special methods appropriate to each of the mental sdences being 

better left for separate treatment. If the general problems of 

mental measurement are realized and the methods at hand for 

dealing with variable quantities are okastered, the student will find 

■^no difficulty in acquiring the spedal information and technique 

^ involved in the quantitative aspect of his spedal science. The 

4^ author has bad in mind the needs of students of economics, sociology 

~t and education, poswbly even more than those of students of psy- 

= chology, pure and simple. Indeed, a great part of the discusnon is 

* relevant to the problems of anthropometry and vital statistics. 

The book may, with certain limitations, be used as an introduction 

to the theory of measurement of all variable phenomena. 

TxACBERB CoLixax, 

CoLDHBiA UMirxaaiTT, 1904. 
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PREFACE TO SECOND EDITION 



Since the first edition of tliis book appeared the literature relating 
to methods of measuring mental and social facts has been enriched 
by a number of general accounts of such methods and by many 
reports of investigations in which they have been used. In par- 
ticular, Brown's The Easentials of Menial Measuremeni, Yule's 
Irdrodui^ion to the Theory of SioHttict and Whipple's Manual of 
Mental and Phyrieal Tests, make available for the English reader 
the same facts (and many more) as were outlined in this book. 

I had hoped, consequently, that this book, having played a part 
in stimulating intelligent quantitative work in the mental and 
social sciences, would suffer a natural death. It is the case, how- 
ever, that for the great majority of students of psychology, sonology 
and education, the abstract mathematical treatment, characteristic 
of the first two books mentioned, is out of question. In fact, an 
dementary introduction to the theory of mental measurements, 
treating the Ampler general problems in the logic of quantitative 
thinking, is needed now more than ever. The increased use of 
modem methods in measuring conditions, differences, changes, and 
relations, induding correlations or resemblances, requires that even 
those students of the mental and sodal sciences who will themselves 
never tmdertake original quantitative work should be able to 
interpret such results as the modem methods present. So this 
book is reissued. 

It has been revised, and the greater part of it entirely rewritten, 
to fit the new conditions — that is, to introduce the students to the 
literature on mental and social measurements which is now avail- 
able — and also to fit' the abilities and needs of students. In general, 
the treatment is made much clearer and somewhat more elementary; 
the parts of the book ^ven up to teaching a student what a certain 
procedure really measures are much amplified; more care is taken 
to make sure that the student understands each statistical problem 
itself, as well as the method to be used in solving it; the order of 
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Viii PREFACE TO SECOND EDITION. 

presentation is changed to one which experience has shown to be 
more convenient and illuminating to the student. I hope that it 
will lead whoever reads it to study modern statistical theory in far 
more refined and elegant presentations. To compete with any of 
these is the exact opposite of my intention. 
Tkacbkbb Collxsb, 

Columbia DmrmanTf 
March, 1912. 
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CHAPTER I 

brntoDucnoN 

Mathematics and Measurements. — The power to follow abstract 
mathematical arguments is rare, and its development in the course 
of school education is rarer still. For example, few of us are able 
to understand the symbols or processes used in the following quo- 
tation:' 

The ch&nce of r Bucceaaes ia gre»teBt when r ie the greataat integer in jm; 
this ia found by the ordinaiy method of determining the ma.Timiim term in s 



LetPbe tliis manmum value — ■C^-p'<'go,takmg the suppodtion for 
brevity that pn is intend, which will not aSect the proof. 

- teS!"^' '"<" + «" -"■ 

Let Pi be chaace of pn + x wbite balls. Then 

P p.. (P\',f9 n • (gn - 1) ■■■ (an -a + 1) 
• '^Vjy •^(!>n + l)(sn + 2).-.(pn + i) 

_ p y v. gn/\ qnf \ qn f 

Taking If^arithma of both aidea 

l.,P.-lo,P+l.,(l-i,) + 10,(1-1;)+ 

^-(■-^•)--('+i,) --('+!.) 

Yet this is a rather easy sample of the discussions from which 
the student has hitherto been expected to gain indght into the 
theory of measurement appropriate to the variable phenomena with 
which the mental sciences have to deal. 

It would be unfortunate if the ability to understand and use the 

> A. L. Bowley, " Elements of Statistics," p. 276. 
2 1 
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2 MBNTAL AND SOCIAL MBASVBSMENT8 

newer methods of measurement were dependent upon the mathemat- 
ical capacity and training which were required to derive and formu- 
late them. The great majority of thinkers would then be deprived 
<rf the most effident weapon in investigations of mental and social 
facts, and adequate statistical studies could be made only by the 
'fe^students of psychology, sociology, economics and education who 
happened to be also proficient mathematidans. 

There is, happily, nothing in the general principles of modem 
statistical theory but "^Hffd ffftp?*"tf" ^hp. and little in the tech- 
nique resulting from them that general intelligence can not readily 
master. A new method devised by a mathematician is likely to be 
expressed by him in terms intelligible only to those with mathe- 
matical training, and to be explained by him through an abstract 
derivation which only those with mathematical truning and capao- 
ity can understand. It may, neverthless, be possible to explain ita 
meaning and use in common language to a common-sense thinker. 
With time what were the mysteries of the specialist become the 
property of all. To tad this process in the case of certain recent 
contributions to statistical theory is one of the leading aims of this i 
book. Knowledge will be presupposed of only the elements of 
arithmetic and algebra. Artifidal symbols will be used only when 
they are really convenient. Concrete illustrations will always 
accompany and often replace abstract laws. 

Let no one suppose that the foregoing statements imply that 
mathematical gifts and training are useless possessions for a student 
of quantitative mental sdence. On the contrary, the assumption 
of their absence in "the reader" will necessitate long descriptions, 
round-about arguments and awkward formutie. If this book were 
written by a mathematician for the mathematically minded it would 
not need to be one fifth aa long. If it Is read by such a one, it 
may well seem intolerably dumsy and indegant. 

General Information about Uetiurementi. — There are, in addi- 
tion to the recent studies of the general theory of mental measure- 
ments, a number of matters concerning the quantitative treatment 
of human nature which suflSdent experience teaches thoughtful 
workers everywhere, but which have not been stated simply and 
convenientiy in available form for study and reference. At pres- 
ent one must learn these gradually and with difficulty by himsdf, 
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INTRODUCTION 3 

or acquire them from the oral traditions of the laboratory or class- 
room. They are, for the most part, extremely ^mple. But that 
one aees them at the first glance when they are presented does not 
imply that he would not in nine cases out of ten fail to discover 
them if they were not presented. To put these at the service of 
all who need to know about them is the second aim of this book. 

The Technique of Measarements. — Although the formulte used 
in Kcpresung and computing mental measurements are in most 
cases straightforward and ample, they are often so foreign to the 
habits acquired in connection with the arithmetic and algebra of 
one's school days that ready and sure use of them can be acquired 
only by practise. Convenient and accurate manipulation of 
figures 13 one of the many things which one learns to do by doing. 
A mere statement of a rule leaves one uncertain. Only after apply- 
ing it a number of times does he really possess it. For example, I 
doubt if any one of my readers is sure that from a hasty reading 
he understands the following, which is an accepted short method 
of determining the arithmetical average of a series of numbers: 
"Arrange the numbers in the order of theb magnitude; choose any 
number likely to be nearest the average; add together, regarding 
»gns, the deviations from it of all the numbers; divide this result 
by the number of the measures the average of which you are obtain- 
ing: add the quotient to the chosen number." To secure full 
mastery of every procedure taught, many model examples and 
sets of problems to be worked are presented. 

The ^plication of the Theory of MeaBorements. — ^A sense of 
when and how to use statistical methods ia even more important 
than knowledge of the methods themselves. The greatest benefit, 
therefore, will come to those who, in connection with every prin- 
ciple established in the text, call to mind some concrete case to 
which the principle should be applied. The insight into the actual 
use of the theory of measurement thus obtained may be increased 
by a critical examination of the quantitative studies referred to in 
Appendix I. 

This book, as the title announces, deals primarily with the 
theory of mental and social measurements. But with a few excep- 
tions the prindples and technique which it presents are applicable 
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4 MENTAL AND SOCIAL MSASVREMSNTS 

to ail the sciences which study variable pheDomeoa. Phy^cal 
anthropology was the first sdence to take advantage of them, 
and in medidne they will perhaps find their greatest usefulness. 
If one altera the language and replaces the illustrations from the 
realms of psychology and education by similar ones from economics, 
vital statistics, medidne, physiology, anthropometry or biology, 
as the case may be, he will find the prindples to hold, with an 
occasional obvious modification to fit the spedal data. The de- 
scriptions of technical procedure similarly may, after a few obvious 
alteraUons, be applied to variable measurements in general. 

The author may be permitted to express his hope that those 
who use the book will regard its subject matter as something more 
than a means to the end, convenient handling of measurements. 
0M» can use ingenuity in nutnipulating measurements as well as in 
devising experiments; can use lo^c in working with measures as 
well as in working with evidence of a more impres«ve and dranmtic 
sort. Skill in expression is nowhere more required than in the task 
of making quantitative arguments brief, clear and emphatia Sta- 
tistics are, or at least may be, something beyond tabulation and 
book-keeping. 

The Special DIfflciiltleB of Mental Measurements. — In the 
mental sdences, as in the physical, we have to measure things, 
differences, changes and relations. The psychologist thus measures 
the acuity of vision, the changes in it due to age, and the relation 
between aciuty of vision and abiUty to learn to spell. The econom- 
ist thus measures the wealth of a community, the changes due to 
certain inventions and perhaps the dependence of the wealth of 
communities upon their tariff laws or labor laws or poor laws. 
Such measurements, which involve human capacities and acts, are 
subject to certain spedal difficulties, due chiefly to (1) the absence 
or imperfection qf unii» in which to measure, (2) the lack c^ constancy 
in the facts measured, and (3) the extreme eomplexiiy of the measure- 
ments to be made. 

If, for instance, one attempts to measure even so simple a fact 
as the spelling ability of ten-year-old boys, one is hampered at the 
start by the fact that there exist no units in which to measure. 
One may, of course, arbitrarily make up a list of ten or fifty or a 
hundred words, and measure ability by the number spelled correctly. 
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JNTBODUCTION 6 

But if one examines such a list, for instance the one used by Dr. 
J. M. Kice in his measurements of the spelling ability of some 
eighteen thousand children, one is, or should be, at once struck by 
the inequality of the units. Is "to spell certairUp correctly" equal 
to "to spell because correctly"? In* point of fact, I fin4^that of a 
group of about one hundred and twenty children, thirty missed the 
former and only one the latter. All of Dr. Bice's results which 
are based on the equality of any one of his fifty words with any 
other of the fifty are necessarily inaccurate, as is abundantly shown 
by Table 1 (page 8). 

Economists have not yet agreed upon a system of units of meas- 
tvement of consuming power. Is an adult man to be scored as 
twice or two and a half or three times as great a consumer as a 
ten-year-old boy? If an adult man's consuming power equals 1.00, 
what is the value of that of an adult woman? 

If we measure a school boy's memory or a school system's daily 
attendance or a working man's daily productiveness or a family's 
daily expenditures, we find in any case, not a single result, but a 
set of varying results. The force of gravity, the ratio of the weight 
of oxygen to the weight of hydrogen in water, the mass of the H 
atom, the length of a given wire — these are, we say, constants; and 
though in a series of measures we get varying results, the variations 
are very slight and can be attributed to the process of measuring. 
But with human affairs, not only do our measurements give varying 
results; the thing itself is not the same from time to time, and the 
individual things of a common group are not identical with each 
other. If we say that the mass of the O atom is sixteen times the mass 
of the H atom, we mean that it always is that or very, very near it. 
But if we say that the ^ze of the American sibling-^roup is two 
children, we do not mean that it is that alone; we mean that it is 
sometimes zero, sometimes one, etc. 

Even a very elaborate chemical analy^s would need only a 
score or so of different substances in terms of which to describe and 
measure its object, but even a very simple mental trait — say, arith- 
metical ability or superstition or respect for law — is, compared with 
physical things, exceedingly complex. The attraction of children 
toward certain studies can be measured, but not with the ease 
with which we can measure the attraction of iron to the magnet. 
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6 MBNTAL AND SOCIAL MEA3URBMSSTS 

The rise and fall of stocks is due to law, but not to any so aimple a 
law as explains the rise and fall of mercury in a thermometer. 

l^e problem for a quantitative study of the mental sciences is 
thus to devise means of measuring things, differences, changes and 
relationships for which standard units of amount are often not at 
hand; which are variable, and 30 unexpressible in any case by a 
^ngle figure; and which are 90 complex that, to represent any one 
of them, a long statement in terms of different sorts of quantities is 
commonly needed. This last difficulty of mental measurements is 
not, however, one which demands any form of statistical procedure 
essentially different from that used in sdence in general. 
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CHAPTER n 

Umrs AND Scales 

$ 1, Common D^eds in Scales for Measuring Mentai avd Social Factt 
SubjectlTity. — When any scale of amount is used, one's natural 
teitd£BQr is to ioterpret it as we have learned to interpret the 
commoD scales for number, time, len^, weight, area and the like ' 
— ^to regard eveiy unit in the scale as equal to any other unit and 
to r^ard the zero of the scale as measuring just barely not any of 
the quahty in question. But in the case of nuiny (A the scales 
used in the mental and social sciences we cannot thus take it for 
granted that 8-7=7-6=6-5= 7S- 71 ~40~S9; or 
that 8 means twice as far from just not any of the quality in question 
as 4i A»d 40 four times as far therefrom as 10 and hidf as far there- 
from as 80. The first necessity in the scientific treatment of any 
measure is to be aware of the meanings of the units which it repre- 
sents and of the zero point from which it is reckoned. 

Let us therefore examine some samples of the units and scales 
which have been used in the mental and social sciences. It is the 
custom to measure intellectual abiUty and achievement, as mani- 
fested in school studies, by marks on an arbitrary scale; for instance, 
from to 100 or from to 10. Suppose now that one boy in Latin 
is scored 60 and another 90. Does this mean, as it would in ordinary 
arithmetic, that the second boy has one and one half times as much 
ability or has done one and one half times as wdIT It may by 
chance in some cases, but the fact that the best one and the worst 
one ctf thirty boys may be so marked by one teacher, and during 
the next half year in the same study be marked 70 and 90 by the 
next teadier, proves that it need not. The same difference in 
ability nmy, in fact, be denoted by the step from 60 to 90 by one 
teacher, by the step from 40 to 95 by another, by the step from 
75 to 92 by another, and even, by still another, by the step from 
90 to 96. Obviously sdiool marks are quite arbitrary and their 
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8 MENTAL AND SOCIAL MEASUREMENTS 

use at their face value as meaaurea is entirely unjustifiable, A 
'ninety' boy may be four timea or three times or six fifths as able 
as an 'eighty' boy. 

It is the custom to measure the value of commodities and labor 
by their money price, but since a dollar in one year is evidently not 
necessarily equal to a dollar twenty years before, systems of index 
valu^ liave been established to give a better unit. Even these 
index values, as arranged by different economists, differ somewhat. 
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For a unit of power of consumption Engd takes a child during 
its first year. He then calls a year-old's power of consumption l.I ; 
a two-year-old's, 1.2; and so on up to 3.0 for a woman 20 years or 
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over and 3.5 for a man 25 years or over. In the United States 
investigation of 1890-91 the iinit was taken as 100 for an adult 
man, 90 for an adult woman, 75 for a child 7 to 10 years old, 40 
for a child 3 to 6, and 15 for a child 1 to 3. The arbitrary nature 
of the scale of measurement is apparent. 

The inequalities of the spelling words, treated by Dr. Rice aa 
of equal difficulty, are shown in Table 1. 

The risk of annept'^ K auhj^ntive opi^^ion, even in the cases where 
it is least liable to error, may be illustrated further by the variation 
in judgment, even among competent authorities, as to the relative 
difficulty of different parts of the following simple tests: 

144 27 2 27 
^. How much is -^ X j2 X 9 X j2^ 

B. How much Is 51 + U - 7i + Oj? 

C If a girl had two dollars, three five-cent pieces, two dimes 

and three quarter-dollars, how much money would she 

have in all? 

D. How much is 37j + 87i + ^+ 6 + | + 6? 

Twelve individuals asdgned to examples B, C and D the amount 
of credit due for the successful solution of each, on the basis that 
the successful solution of example A received a credit of 10. They 
estimated, that is, the achievement involved in solving B, C and Z> 
in terms of the achievement involved in solving A. Their estimates 
varied from 8 to 20 for B, from 5 to 20 for C, and from 14 to 25 for 
D. llieir ratings in detail were (Table 2) : 

TABLE 2 



These variations are due to two factors; first, the variations in 
the opinions of the difficulty of the standard (example A) and. 
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second, the variations in the opinions of the difficulty tA B,C and 
D. We may, in part, eliminate the first factor and measure the 
variation which would appear if the different mdividuals compared 
their opinions of B, C and D with some d>jective standard, by 
dividing their ratings for each ^ngle example by the average of their 
ratings for all three. When this is done their estimates still range 
from 6.7 to 13.7 for B, from 3.0 to 10.9 for C, and from 10.0 to 15.S, 
for D. So, also, if we take four indivjduab whose ratings were such 
as to sl)^w that they were practically identical in th«r estimates 
of the difficulty of A, we find that even among just these four the 
ranges are 10 to 20, 5 to 15 and IR to 25 for B, C and D respectively. 

Carelessness. — In college registration statistics the unit taken 
is conunonly one student. The college with a score of 400 b 
supposed to be twice as large as the college with 200. But some 
students do four years' work in three, while some are present only 
a part of the year or take only a fraction of the full course during 
their time of eniollmeat. A univer^ty with 1,000 units, made up 
in part of teachers taking a course or two a year, of casual students 
that drop out to take positions and of other irregulars, might really 
have a smaller attendance In the true sense, a smaller influence on 
students, than one with only 800 units. One person equals one 
pei^n as a name or physical unit, but one person studying all his 
time with regular and continued attendance does not equal one 
person taking university work as a secondary pursuit 

In measuring the fertility, or rather the reproductivity, of human 
beings, it seems at first thought to be justifiable to use the number 
of children in the family as a measure. But b not the number of 
children who live a better measure? And may not the number of 
children who live through the reproductive period (say, fifty years) 
be a still better measure? And is not, perhaps, the number of 
children, each weighted in some way by the length of his life, 
another measure to be considered? Surely a child who dies in five 
nuDutes is not equal as a measure of reproductivity to a child who 
lives sixty years. Is a child who.lives only thirty years? 

In the case of the "college student" and the "child bom" we 
are misled by what Professor Aikins has called the "jingle" fallacy. 
The words are identical and we tend to accept all the different 
things to which they may refer as of identical amount. A similar 
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ujithinkuig acceptance of verbal equality as a proof of real equality 
makes one measure labor on the hypothesis that any one hour Is 
equal to any other hour of it, forgetting that the step from 7 to 8 
hours p«r diem may be different from the step from 8 to 9 and 
is obviously different from the step from 20 to 21 hours. The 
fallacy may be emphadzed by one final illustration. Dr. Swift, in 
studying the effect of practise, measured motor skill by the number 
of tim^wo balls could be kept tossed in the air vith one hand. He 
took as a unit of measurement one successful pmr of tosses and 
regarded any one such pair as equal to any other. For him, tbat is, 
the step from 0, or inability to catch and toss again at all, to 5, or 
the ability to catch and toss 5 times with each ball, is equal to the 
step from 200, or ability to keep the balls in the ur 200 times with- 
out failure, to 205, or the ability to do so 205 times. But, of course, 
if one can toss the balls 200 times, he can, so far as motor skill 
goes, toss them 205 times almost as easUy, the step b«ng nearly 
zero. On the other hand, the step from to 5 is a very consider- 
able gap, one which some individuals can never pass. The result 
of Dr. Swift's system of units is that he gets the appearance of very 
slow improvement in early hours of practise and very rapid improve- 
ment in late hours, a state of affairs which contradicts what is found 
by other investigators. Of course, "tosang two baUs once" sounds 
identical with "tos^ng two balls once," but it is not. 

$2. The EsgentiaU qf a Valid Scale 
Objectivity. — What science means by a perfecUy " objective " 
scale is a scale in respect to whose meaning all competent thinkers 
agree. A perfecUy "subjective" scale is one in respect to whose 
meaning all competent thinkers disagree (save by chance). These 
are limits between which the actual scales known to science lie. 
Near the former extreme is the scale of length, — one, two, three, 
. . . , n mUlimetera being understood by competent thinkers to be 
certain multiples of a certain rod kept in Paris at a certain tempera- 
ture, or certain multiples of the wave-length of cadmium light. 
Near the latter extreme is the following scale: ■potseasing zero, or 
just not any, beauty, very beauHfid, extremely beautiful. If a thousand 
competent students of esthetics should state just what each under^ 
stood "extremely beaiUtful" to mean in terms of a fact which they 
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could &I1 observe and identify, they wouJd disagree widely. One 
might say, for example " as beautiful as Milton's sonnet on his 
blindness;" another, "as beautiful as Rembrandt's Mill;"another, 
"as beautiful as the Parthenon;" and so on. Only by chance would 
any two hit upon the same observable fact to represent their 
meaning. 

In between these extremes are all degrees of objectivity — that 
is, expert agreement as to the meaning of the scale. Thus, the 
scale of cloudiness ranging from O,ora perfedly clear sky, to 10, or as 
cloudy a day tu i» experienced, would be more objective than the 
scale for beauty giveu above, since expert meteorologists would 
agree better in the observable facts which they would choose to 
express their interpretations of 0, 1, 2, and the rest, than artists 
would in their choices for zero beauty and the rest. Thus the scale 
of illuminating power is somewhat less objective than the scale of 
length, but much more objective than the scale of cloudiness. A 
thousand expert illuminating engineers thinking of " eight candle 
power" would agree less than the physicists would about eight 
millimeters, but more than the meteorologists would about eight 
degrees of cloudiness. 

Scales in respect to whose meaning competent thinkers could 
agree rather closely were devisedearly in the case of number, time, 
length and weight. Kmilar scales for temperature, heat, force and 
"value in exchange" came later. Similar scales for measuring 
intellectual maturity, the standard of living, ability in prose com- 
position and other facts of intellect, character and social condition 
are being devised now. 

The gain for thought and practise that comes from the mere 
definition of words that have been used vaguely and loosely as a 
crude scale is extraordinary. Suppose, for example, that students 
of esthetics made plates of twenty drawings ranging from very 
inferior up to excellent ones, from which identical series of plates 
and prints could be reproduced as we reproduce oiu- millimeter, 
centimeter and the like from the rods in Paris. Suppose that the 
terms a, h, c, d, e,j, g,k,i, . . . ,t, were used universally to refer 
to the amounts of beauty j)08sessed respectively by these twenty 
prints. Artists, teachers of drawing, critics and dealers could, by 
this very easy device, each know what any other meant when he 



Digitized by VjOO'J IC 



UNITS AND SCALES 13 

gave an estimate of the general beauty of a drawing. Instead of 
unintelligible rhetoric or elaborate searching for some comparison 
to make his meaning clear, the speaker or writer could define what 
degree of beauty he meant as d, e or «, as he now defines the size of 
a drawing, the age of the man who made it, or the price at which 
it last sold. To replace the crude and vague comparatives and 
superlatives and other words descriptive of different amounts of 
various mental and social facts by references to scales of accepted 
meaning in terms of observable facts is indeed one of the first and 
greatest duties of the mental saences. 

Consistency. — ^The series of facts used as a scale must be varying 
amounts of the same sort of thing or quality. This requirement 
needs no comment. 

Deflniteness of the Facts and Their Differences, One from 
Another. — An ideal scale, such as that for weight, is a series of 
perfectly defined amounts, the differences between any two of them 
being also perfectly defined, so that a series varying by steps of 
equal difference can readily be selected. 

It is not necessary, however, to have a scale arranged in equal 
steps, though it is very desirable. It is not even necessary to know 
whether or not the steps are equal, though it is very desirable to 
know it, and, if the steps are unequal, to know the exact degrees of 
the inequalities. 

A scale in the sense of a series of defined and accepted facts with 
which other facts may be compared is useful. If the mere order 
of magnitude of these facts is known the scale is still more useful. 
If the steps of difference are known to be equal or to be unequal, 
new utilities are created. If the amount of inequality in each case 
is roughly known, so much the better; if precisely, so much the 
better. If the steps are approximately equal, so much the better; 
for them to be exactly equal is best of all. 

These facts may be thought of conveniently in algebruc form. 
Supj)ose, in the case of drawings, that we have merely a series of 
defined facts, so that say drawings to be measured in beauty may 
be called equal to a or equal to b. We can define the beauty x of a 
drawing as, x = a. Similarly we can know that v = d, w = m, 
z = c, and the like. If y = o, we can infer that x = y. 
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Suppose DOW tliat the mere order of magnitude of the facts ia 
known so that the order of the alphabet is the order from least 
to most beauty. We have then a<b < c< d< e . . . < a <t. 
11 X = a, V = d, w = m, and 2 = c, we can infer that x < z or v at 
10) that z < VOT w, that v < w, and the like; that w — z> w — t, 
that w — X > z ~ X, and the like. Suppose that one knows further 
that the steps are ru4 equal. The possibility of wrongly assuming 
equality by analogy with other scales is thereby prevented. We 
know, for instance, that v~ x need not be three times v— z, that 
w — X need not be twelve times v — 2 or mx times z — x, and the 
like. 

Suppose that the amount of inequality in each case is known. 
We then have the values of a, b, c, etc., all placed correctly on a 
scale so far as concerns all the relations of the distances between 
any two to the distance between any other two. That is, we have, 
letting K stand for the difference b — a and letting the letters a, |3, 
y, d, etc., stand for known fractions or multiples of unity: 
b-a = K, 
e-b = aK, 
d-e = pK, 
e- d-iK, 
/ - e = ax, etc. 
We may then know that, if x = a, « => d, z = e, as before, 
z-x=aK-\-K, 
v~x= »K-\-aK-\-K, 
v~z^ ^K, 
1 V — 2 — a known multiple of r — a, or of z — x, etc., etc. 
Suppose finally that the differences are all equal. The relations 
just mentioned then all become convenient integral multiples of 
the difference between any one drawing and the drawing nert to it 
in the scale series. 

b~ a= K, c-b = K, d - c ^ K, etc., 
b~a = K, c-a = 2K, d~a = ZK, etc., 
so that 

z~x=2K, 
e - « = 3ii:, 
V- z= K, 
V — x= 3(ii — z) or l}(z — x), etc., etc. 
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Comparability with the Facts to be Measured. — The time and 
skill required for comparing or mstching a fact with the scale by 
which it is to be measured varies greatly, according to the scale. 
Other things being equal, it is much harder to measure the length of 
B man's head with an ordinary foot-rule alone than with calipers 
and a foot-rule. To measure the beauty of a drawing of an eagle by 
comparing it with the series a, b, c, etc., just described and observing 
to which point of the series it was nearest in respect to beauty, 
would be much easier if the series consisted of drawings of the 
same eagle, than if the series consisted of drawings of ships.* 

The accuracy with which a fact can be matched with its proper 
point on a scale also varies greatly with the scale. If the observer 
gave equal time and effort to the task in both cases he would make 
a larger error in measuring head-length with the ordinary foot rule 
than if calipers also were used; and a larger error in defining the 
beauty of the drawing of the ea^e by the series of prints of ships 
than by the aeries of drawings of eagles. 

This fact of the varying difficulty, as to time, skill and precision, 
in the use of different scales is often distorted into the false notion 
that scales are of two sharply separated sorts — scales whose use 
does not depend at all, and scales whose use does depend greatly, 
on the observer using them. Really the differences are contin- 
uous gradations. Just as there is a continuous range from little 
to much agreement in respect to the meaning of terms or points 
On a scde, so there is in respect to the time or skill required and 
the precision obtained. In particular, to distinguish scales that 
can be used for comparison with other facts "objectively" in 
the sense of "with perfect agreement amongst competent ob- 
servers" from scales that can be used only "subjectively" in the 
sense of with a large disagreement or set of "personal equations" 
is very ousleading. No comparison of anything in nature with 
anything else is errorless.' And every comparison of anything in 
nature with anything else b subject to an error if the facts are 

* Other tiiiiign being equal. 

• Smple counting or compumg the number of objecta in a given ccdlectJoo 
with a aeiiee of integral numbos to locate the number that fits the number of 
objecta in the oollection may seem to be an exception, but it ia not. The hundred 
most competent oboerven living would not always agree in thedr counts of a 
thoOBBod barrels of pennies. 
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Specimens of contiouous quantities like lengtii, time, pennanence 
in memory, beauty, and the like. With the best instruments to 
measure the weight of a given cannon-ball the best hundred experts 
would not agree within one hundred-thousandth of a milligram. 
With the best thermometers they could not do so well for tem- 
perattuv. Personal equations always enter if the distinctions re- 
quired are made fine enough. The process of matching sticks with 
a scale for length is logically and statistically the same as that of 
matching drawings with a scale for beauty. The disagreements, the 
lack of predion, would merely be a few thousand or million times 
as great in the latter case. 

Minima for the time, effort and skill required and the errors 
made in matching a fact with a scale are then, though very desirable 
features of a scale, in no sense necessary. Scales for mental and 
sodal measurements can be of great service in s[ute of gross in- 
feriority, in these respects, to the common scales for physical facts. 

Reference to a Defined Zero P<dnt. — Finally one must know 
what fact would, by the scale as used, be measured as zero or just 
barely above zero. The zero-point may be td>aolute, meaning "just 
not any of" the thing, or arbitrary, meaning a point called zero 
though actually designating some amount of the thing. Thus the 
thing being temperature, 20° C. is 20 degrees above the arbitrary 
zero — the melting point of ice — and 293 degrees above the supposed 
absolute zero of just not any molecular motion in a gas. 

This last requiate for a valid scale requires further comment. 
In the physical scaences, we can find or infer the place where a 
certain thing begins — the least amount of length, or mass, or 
velodty, or resistance and the like. Such absolute zero-points are 
indeed often obvious to any one. But absolute zeros for goodness, 
intellect, delicacy of discrimination, memory, quickness, courage, 
inventiveness, and the like are never obvious and, for the most part, 
are undiscovered. When one says that four pounds is "two times 
as heavy as," "or two times as much mass as," two pounds, he and 
his hearers know that he means that the former is represented by a 
point on the scale for weight twice as far from " jiwt not any mass" 
as is the latter. But a »milar proof that A'a delicacy of discrimina- 
tion of length is twice B% or that A has three times as much courage 
as B, is at present imposMble. What "just not any delicacy of 
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diacrimination" or "juat not any courage" is, must first be dis- 
covered. 

When absolute zero points ore not available, it is imperative to 
consider what the arbitrary point is from which the scale in use 
starts. Thus, in the case of delicacy of discrimination of length, 
what is actually done is to measure on a scale of amownt of error 
made, zero meaning the limit of perfect discrimination, or on a scale 
of difference required for discrimination, zero meaning, as before, 
the limit of perfect discrimination. In the case of courage, what 
we in fact do is to calculate from a vague notion of zero, «ther as 
very littie courage or as the courage of the average man. 

When the zero point has to be chosen ai4>itrarily it ia well worth 
while to con^der the meanii^ and utility of each of the different 
pos^ble ones. Other things being equal, a point somewhere near 
"just not any of the triut in question" has great advantages over 
a point well up on the scale, such as the condition of the average 
man in the trait. 

The influence of the zero point of a scale upon measurements 
made by that scale will alter the interpretation of, but not the 
method of making, measurements of things and conditions; but 
when things or conditions are compared, that is, when measurements 
are made of differences, changes and relations, it becomes of the 
utmost importance. For, in the case of differences, changes and 

relations, it is usually desirable to be able to use the 'times as ' 

comparison. But such comparisons are subject to momentous nus- 
understandings unless the zero points are absolute. One of the 
conmion fallades in the mental sciences is to compare directiy the 
amounts of measurements made from different zero points. An- 
other is to use arbitrarily some point along the scale as if it were 
an absolute zero point. Silly as it may appear, we often with mental 
measurements do such arithmetic as the following: 

"John, who weight 4 lbs. more than 100 lbs., has added 2 lbs. 
to his weight; James, who weighed 100 lbs. more than 10 lbs., has 
added to his w^ght 50 lbs. Both gained 50 per cent, and so their 
relative guns were equal." 

"John weighs 10 lbs. more than 60 lbs. James weighs 2 lbs. 
more than 60 lbs. John is five times as heavy as James." 

It should be obvious that the discovery of even a rough approxi- 
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matjon to an absolute zero point for any scale is of great advantage 
to thought and practise. For example, in the supposed case of a 
scale for beauty of drawings, as soon as we have found such a 
point — that is, a drawing of approximately just not any beauty — 
and have stated the difference between it and any one of the drav- 
iogs of the scale in terms of any unit of the scale, all the facts of 
the scale become amenable to ordinary aritfameticat procedure, 
including the "times" judgment. Thus, suppose a drawing, u, to 
be found of approximately zero beauty and six times as far below 
a as a is below 6. Then the drawings a, b, c, d, etc., of the previous 
illustration can be renamed 6, 7, 8, 9, etc., and, with only a very 
slight error, treated as we treat inches, dollars or pounds. 

The scales in actual use in psychology, education, sociology, 
history and the like are often inadequate in respect to one or more 
of the essentials of a scale. The work of the student of mental and 
soda] measurements is then, to replace them by better ones so far 
as he can, to devise methods to make the most out of those whid) 
he does not replace, and to avoid attributing to a measurement 
properties which the scale by which it was obtained does not justify. 
The last two tasks need no further mention at this point. Concern- 
ing the first, it has already been suggested that in cases where quanti- 
tative study of hiunan nature and achievement b balked at the 
very befpnning by the lack of series of defined amounts, whose 
differences from each other and from defined zero points are known, 
this lack is due rather to lack of study than to any essential in- 
susceptibihty of human behavier-to-mtiBg in units of amount on 
intelligible scales. The following foot-rule for merit in English 
composition may serve as an illustration of the principle that any 
varying facts which can be estimated at all in terms of the amount 
of some one thing, can be measured in terms of defined units whose 
distances from a defined zero are known. I quote this scale without 
any justification of its choice of a zero point, or of the facts taken 
to represent differences of 18, 26, 37, 47 and so on from that zero 
point. Such justification will be found in a full account of the 
scale by its author, Professor M. B. Hillegas, soon to be published. 
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%3. A Sample Seaie 
A Scale for Merit m Engush Composition bt Younq People 

0. Dear Sir: I write to say that it unt a sqiuire deal Schools 
is I say they is I went to a school, red and gree green and brown 
aiat it hito bit I say he don't know his business not today nor 
yeaterday and you know it and I want Jennie to get me out. 
■ 18. the book I refer to read is Ichabod Crane, it is an grate 
book and I hke to rede it. Ichabod Crame was a man and a man 
wrote a book and it is called Ichabod Crane i like it because the 
man called it ichabod crane when I read it for it is such a great book, 

26. Advantage evils are things of tyranny and there are many 
advantage evils. One thing is that when they opress the people 
they suffer awful I think it is a terrible thing when diey say that you 
can be hanged down or trodden down without mercy and the 
tyranny does what they want there was tyrans in the revolutionary 
war and so they throwed off the yok. 

Sulla as a Tyrant 

37. When Sulla came back from his conquest Marius had put 
himself consul so sulla with the army he had with him in his conquest 
seized the government from Marius and put himself in consul 
and had a list of his enemya printy and the men whoea names were 
on this list we beheaded. 

DeQuincy 

47. First: De Quincys mother was a beautiful women and 
through her De Quincy inhereted much of his genius. 

His running away from school enfluenced him much as he roamed 
through the woods, valleys and his mind became very meditative. 

The greatest eniSuence of De Quincy's life was the opium habit. 
If it was not for this habit it is doubtful whether we would now be 
reading his writings. 

His companions during his college course and even before that 
time were great enfluences. The surroundings of De Quincy were 
enfluences. Not only De Quincy's habit of opium but other habits 
which were peculiar to his life. 

His marriage to the woman which he did not especially care for. 

The many well educated and noteworthy friends of De Quincy. 
Fluellen 

58. The passages given show the following characteristic of 
Fluellen: his inclination to brag, his professed knowledge of History, 
his complaining character, his great patriotism, pride of his leader, 
admired honesty, revengeful, love of fun and punishment of those 
who deserve it. 
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Ichabod Crane 

67. Ichabod Crane was a schoolmaater in a place called Sleepy 
Hollow. He was tall and slim with broad ahoulders, long arms 
that dangled far below his coat sleeves. His feet looked as if they 
might easily have been used for shovels. His nose was long and 
his entire frame was most loosely hung to-gether. 
Going Down with Victory 

77. As we road down Iximbard Street, we saw flags waving frdm 
nearly every window. I surely felt proud that day to be the driver 
of the gaily decorated coach. Again and again we were cheered 
as we drove slowly to the postmasters, to await the coming of his 
majestie's mail. There wasn't one of the gaily bedecked coaches 
that could have compared with ours, in my estimation. So with 
waving flags and Suttering hearts we waited for the coming of the 
mail and the expected tidings of victory. 

When at last it did arrive the postmaster began to quickly sort 
the bundles, we waited anxiously. Immediately upon remving 
our bundles, I lashed the horses and they responded with a jump. 
Out into the country we drove at reckless speed — everywhere 
spreading like wildfire the news, " Victory l'_' The exileration that 
we all felt was shared with the horses. Up and down grade and 
over bridges, we drove at breakneck speed and spreading the news 
at every hamlet with that one cry "Victory I" When at last we 
were back home again, it was with the hope that we should have 
another ride some day with "Victory," 
Venus of Mdos 

83. In looking at this statue we think, not of wisdom, or power, 
or force, but just of beauty. She stands resting the weight of her 
body on one foot, and advancing the other (left) with knee bent. 
The posture causes the figure to sway slightly to one dde, describing a 
fine curved line. The lower limbs are draped but the upper part 
of the body is uncovered. (The unfortunate loss of the statute's 
arms prevents a positive knowledge of its original attitude.) The 
eyes are partly dosed, having something of a dreamy langour. The 
nose is perfectly cut, the mouth and chin are moulded in adorable 
curves. Yet to say that every feature is of faultless perfection is 
but cold praise. No analysis can convey the sense of her peerless 
beauty. 

A Foreigner's Tribute to 'Joan of Arc 

93. Joan of Arc, worn out by the suffering that was thrust upon 
her, nevertheless appeared witii a brave mien before the Bishop 
of Beauvais. She knew, had always known that she must die when 
her mission was fulfilled and death held no terrors for her. To all 
the bishop's questions she answered firmly and without he^tation. 
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The bishop failed to confuse her and at last condemned her to death 
for heresy, bidding her recant if she would live. She refused and 
was led to prison, from there to death. 

While the flames were writhing around her she bade the old 
bishop who stood by her to move away or he would be injured. 
Her last thought was of others and De Quincy says, that recant 
was no more in her mind than on her lips. She died as she lived, 
with a prayer on her lips and listening to the voices that had 
whispered to her so often. 

The heroism of Joan of Arc was wonderful. We do not know 
what form her patriotism took or how far it really led her. She 
spoke of bearing voices and of seeing visions. We only know that 
^e resolved to save her country, knowing though she did so, it 
would cost her her life. Yet she never hesitated. She was unedu- 
cated save for the lessons taught her by nature. Yet she led armies 
and crowned the dauphin, king of France. She was only a girl, yet 
she could silence a great bishop by words that came from her heart 
and from her faith. She was only a woman, yet she could die as 
bravely as any martyr who had gone before. 

§ 4. Technical Detailt Concerning Scales 
Discrete and Continuous Series. — Quantities to be measured 
may be in a discrete or in a continuou a series. A discrete series is 
one with gaps. Thus if we measure the number of children in a 
class we can get only integral numbers. Sixth tenths of a man, 
ninety-two hundredths of a man, do not exist. There are gaps, 
between one man and two, two men and three, etc. A continuous 
series, such as time or velocity or intellect or wealth, is in theory 
capable of any degree of subdivision. Almost alP mental traits 
and social facts due to human action are quantities in continuous 
series. 

Any ^ven measure of a continuous series means not a single 
point on the scale of measurement, but the distance along that 
scale between two limits. Thus if we measure the time taken to 
perceive and react to a signal in thousandths of a second and get 
.143 sec. as the measure, the .143 means commonly that that was 
the nearest point, that the time was nearer to .143 than to .142 or to 
.144; and this means, of course, that the time was between .1425 
and .1435. The truer statement would be, "^'s reaction time is 
between .1425 and .1435." If we measure a man's wealth in dollars 
as 73,448, we do not mean that he has exactly that, but that that 
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is the nearest dollar mark. At times a measure does not mean 
that the individual to whom it b ^ven is nearer to that measure 
than to any other on the scale used, but that he is (Aove it and not 
up to the next measure. For instance, if a boy in 10 minutes gets 
the answers to 5 problems in arithmetic, we would commonly score 
him 5, but OUT 5 would mean, "at least 5 and not 6." The boy 
might, for instance, have almost completed the sixth in his mind, 
and really be, if we had a finer scale, 5.9. In mental measurements, 
any figure — say, 21 — may mean between 20.5 and 21.5, or between 
21 and 22. It might also mean between 20 and 21, if we measured 
people by the point which they just did not reach, but this is almost 
never a useful method. The second method of measuring by the 
last point on the scale passed is in many mental traits the natural 
one and often saves labor in all sorts of measurements.* 

In later operations with figiu^s denoting measurements the 
method of obtaining them and their consequent meaning must be 
kept in mind. If each one of a set of measures means "from this 
number to the n^ct on the scale," then the average calculated from 
them will, to represent a point on the scale, need to be increased 
by .5 the unit of the scale. A little experimentation and thought 
will create the useful habits of thinking of any number for a measure 
OD a continuous scale as representing the quantities between two 
limits; of realizing that, for our ordinary arithmetic, it represents 
the space from a point half-way between it and the number below to 
a point half-way between it and the number above; and of under' 
standing that if our method of measurement makes it represent 
some other space, we must make proper allowance in calculation, 

Undlstrilntted Measures. — In many continuous series the meas- 
ure (zero), which should mean a d^nite distance on the scale, 
either from —.5 to -|-.5, or from to 1 on the scale, means only 
an indefinite distance; namely, from a point above to an unknown 
lower extreme. Thus, if, in measuring arithmetical ability by a test 
of 20 examples, we should find out of fifty boys a dozen who did 
none at all and should mark them zero, we could not assume that 

* It ie taaer to put a meBsure between two pointa on the scale than to tdl to 
which point it ia nearest. Moreover, in dropping inagnifioant figures it is eaacr 
to drop absolutely tlian to add one unit to a given 'place' when tbe figun 
dropped is over ,S the unit of the next place. 
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they were as a group the same distance betow the ' 1 to 2 ' group as 
the '1 to 2' group were below the '2 to 3' group. All that would 
be known about the dozen boys would be that they belonged some- 
where below 1. One of them might be really as far below a boy 
m&rked 1 as the latter was below a boy marked 20. lo such cases 
we call the zero marks undistributed or iodefinite. The same holds 
good, of course, for the upper as well as the lower extreme. If, in 
the illustration in question, a dozen hoya had done all the examples 
perfectly and been marked 20, that score would mean, not that the 
boys were between 20 and 21, but that they were somewhere above 
20. One should always guard against undistributed measures at 
either extreme of a scale. 

The Interpretation of Measures. — In using measures recorded 
by others, it is necessary to know by what method and to how fine 
a d^ree the measurements were made. Thus, suppose one worker, 

A, is using the scale for EngUsh composition to grade spedmens to 
the nearest point on the scale, ' 0, 18, 26, 37, etc.' ; suppose another, 

B, to grade them as nearest to the scale points, or to imoffined 
qutUiiieB kalfway between— that is, as 0, 9, 18, 22, 26, 31^^, 37, 42. 
47, etc.; suppose a third, C, to grade the specimens as between the 
limits, to 18, 18 to 26, 26 to 37, 37 to 47, etc., using 0, 18, 26, 37, 
etc., in iheae meanings; suppose a fourth, D, to grade to a single 
unit, letting 0, 18, 26, 37, etc., stand for qualities indistinguishable 
from the qualities shown on the scale and letting 0, 1, 2, 3, 4, 5, 6, 
7, 8, etc., stand for qualities between and 18, etc. 

The grade of 18 would then mean from 9 to 22 if given by A; 
from 13.5 to 20 if given by B; from 18 up to 26 if given by C; and 
presumably from 17.5 to 18.5 if given by D. 

In the same way a measure of 50 centimeters may mean from 40 
up to 60, from 49.5 up to 50.5, from 50 up to 51, or from 49.95 up to 
50.05. Afrequent error is to put the measures 50.5, 50.6, 50.7, 50.8, 
50.9, 51.0, 51.1, 51.2, 51.3, and 51.4 (all in centimeters), measures 
bdng taken to the nearest millimeter, when grouped, as equal to 
the measure 51 cm., measures being taken to the nearest centimeter. 
They are not, of course, mnce they cover the space from 50.45 up to 
51.45, while the latter covers that from 50.5 up to 51.5. 
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§ 5. MeaaureTnent by Relaiiee Poaition 

Many mental phenomena elude altogether direct measurement 
in terms of amount. How many thefts equal in wickedness a 
murder? If the piety of John Wesley is 100, how much is the piety 
of St. Augustine? How much more ability as a dramatist had 
Shakespeare than Middletonf What per cent, must be added to 
the political ability of the Jewish race to make it equal to that of 
the Irish race? In these and similar cases the quality to be measured 
manifests itself objectively in so complicated and subtle effects 
that the task of expressing it in units of amount is almost hopeless. 

Nevertheless, such phenomena can be measured and subjected 
to exact quantitative treatment. Though we can not equate crimes, 
we can arrange them in a list according to their magnitude, and 
measure any one by its position in the list. Similarly St. Augustine, 
if placed in his proper rank amongst men for piety, is measured as 
exactly as if given a numerical score. The step &om Shakespeare 
to Middleton in a series of dramatists ranked in order of ability is 
a definite measure. If a boy moves in English compodtion from 
the position of the 500th in a thousand to the position of the 74th 
in a thousand his gain is measured as clearly and exactly as when 
we measure the inches he has grown in height. Measurement by'\ 
relative position in a series gives as true, and may give as exact, a' 
means of measurement as that by units of amount. Measurement 
by relative position in scientific studies is of course but an outgrowth 
of the common practise of mankind. The man in the street meas- 
ures things not only as bang so many times this, but also as being 
"the biggest he ever saw" or "about average size." 

Measures by amount of some unit have been the subject of great 
development in the hands of physical sdence, while measures by 
relative position have been comparatively neglected, though for the 
mental sciences they are of the utmost importance. The use that 
has been made of them already by Galton, Cattdl and others gives 
promise that the value of a measure to which the most subtle and 
the most complex traits alike are amenable will in the future be 
more appredated. 

In measuring any product or person by position in a series, the 
chief desiderata are: 

1. That the arrangement of the series should not be the result of 
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any uadividtial's chance bias, i. e., that the arrangement should rep- 
resent the general tendency of a number of observers. 

2. That it should not be influenced by a constant error, by bias 
common to all, i. e., that there should be, on the whole, as much 
bias in any one direction as in any other. 

3. That it should be on a sufficiently minute scale, — that is, 
include a large enough number of ' groups ' or ' grades ' or ' ranks.* 

Suppose, for instance, that we wish to find the position of a 
certain drawing amongst a thousand made by fir3t>-year high-school 
boys. No one person can, except by acddent, be a perfect rater 
of these, for his momentary impulse or his peculiar ideals or training 
will overweight certain features. The combined opinion of ten 
equally good judges will always be truer than the opinion of any 
one of them. If, however, all the ten overemphasized color or 
perspective, their combined rating would be false. Such a constant 
error ui judgment is avoided as far as possible if judges are chosen 
at random from amongst those esteemed competent. 

The value of having the drawings arranged on a fine scale is: 
first, that the finer the scale the more predse the measure, and, 
second, that if a drawing is then misplaced by chance it will not be 
displaced so far. For instance, if drawings were rated simply Good 
or Bad, one near the dividing line, if put on the wrong side, would 
be put very far to the wrong side, viz., one fourth of the total 
distance, whereas if they were rated in twenty divisions, one in the 
middle would, if put to the wrong side, be moved only one fortieth 
of the total distance. As a practical rule one should divide the 
series into as many groups as one can dlstingiusb. 

Amongst school abilities, achievements in handwriting, drawing, 
painting, writing English, translarion, knowledge of history, geog- 
raphy, etc., are readily measured by serial rating and the agreement 
of competent observers is such that great reliance can be put upon 
the results from the ratings of, say, twenty such. In the case of 
more general characteristics the service of the method will be greater 
still, though the readiness and accuracy of the process are less. 

Measures by relative position have one grave defect. Ordinary 
arithmetic does not apply to them. It is not possible to add ' 17th 
from top of 1,000 in wealth' to 'd2d from top of 1,000' as we can 
add 'fortune of $1,000,000 ' to 'fortune of $790,000.' We cannot 
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say that the 10th ability from the top in 100 plus the 20tfa ability 
from the top in 100 is equal to the 14th plus the 16th. We can Dot 
equate different positions in the series with each other as we can 
different amounts of the same thing. 

We can not, that is, on the hasia of what has been so far said 
about measurement by relative position in a series. There are, how- 
ever, two pos»bly valid ways of transmuting a measure in terms of 
relative position into terms of units of amount. Given a certain 
condition of the series as a whole, and the statements of position 
can be pressed in t^rms of amount and made amenable to ordinary 
arithmetic. Given the truth of certain theories of the relation of 
the amount of difference to the ease of observing it, and the same 
result will hold. These possibilities will be discussed in a spedal 
chapter on measurement by relative poution. 

* PROBIXMB 

1. Why would the number of men giving instruction in a uni- 
versity not be a fair measure of the amount of teaching done? 

2. What are the faults of the following proposed as a measure 

, . ... ^ Birth-rate „ 
(H aviliaation: ^ .; — — ? 
Death-rate 

. 3. How could you get commensurate units of amount of ability 

in addition? In what sense could you, after obtaining such units, 

say that ^'s ability in addition was twice or three times B'al 

4. In (pving examination marks, the custom ia to measure down- 
ward from a standard of perfection. Suggest a better starting point 
to take. 

5. Conuder eadi of these ten seta of measures. Describe each 
in respect to its (1) objectivity, (2) equality of units, and (3) zero 
point. 

MsASUKraaofTS of Thbbb Isditiduaia, A, B, aa> C 

ABO 

I. Btature IM «n- 140 cm. 180 cm. 

n. ffimple reaction-time to Bound 176 sec. .126 a«e. .lEO aec 

III. Average error in drawing a line to equal 

a 100 mm. line 32 mm. 2.8 mm. 2.2 mm. 

IV. Number of words (of a list of 12, hewd 

at a rate of 1 per aocond) remembered 
long oiough to write thetn immedi- 
ately aft«r the last word wa« read w(wdi 9 wocda 7 wmda 
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V. Qualit]', or merit, or goodneeB of hand- 
writing illE^le l^ble perfect 

VI. School markB in epelling 82 62 98 

VII. Elffidency in perception; tlte number of 
A'b marked in 60 aeconda on & sheet 
cont4Uning 100 A's mixed with 400 

other capital letters 48 A'b 60 A'b S2 A'b 

Vm. Oiminality: number of tiroee convicted 

<rf a penal offense . 1 

IX. D^ree of interest in muaio little moderate agreotdeal 

X. Age in diQra fi,080 d. 6,1S0 d. 6^1S d. 

6. Group the following measures by whole niunbers, first, by 
using the whole numbers 14, 15, etc., to represent 13.&-14.499, 
14.5-15.499, etc., and second by using 14, 15, etc., to represent 
14-14.999, 15-15.999^ etc.: 

18.eC, 17.39, 21.46, 14.81, 16.61, 17.23, 19.60, 18.42, 21.7, 
16.861, 16.6, 17.02, 14.4, 19.38, 20.fl, 20.5, 18.39, 17.489. 

Which method would you expect to be the eauer and least subject 
to error if one had equal amounts of practise with both? Why? 

7. Name five things or qualities or traits the different amounts 
of which vary by discrete steps.* Name five which vary continu- 
ously.' Name five which are now ordinarily measured by relative 
position. 
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CHAPTER III 

Thu Measdhement of a Variable Fact 

§ 6. Tablet and Sutfaeet t^ Frequency 
Ant fact in any human being or institution is a variable quan- 
tity. If we measure it a number of times with a fine enough scale 
of measurement we get, not one constant result, but many differing 
results. Tbe amount of addition John Smith can do in a minute, 
the number of cubic feet of sand Tom Jones can dig in an hour, the 
food consumed by Richard Brown in a day, the weekly earnings of 
a particular factory — these and all facts depending on human nature 
and behavior ere variable. 

The Total Distribution <tf a Fact — A constant can be measured 
in a single number, but a variable for its complete measurement 
requires as many different numbers as there are varieties of the 
thing. Since John Smith can add now 20, now 21, now 22, now 23 
digits in a minute, his ability is not any one of these nor the av^age 
of them all, but is described truly only as "20 such and such a per 
cent, of the times, 21 such and such a per cent, of the times," etc. 
Any single number would be but an extremely inadequate repre- 
sentation of his ability in addition or of that of any variable trait. 
The measure of a variable quantity implies a list of the different 
quantities appearing, with a statement of the number of times that 
each appeared. Such a list and statement together are called a 
table qf frequenciet or a diatrihdion of a trait. The measure of a 
variable fact is thus its entire distribution or table of frequency. 
Tables 3, 4 and 5 thus measure the three facts denoted by their 
tities. 

It is common to present a table of frequenines in a diagram in 
which distances along a line represent the different quantities, and 
the heights of columns erected along it their frequencies. Thus 
Figs. 1, 2 and 3 represent at once to the eye the facts pven by 
Tables 3, 4 and 5. Such a figure is called a suifaee qf frequency; 
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TABLE 3 
Mkhobt Span of B. F. A. 
Of ft eeriee <A 12 letters read 1 wu eonecOy wiittco and traced 2 times or in 6% 
" " 2w«re " 



■ 4 


10 


3 


7.5 


7 


17.6 


6 


15 


9 


22.5 








« 


15 


2 
' 1 


5 
2.fi 



There were 40 trials in «I1. 
TABLE 4 

ACCURACT OF DlSCBDONATION OF LeNOTH OF K H. 

n drawing a fine to equal a lOO-mm. Une an txiot of — 7 mm. occuired 
- 6 



+ 1 
+ 2 
+ 3 
+ 4 
+ 5 
+ 6 
+ 7 
+ 8 
+ 9 
+!*• 
There were 100 triala in all; hmce per oenta. — times. ' ' 

TABLE 5' 
Pbu Cznt. per Yeas or Mbubebs or the Ahaloahated Soctnr or Enoi- 
NEEBs IN Want of Ehplotment DuiuMa 31 Ysabs 
Less than 1 % lacked em|d<qrment in 1 out of 31 yean, 8.2 % 
26* 
12.9 
12.9 
12.9 



,to 2% ;; ;; 

" 4 


" s 


" 6 " 


" 7 " 


" 8 " 


" 9 " 


" 10 " ' 


" 11 


" 12 


" 13 

" 14 " ' 



> Arranged tiom data given by 0«)»ge H. Wood on pages 640-642 of Vol. 6 
of the Jountal <tf Hu Roj/al SUUUIical SocUty. 
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the compound line which, with the horizontal baae line, encloses it, 
is called a dittribuiion curve. Another method of presenting graph- 
ically a table of frequencies is to draw instead of the top lines of the 
coltunns a line joining the middle points of these top lines. Figs. 
1a, 2a and 3a repeat Figs. 1, 2 and 3 m this form. 



r^lPk 






FiQ. I. Surface of fraquenoy of the ability of B. F. A. in Diemcny Bp&a. 
Number of letters correctly written and correctly placed, after one lieariiig of a 
KrieB of 12- Number of measurements — 40. 

Fio. 2. Surface of frequency of the ability of E. H. in discriminatJon of 
laigth. Number <rf millimeters error made in drawing a line to equal a 100-mm. 
Une. Number of measurements — 100. 

Fia. 3. Surface of frequency of the opportunity for woric in a trade. Num- 
ber of memben of the Amalgamated Society of En^eers lacking employment. 
Number of measurements - 31 (yean). 

Fia. 1a. Same as 1, but drawn by joining mid-ptunts of columns. 

Fia. 2a. Same as 2, but drawn by joining nudi»int8 of columns. 

Fio. 3a. Same as 3, but drawn by joining mid-pointa of columns. 
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FiOB. 4-11. 
turn of FiQS. 4-11, MB page 32. 
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Figures 4-1 1 give each the measurement of some tr^t in one 
individual, the traits being as follows: 

FiQ. 4. Reaction time of H, in thousandUu of a Moond ; 400 measuTements 

Fig. 6. QuiclcneBs of oiovement of T, in SMonda; 67 meamirementB made. 

Fio. 6. Quiclcnefli in addition of 5, in Beoonds; 74 meMurnneata made. 

Fia. 7. Number of letters of a owtain sort m«.rlrBH on a abeet of aiixed 
letters, by £ in a given time; 88 measurements nude. 

Fio. 8. Percentage of men unemployed in the case of a certain trade; 32 
yeaia' reaulta meuured.' 

Fia. 9. Attendance of acbool S (the number absent out of 136 enrolled); 
74 measurements. 

Fio. 10. Daily exchanges <rf a clearing-house, In $10,000,OOOb; 19 measure- 
ments made. 

FiQ. 11. Radial pulse of £, in seconds required for 30 beats; 44 measure- 
ment!. 

Distributions Vary In Their Oeometilcal Form.— If it were neces- 
sary to pick some one kind of distribution aa the best representative 




FiQ. 12. Type of distribution to which variable tr^ts m individuals often 
roughly gjiproximate. The three diagrams represent Mm aame geometrical form 
of surface, the only difference being in the variability, 
of all these, one would choose that approached by Figs. 1, 2, 5, 6, 7. 
In them we see the separate measures distributed somewhat 
symmetrically about a single central measure, and decreasing in 

• Friendly Society of Iron-foundert' report, arranged from daU given b; 
G. H. Wood, Journal of Uu Boyat SWuiicoI SoeUty, Vol. fl2, pp. e40-642. 
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frequency as we pass from the central measure toward «ther 
extreme, slowly at first, then more rapidly and then more slowly. 
They. follow roughly the type shown in Fig. 12. But obviously 
there is do one kind that adequately represents all. The number of 
central types need not be one, and the variations from the central 
type may occur in all sorts of ways. Indeed, even in the same trait, 
there may occur among different individuals different types of 
distribution. Fig. 13 illustrates this in the case of the accuracy 
of a certain kind of perceptive process in eleven individuals. The 
individuals were chosen at random and so give an impartial repre- 
sentation of the fact. 

Sbewness and Bimodality. — Before discussing further the treat- 
ment of a measure expressed in a table of frequencies, it will be well 
to examine some clearer cases of a hypothetical nature. Suppose, 
for example, that measures were at hand: (1) of the daily consump- 
tion of wealth by an individual, (2a) of the hours worked duly by 
an earnest laborer, whose union did not permit more than an 
eight-hour day, (26) of the rate of adding of a practised accountant, 
(3a) f^ the amount of alcohol imbibed daily by a dipsomaniac, and 
(36) ot the number of arrests daily for drunkenness in a dty. 

An individual who most frequently consumes two dollars' worth 
in food eaten, clothes worn out, minor luxuries, etc., may consume 
five dollars' worth by an e^>ensive dinner, ten dollars' worth by 
burning up his coat, or a hundred dollars' worth by breaking a vase 
or overdriving a horse. He can not consume less than zero. The 
range of distribution, limited below, runs out above a long way for 
practically every one. Letting the scale run from low amounts at 
the left to high amounts at the right, the form of distribution will 
be like that of diagram A in Fig. 14, a form tkewed toward the 
high end. 

The laborer can not work over eight hours, but will less and less 
readily suffer a greater and greater decrease from that amount due 
to weather, employer's convenience, etc. The frequency of seven- 
hour days will be much below that of eight; that of six-hour days 
below that of seven, etc. I omit from con^deratlon Sundays and 
holidays. Letting the scale run from at the left up to high 
amounts at the right, the form of distribution will be like that of 
diagram B in I^g. 14, being skewed toward the low end. So also 
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The aurface of trequeticy (or Hm kaipb of line dmwn by a person 
equ&l a 100 mm. Ime. Kleven individualB ar« repieeent«d — each 
; cu frequeocy, racording one bundled measurements of his ability 

ueetion. Thus, that for individual £, in the lower right hand comer, 

leada: "The fine drawn was fiS (or —7 mm. b error), cmoe; 97 (or — 3mm. m 
error), three timee; 98 (or — 2 nun. in am), twice; 99 (<k — 1 mm. in error), 
Uuee times; and so on. 



Fio. 13. The surface of fi 
attempting 
by one surface ol frequency, recording 
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the practised accountant will work in most cases near his best rate; 
but while nothing can rtuse him far above his customary rate, 
distraction of attention by out^de stimuli, fatigue or bewilderment 
may drag him far below it. 





He periodic dipsomaniac drinks either a great deal, or littie or 
none, according to the presence or absence of the fit of craving. The 
distribution of the duly amount of liquor drunk by him will there- 
fore have two points of great frequency, with very slight frequencies 
for intermediate points, somewhat as shown in diagram C of Fig. 14. 
The city's daily arrests for drunkenness will show a similar, though , 
not 80 pronounced, composition of great numbers due to Saturdays, 
Sundays and holidays, and smaller numbers due to ordinary days. 
The distribution will vetgi toward that of diagram D in Fig. 14.' 

These hypothetical cases emphasize types of clear departure from 
the common symmetrical, bell-shaped form, and illustrate the 
importance of giving, to describe a variable fact, all the measures 

■ The Bcale is, as before, Buppoeed to niD from small amounts at the left 
to Uu^er amounts at the right. 
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of it that have been made, not ^mply aome one measure that repre- 
sents their central tendency. 

These considerations lead to tvo simple rules for practise: (1) 
Many repeated measurements are necessary to measure a variable 
fact.* (2) Turn a series of measures into a distribudon table or 
surface of frequency and examine this before inferring anything 
from the series. 

i 7. Meantres of Cevirai Tendency 
Nothing short of the entire distribution table is a complete 
measure of a variable fact, but two features of such a distribution 
are of special importance: first, the central tendency or typical per- 
formance or amount about which the separate measures cluster, if 
there is such; and, second, the variability or diapersion of the 
separate measures around their central tendency. 

Thus in Table 6, A and B differ in central tendency, but are 
alike in variability; C and D differ in variability, but are (dike in 
central tendency. 

TAfiI£ 6 

HOUBLT EAKONaB OT FOUB MXM, A, B, C, AKD D 



Average, Median and Mode. — ^The Average — that is, the sum 
of a set of measures divided by their number' — ^is the measure of 
central tendency in most common use. The Median or 50 per- 
centile or Mtdrmeaeure is the place on the scale reached by counting 
half of the measures, in the order of their magnitude, or the place on 

* The number needed vill be diaouaed in Chapter Xn. 
' Average will be used throughout this book for the arilftmetMoI mean or 
average, unleos special notice ia givoi to the cootntry. 
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the scale above and below which are equal numbers of the measures. 
Thus in the series 5, 6, 7, 20, 22 the median is 7. An amount which 
appears more frequently than the other amounts on either side 
of it in the distribution of the measures of a variable fact may be 
called a Mode, or better, a Crude Mode. Thus in Table 4 (page 29) 
100, or error, is the crude mode, and in Table 5, 1-2 and 6-7 
are the crude modes. In Table 6 (page 36) 28 cents is the mode for 
both C and D, and also for A. 

The arithmetical average is often unwisely used as the. sole 
measure of central tendency. But it is clear that the average of 
the man's daily consumption of wealth figured in Fig. 14 A not only 
does not distinguish him from some one less given to e^ctreme 
prodigality who in general lives on a higher material plane, but also 
gives no idea of his common daily expenses. So also the average 
performance of an accountant (see Fig. 14, B) may not tell what is 
really desired, namely, what the man can do under proper conditions. 
With a case like that of the dipsomaniac (see Fig. 14, C) the average 
grossly misrepresents the facts to all readers who follow the common 
habit of expectit^ an average to be approximately the individual's 
typical performance. An average is mathematically only the sum 
of a set of measures divided by their number. It represents the 
typical measure of the set only when there is but one typical measure 
and when the set of measures are symmetrically disposed about it. 
There may be more than one type of measure prominent, and the 
distribution may be, and often is, skewed instead of symmetrical. 

Central Tendendes in Unimodal Distribntioas. — When the 
different measures of a variable fact cluster around one and only 
one such point of notable frequency or typical amount of the fact 
(as in I^gs. 5, 6, 7 on page 31, or Fig. 12 on page 32, or Fig. 14, A 
and B, on page- 35), their distribution is called ummodal. When 
they show two or more such modes (as in Fig. 14, C and 2>, on page 
35), their distribution is called muMTrtodtd. 

In a unimodal distribution the different measures may be dis- 
tributed along the scale symmetrically with respect to the mode or 
place of greatest frequency, or approximately so, so that the two 
portions of the surface of frequency on either side of a vertical 
erected at the mode are approximately alike; or the different 
measures above the mode may be distributed differently from those 
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below it, so that the two portions of the surface of frequency differ, 
the distribution being skewed. Perfectly symmetrical distribu- 
tions are shown in ¥\%. 12 (page 32) and in Figs. 17 and 18 (page 
66). Fig. 7 (page 31) is approximately symmetrical. Figs. 4 and 
S (page 31), Fig. 14, A and B (page 35), and Figs. 19 and 20 (page 
-68) show clear skewness. 

In a distribution that is unimodal and symmetrical the average 
is identical with the mode and represents the typical performance of 
the individual. The 60 percentile or median (that is, the point on the 
scale — or the amount of the trait — above which and below which 
are equlil numbers of the different measures) will also be identical 
with the average and the mode. In a distribution that is approxi- 
mately unimodal and approximately symmetrical, the average or 
the mode or the median will represent approximately the central 
tendency about which all the varying measures cluster. Thus, in 
the case of the eighty-eight hours' earnings of C, recorded in Table 6, 
the average is a trifle under 26, the median is 26 and the mode is 26. 
In a distribution that is unimodal and skewed the mode often ^ves 
much more useful information than the median or average. In 
the case of skewed distributions it is spedally important to bear 
in mind the meaning of whichever means of representing central 
tendency is used. The average tells the general weight of the fact, 
the mode tells- its usual or "typical" amount and the median, or 
50 percentile, gives a mongrel result, often useful just because it 
pretends to be neither the type nor the general weight of the fact, 
but only a certain unambiguous feature of it. 

The following further characteristics of the different measures 
of central tendency may help to decide whidi is the h|st to use in 
any given case: 

The crude mode is the most easily and quickly determine. It 
is not so reliable a measure as the others. That is, the actual mode 
obtained from a given number of cases will not be so near the 
true mode as will the actual average to the true average. It is 
hardly at all influenced by extreme measures or erroneous meas- 
ures. It is unambiguous and does not mislead a reader into think- 
ing that all the individual measures of a group are very closely 
near it. 

The median is more easily determined than the average. It is 



Digitized by VjOO'J IC 



THE MEA3UBEMENT OF A VARIABLE FACT 39 

not so precise as the average, is very little influeoced by extreme or 
erroneous measurements and is unambiguous. 

The average is determined more predsely than the crude mode 
or the median because the amount of every measure plays a part 
in determining it, but for this very reason it is more influenced 
by extreme or erroneous measures. The average is the measure in 
common use and has the advantage of being a familiar term, and 
at the same time the disadvantage of leading untrained readers to 
think that the abilities of which it is the average are closely clustered 
about it. 

Id the case of skewed distributions the crude mode has the 
obvious spedal advantage of being closest to the "typical" amount 
of the trtut. 

If the measures of an individual are not in terms of amount, hut 
are simply a series ranked in relative position, the only measures 
of central tendency available are the mode and median. 

Central Tendendes In Multimodal Distributions. — A multi- 
modal distribution almost always means that two facts have been 
measured that need to be kept separate in thought. So the dif- 
ferent modes should be kept separate, and, if pos^ble, the total 
distribution should be analyzed into separate distributions, whose 
central tendendes are then treated separately. 

§ 8. Meaturet qf Variainliiy 

Measures of the variability or dispersion of the individual 
measures ^ of two sorts. There are measures obtiuned by averag- 
ing the deviations of the individual measures from their central 
measure, and measures of the limits which include a certain pro- 
portion of all (he individual measures. 

Measures by Avera^ng. — Of the first sort we have the Average 
Demation or Mean Variation (A.D. or M.V.), which equals the 
average of the deviations (all treated as positive quantities) of the 
individual measures from their central tendency (average, median 
or joode); and the Mean Square Denaiion' (S.D. or tr) which equals 

'The mean square deviation is BOmetimee c^ed the Staruiard Dtttation, 
thou|^ its right to be conmdered a stimdardmBaBUTe of variability u by no meaoa 
aecure. S.D., <r, or Mean Square DeviatiiMi will be used mdifferently to refer 
to it throughout tlua book. 
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the square root of the average of the squares of the deviation of 
the individual measures from their central tendency. Thus, calling 
the series of measures mi, fflg, . . . , nin and their deviations from 
the measure ta ken aa centra! tendency xuxt, . . ,, aw, A.D. — 2i/b 
and S.D. = v''Z3?ln, Z being a symbol for 'the sum of the' and n ' 
equalling the number of measures. The m's being, for example, 
8, 9, lOjlO, 11, 12, 12, 12, 12, 13, 13| 14, 15, 17, the x's are -4 -3. 
-2,-2,-1, 0, 0. 0, d, + 1, + 1, + 2, + 3, + 6; the A.D. is 24/14 
or 1.7; t he **s are 16, 9, 4, 4, 1, 0, 0, 0, 0, 1, 1, 4, 9, 25; the S.D. is 
1^74/14 or 2.3. 

HeasureB by limits Reqtiired to Include a Specified Percentage 
of the Cases. — There are many possible measurea of the second 
sort. For example, in the case just used, all the measures are 
between 7H and ITJ^, 86 per cent, are between 8H and 16, 71 per 
cent, are between 9H and 14^. 50 per cent, are between lOJ^ and 
13H- '^o measures of this sort are in common use. One is the 
Q, at 'Semi-Interquartile-Range,' or 'ka^ the distance between the 
£5 percerUile meaxure (here 10) and the 75 percentile meaaure (here 
13).' It is \]/i in the present case. 'Hie other is the Med. Dev. 
or P.E.,' the median <^ the deviationi from the eenirai tendency (all 
being considered as positive quantities). In the present case, this 
is IHi since there are four deviations of 0, three of 1, and seven of 
2 or more. 

Such measures by limits have the advantages of economy of time 
in calculation and of being only slightiy infiuenced by extreme or 
erroneous measures. They are the only measures of variability 
available when the measures are of relative portion. They have 
the disadvantage of being less predsely deternuned (the same data 
being given) than the A.D. or S.D. 

If the distribution is symmetrical, an A.D., S.D., Med. Dev. 
or the like suflSces to summarize the variability or dispersion of the 
separate measures about their central tendency. If the distribution 
is skewed the variability above and that below the central tendency 
need to be measured separately. 

Variability in Multimodal Distrlbudons. — If the distribution ia 

' The P.E. Btonda for Probftble Error, the traditional, but vay nualeftding, 
name for the median deviatJon, which is not epecially probable and sot an earor 
at all. 
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multimodal it should be analyzed into separate distributions and the 
variability of each should be measured separately. 



Fkoblgms 

8. Express in tables of frequencies and surfaces of frequency the 
following facts: 

Ar., bang measured with respect to his memory span for letters 
40 times, showed the following abilities, in terms of the number of 
words remembered in their correct positions: 7, 6, 7, 5, 8, 2, 10, 6, 7, 
8, 3, 8, 6, 9, 6, 10, 6, 8, 6, 4, 9, 6, 10, 8, 6, 8, 5, 6, 4, 8, 10, 7, 4, 7, 
6, 9, 1, 11, 7, 7. 

D., being measured in the same trait 40 times, shoved records of: 
5, 4, 1, 6, 5, 5, 8, 4, 6, 5, 5, 5, 4, 6, 4, 4, 5, 7, 2, 5, 5, 4, 5, 4, 6, 9, 
4, 3, 0, 5, 5, 6, 5, 6, 3, 8, 4, 5, 5, 3. 

9. Judge by inspection which is the more variable, Ar. or D.? 

10. In which case is it most cleariy a matter of indifference 
whether the general tendency is expressed by the average or by the 
median or by the mode? 

11. Find the Crude Mode, the Median, the Average, the Aver- 
age Deviation (A.D.) from the Median, the S.D. from the Median, 
the Median Deviation (P.E.) from the Median and the Q, in the 
case of each of these two series of measures: 

Sbbibs I. 16, 24, 26, 23, 23, 21, 22, U, 4g, 29, 
■ 19, 36, 19, 24, 22, 23, 23. 21, ^ 18. 

SmnsH. 11, 21, 21, 22, 19, 23, 20, 22, 23, 23, 
21, 24, 22,-24, 22, 20, 22, 24, 20, 23. 

I2a. What are the closest limits which will include 75 per cent, 
of Series I.? 

12b. What are the closest limits which will include 75 per cent. 
of Series IL? 
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CHAPTER IV 

The Abtthmetic of Calculatikq Centeal Tendencies and 
Varllbilitieb' 

§ 9. CtUcuiaHoju from Mearuret Taken at Their Face Valve 

Con^Btency in Units. — ^The arithmetic of calculating averages, 
medians, modes, quartilea, A-D.'a, S.D.'s, P.E.'s and other measures 
of central tendency and of variability from a series of measures 
taken at their face valug, is ^mple and straightforward, if one bears 
in mind (1) that mental and social quantities are commonly con- 
tinuous, so that any number given as a measure means not a point, 
but a distance on the scale, and (2) that this distance is often that 
from the given number to the next number, so that the re^ value 
of the number is itself plus one half of the difference between it and 
the next number. 

Thus, in measurements of a quantity that varies continually, 
8 will mean either from 7.5 to 8.6 or from 8.0 up to 9.0; 8.2 wiH 
mean from S.15 to 8.25 or from 8.20 up to 8.30; 8.27 will mean 
from 8.265 to 8.275 or from 8.270 up to 8.280— in each case accord- 
ing to the fineness of the scaling and according to whet^r the 
persons obtaining the data measured 'to the nearest lumber of 
the scale' or 'between two neighboring numbers otMie scale.' 
7, 8, etc., are sometimes used carelessly for 7.0 and^8.0 or 7.00 
and 8.00. The real space on the scale meant by the number is 
usually evident in such cases from inspection of the series as a whole. 

Short Methods. — Some of the calculations, though simple, are 
very tedious unless short methods are used. Command of these 
methods is indeed essential for anyone who is to use his time intelli- 
gently in quantitative work. Since they are in some respects 
foreign to the mathematical habits of one's school days they re- 
quire comment and illustration. It is also well to make acquaint- 

' This chapt«r concerns only imimodal diatiibutioiiB Emd multimoda] dift- 
tributioDB whose modes ftre not very pronounced — distributiosB, that is, vhich 
may fairly be considered in each case as varying around a typical conditiiw. 
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ance with certain justifiable methods of attaining approximate 
results in cases where the worker's time is worth more to adence 
than slightly increased precision. 

DefinitioiiB ReBtated and niuatrated. — Before describing and 
illustrating the technique of the simpler short methods and approxi- 
mations I will repeat the definitions of the measures to be calcu- 
lated and illustrate them in the case of the following series of meas- 
ures: 9, 10, 12, 13,13, 14, 14, 14, 15, 15, 15, 15, 16, 16, 17, 17, 17, 18 
— the quantity measured being a continuous variable. 
"*■, The scale runs from 9 to 18 by steps of 1. We will suppose the 
measurements to have been taken to the nearest point on the scale. 

The number of measures, n •- 18. 

The Crude Mode is the most frequent measure, here 15. 

The Median or 50 percentile is the measure above and below 
which are equal numbers of the measures,* here 15. 

The Average is the sum of the measures divided by their number, 
'Smjn, here 14.44. 

The Average Deviation, A.D., is the average of the differences 
(regardless of signs) between the separate measures and their cen- 
tral tendency. 

The A.D. from the mode is here 32/18, or 1.78. 

The A.D. from the median is here the same, 1.78. 

The A.D. from the average is here 33.1/18, or 1.S4. 

The Mean Square Deviation, S.D. or <r, is the square root of the 
average of the squares of the differences between the separate 
measures and thdr central tendency. 

The S.D. from the mode is here V'l04/18, or 2.4. 

The S.D. from the median is here th e same, 2 .4. 

The S.D. from the average is here V^98.4/18, or 2.34. 

The 25 percentile is the measure with three times as many 
measures above as below it,* here 13. 

The 75 percentile is the measure leaving one third as many 
measures above as below it/ here 16. < 

* Or the measun reached, as the (n + l)/2th, hi couDtJng the measures in 
the order ot th^ magnitude. 

■ Or the measure reached by counting one fourth of the messuiee in the order 
of their magnitude begimiing with the lowest. 

' Or the measure reached by counting three fourths of the measures in the 
order of their ma^tude from the lowest. 
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The Quartile, or Q, is half the difference between the 25 perceatile 
and the 75 percentile, here 1.5. 

The Median Deviation or P.E. is the median of the differences 
(regardless of ^gns) between the separate measures and their 
central tendency. 

The Med. Dev. or F.E. from the Mode is here 1.5, four of the 
differences being 0; five, 1; and the other nine, 2 or more. 

The Med. Dev. or P.E. from the median is likewise 1.5. 

The Med. Dev. or P.E. from the average is 1.5 (between 1.44 
and 1.56), three of the differences being .44; four, .56; two, 1.44; 
and the other nine, 1 .56 or more. 

If the measure 9 meant 9.0 up to 10.0, the measure 10, 10.0 up 
to 11.0, etc., the measures of central tendency, and also the 25 
percentUe and 75 percentile, would each be raised by .5. The 
A.D., S.D., and Med. Dev. or P.E. would be unaltered. 

Short MeOiodB in General. — ^To save eye-strwn and reduce 
errors, use paper ruled into squares of about \ inch by light blue 
lines for all computations. In all cases arrange the measures as a 
table of frequency, scale values to the left. Treat one 'step' 
of the scale as 1, no matter what its real value is, reducing answers 
back to the real value. Thus suppose the distribution to be: 



no to 118 2 

118 to IM 4 

126 to 184 7 

134 to 142 9 

1*2 to 150 6 

150 to 158 3 

158 to 166 1 

and the problem to be: To get the A.D. from the Crude Mode. 
The Crude Mode is at the 134-142 step. There are then nine 
deviations of steps, 13 (7 + 6) of 1 step, 7 (4 + 3) of 2 steps, and 
3 (2 + 1) of 3 steps. The A.D. is then 36/32 steps, or 1.125 steps. 
But each step ia $8, so that the A.D. is S9. 

Calculation of the Average. — ^The labor of calculating averages 
can be much reduced by adopting the method which most of us 
would probably use in a case like this: To get the average <rf 54, 
52, 64, 56 and 50. Remembering that the average is such a figure. 
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that the sum of differences between it and the measures above it 
is equal to the sum of the differences between it and the measures 
below it, one takes 56 as a guess. The differences below are 
2, 4 and 6, that above is 8. If the average was altered by — .8, or 
to 55.2, the differences below would be 1.2, 3.2 and 5.2, and those 
above would be 8.8 and .8. This common procedure consists in 
guessing at an approximate average and then correcting it from 
knowledge of the sums of the minus and plus deviations from it. 
It lets us add small numbers instead of large and, as will be seen, 
^ves us at the same time as the average, an approximate measure 
of the averse deviation from it. 

The choice of an approximate average is commonly easy after 
an inspection of the total distribution, and one soon acquires skill 
in making a correct choice in any case. 

Suppose the measures to be as follows: 

RxACTiON-Tniiis OF V, H. 
QDutitr: , 

Saoond* * Fnqmaur 

.120 to .12499 or .1225 2 

.126 to .12999 M .1275 % 3 

.130 t« .13499 or .1325 11 



J46.. 



.195 to 19999 1 

In this and all following calculations from measures taken at 
their face value, any unit dbtance on the scale (that is, the "inter- 
val" or "step") is to be represented by its mid-point. That is, 
of course, its f^^vajjie. 

Either .1450-.1499 or .1500-.1549 would do for a guess. I will 
use .1450-.1499. . We have then to obtiun the minus and plus 
differences of all the separate measures from the " .1450-.1499 " 

r 
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3tep. To save labor in multiplicatioD and addition we measure 
these in terms, not of units of the scale, but of steps of the scale — 
1. e., using five thousandths of a second as unity. W« have then 
' 13 deviations of and, for minus and plus deviations; 

2 devi&tioiiB of -6 or -10 7 d«idatMiiB of + 1 or 4- 7 

3 deviations of —4 or —12 8 derviBlJima of 4- 2 or + 16 
II deviations of —3 or -33 IS deviatJMU of + 3 or + 39 
13 deviations of —2 or —26 8 deviations of + 4 or + 32 
11 deviations of — 1 w -^U 1 deviations of -|- 6 or + 6 
40 -02 3 deviatitns <J + or + 18 

3 deviattona of + 7 or + 21 
deviations of + 8 
deviations of + 9 
_ 1 deviations of +10 » + 10 
44 +14S 

The approximate average is evidently too low. It can be cor- 
rected by adding to it the algebraic sum of the deviations divided 
by the number of cases. In the lUustration this will be + |f or 
+ .58. .58 of a step » 2.9 thousandths of a second. The corrected 
average is then the mid-point of the '.145 to .1499' step + .0029, or 
.1475 + .0029, or .1504 sec. Calling the algebraic sum of the devia- 
tions from the approximate average divided by the number of cases 
AtA ■T.-wpKn. »., or amply d, and calling the approximate, or guessed, 
average G.A., we may summarize this whole calculation in the 
formulse: 

Av. = G.A. + d, 
d = (S dev. (alg.) from G.A.)/n 

Calculation of the Average Deviation from the Average. — The 

procedure here is to use the sum of the deviations of the separate 
measures from the approximate average (G.A.), correcting it to 
what it would be had the deviations been reckoned from the actual 
average. The procedure is simple. In the illustration the sum of 
the deviations (all treated as positive quantities) from the G.A. was 
240 (t. e., 92 + 148), the unit being one step of the scale. Since 
the actual average is .58 step higher than the approximate average, 
53 of the separate deviations from the G.A. (13 zero and 40 minus 
deviations) will be increased, each by .58, when measured from the 
Av., and 44 of them will be decreased, each by .58. The sum of the 
deviations (regardless of signs) from the Av. will then be 240 
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+ (53 X .58) - (44 X .58), or 245.22. The A.D. from the Av. will 
then be 245.22/97 or 2.528 (still in units of a step), or .0126 second. 

This procedure may be generalized as follows : Liy\^ C.,«uu> i.t/4uAL^ ^ | t^^Ui 

Call the separate measures the m's. ^ ^ 

Call the total number of measures n. 

Call the approximate or guessed average G.A., and the actual 
average Av. 

Call Av. — G.A., d. Let d be given its algebraic value, + or — . 

Call the sum of the deviations of the separate measures, regard- 
less of agns, from G.A., Sf . 

Call the sum of the deviations of the separate measures (again 
regardless of signs) from Av., Za;. 

Call the number of tn's which are less than the Av., /. 

Call the number of m's which are greater than the Av., n — /. 

Then, further use of signs bdng algebnuc, 

and 

A.D.f,omAv.- ^^ + "'«-"°-'>-^ 
n 

The A.D. frtmi the Median. The A.D. from the Mode. — 

The procedure in calculating the average deviation from the median 
or from the crude mode is simply that used in calculating the 
average deviation from the general average, the median and crude 
mode hang, by the face-value or mid-point method, always at the 
mid-point of some step of the scale. 

CalcolatioD of the Mean Square Deviation (S.D. or cr) from 
the Average. — Find the sum of the squares of the deviations of the 
separate measures from the approximate average. Call this sum, 
^^. Infer the S.D. from it as shown below. Since the deviations 
themselves have been computed in the calculation of the average, 
the sum of their squares is obtainable by easy multiplication, by 1, 
2, 3, 4, with — or -f- sagas as the case may be, etc. Thus in our 
illustration we have already the first column below. 

Ulnui DsTlailBiu UalUpIln Sqou 

-10 -5 

-12 -4 
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10 



10 



064 



H^, the sum of the square of the deviationa of the m's from G.A. 
= 260+66 4, or 924. The S.D. from the actual average ™ 

i^^^\ Ikl "'*^ equaling, as before, Av.— G.A. S.D. from the 



924 
i 97 " 



(.58)*, or 3.03 C° units of one 



1 9: 
actual average therelore " "V "J 

step), or .015 sec. 

The Calculatioa of Percentfle Values.— The 25 percentile, 50 

percentile or median, 75 percentile, and Q for a series of measures 

taken at their face value can be obtained most conveniently by 

writing down the necessary sums of the numbert of the measures 

(not of th«r amounts) from the beginning. Hius, all that is 

necessary in our illustra^n is to list sums beside the column of 

frequencies and do the simple computations, as shown below. ' 

(^muUtr : Sami fMu tka 

noauadth* of * Bm. FnantnolM BtglDDlnt 

120-124.99 2 2 

126- 8 6 

lao- 11 16 

18(^ IS 29 

140- ' 11 40 



'The BludeDt may take thia formula on trust; or verify it eu^iiricftUy; or, 
if poeaessed of the requimte knowledge of algebra, deduce it. 
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97/4 = 24.25, 97/2 = 48.5, 3/4 of 97 = 72.75. 
Hie 25 percentile is obviously in step 135 up to 140 or, u^ng 
its mid-point, at 137.5 of the scale, or .1375 sec. 

The median percentile is obviously in step 14S up to 160 or, 
using its mid-point, at 147.5 of the scale, or .1475 sec. 

The 75 percentile is obviously in step 160 up to 165 or, using its 
mid-poiDt, at 162.5 of the scale, or .1625 sec. 
"5 sec -.1375 8 



The Q is then - 



- or .0126 sec. 



The CalcuUtioa of die Median Deviation from the Average. — 

The Median Deviation or P.E. from the average is obtained either 
by relisting the measures in the order of their amount of deviation 
from the average, as shown below for our illustration, or by »mple 
inspection. 



+ .42 atop 
+1.42 " 
+2.42 " 
+3.C " 



- J»atep 
-IJiS " 



-3.68 



11 



The median of the deviations is thus at 2.42 (in units of a step), or 
.0121 sec. 

The Median Deviation from the crude mode is got similarly, 
but more easily, ^nce the deviations are all in integral multiples of 
a step. The Median Deviation from the Median is the same as Q. 

Approximations. Grouping. — Time can be saved by grouping 
measures in a distribution more coarsely than by their face value. 
Thus the series of our illustration may be distributed by steps of 
ten thousandths of a second instead of by the steps of five in which 
the measures at their face value appetucd. We then have: 



.120 up to .130 
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In general, in mental and sodal measurements, in the calculation 
of averages, average deviations and mean square deviations, when 
the face value of the series gives a grouping of 40 to 60 steps, it is 
allowable to group by dofible steps, and, when the face value of the . 
series gives a grouping of 60-SO steps, to group by triple steps. « 
But it should be observed that coarse grouping saves little time 
except in the calculation of the average, average deviation and 
mean square deviation. In the case of the calculation of the median, 
25 percentile, 75 percentile, and median deviation, it is the author's 
opinion that the gain in precision from the finer scale is greater 
than the loss in time, if one economizes time in recording the 
measures in the finer grouping by some such method as the following: 

Suppose the measures to be: 411, 432, 444, 451, 456, 463, 471, 
477, 480, 484, 492, 495, 495, 501, 507, 512, 513, 516, 519, 525, 527, 
532, 533, 544, 552, 566. The range of the distribution is 155 units. 
All can, however, be recorded eaaly thus: 



1, e 

3 

1. 7 

0, 4 

2, S, 6 

1, 7 

2, 3, 6, 9 
5,7 

2, 3 



In getting the Av., A.D. and S.D., the series can ea^ly be treated 
as one of 16 steps of 10, but in getting the Med., Med. Dev., Q or 
other percentile values, advantage can be taken of the full detail. 
Approximations for the Median Deviatioa or P.E. — Time can 
be saved in calculating the Med. Dev. or P.E. by using Q as an 
approximation to it. If the distribution is symmetrical, Q has the 
same value as the median deviation, and if the distribution is not 
symmetrical Q approximates to, and is at least as useful a measure 
of variability as, the median deviation. 
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S 10. Cakndaiwna qf Values Mpre Probable than tkote Got from 
Meaaures Taken cU their Face Value 

So far computations have been considered on the principle that 
any measure should be taken at its face value, the f ace valu e of 
a. measure in the case of a measure covering a certain distance 
yn a scale being the mid-point of that space. 

It is possible in the case of continuous quantities' to estimate 
central tendencies and variabilities more precisely by considering 
certain other possibilities for the treatment of a measure like 19.4 
(measuring from 19.35 up to 19.45) than to replace it by its mid- 
point, 19.40000 etc. For example, consider the calculation of the 
50 percentile or median in our illustrative case whose data for 
convenience I repeat bdow. 



Inferences from Continuity. — ^The number of measures being 97 
we have to count in 48J^ measures. 40 measures reach to the end 
of the ".140 up to .145" step. 48J^ measures will then reach to 
the ninth measure of the 13 which are in step " .14S up to .ISO." 
What is absolutely known is that the median is somewhere from 

* It should be noted that the prinnpleB in Sections 10 and 11 apply not only 
to surfaces of frequency of truly continuous variableB such aa time, legibility of 
bandwriUng, value m exchange, amount of seal, stature, knowledge of German 
and the like, but abio to niriocee of frequency of discrete variables, when tiie 
"$t«p9 " intpkieh Ihe meaeuret ore reported indvde taek more than one of the vUimaU 
diaerete ateps by Um than which the actual fact cannot vary. Call all such cases 
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.145 up to .150. By the face-value methods we locate it at the 
point .1475, which stands for the measure ".I4B up to .ISO." But 
suppose that the measures had been reported to a ten-thousandth 
of a second. It is not likely that 8 of the thirteen would have been 
below .1475 and only 4 above it. The median would, with fine 
enough scaling of the data, probably have been nearer .150 than 
.145, since it should be the point on the scale between .145 and .150 
leaving 8}-^ of the 13 measures below it. If, instead of merely 
accepting the mid-value for all the ' .1^ up to .160' measures, we 
use probabilities to estimate how the thirteen measures would be 
spread from .145 to .150 we may make a probable estimate of the 
median for the distribution more precisely than as "somewhere in 
the .145-.I50 space, call it at the mid-point" For example, an 
estimate of the median as .145 -{■ 8)^13 of the step — that is, as 
.1483 sec. — is probably truer than .1475 sec, 

Consider further the calculation of the median in this same 
distribution, but arranged with a coarser grouping, as follows: 

Qa*Dtitr Fnqaener Somi bom ^*-f'""'"t 

.120 up to.l30 G 5 



puvdo-etmiinuttut variablee. For sample, if the enroUmmt of a Bt^iool is 
measured aa: 



Qumntitj: 


FnqnanuT 


or Pdplli Ennll^ 


NnaibaatDallrB 


41(M19 


1 


420-429 


8 


430-439 


7 


440-i49 


12 


450-459 


16 


460-469 


22 


470-479 


27 


480-4S9 


88 


490-499 


28 


SOO-509 


28 


610-519 


17 



The fact, aa reported, is psewJo-conJinu^u* and the treatment will be that of a 
continuoua variable. 
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Counting in 4Sy^ measures, we locate the median in the " .140--1S0 " 
step and, if we replaced this step by its mid-point, should call the 
median .145. But if we used probabUities in placing the point to 
be reached by counting 19)^ of the 24 cases in the " ,1^ up to .ISO " 
step arranged in order of magnitude, putting it at 19)^/24 of the dis- 
tance from .140 to .150, that is, at .1481, we should obviously come 
nearer the truth as shown by the finer grouping. 

Inferences from the Form of tiie Distribution. — Consider finally 
the calculation of the 75 percentile from this coarser grouping. It 
is required to count in 72^ cases from the low extreme. This 
brings ua into the ".160 up to .170" step, 68 cases being below .160. 
Now .165, the mid-point of the '.160-.170' group, would be an 
inferior estimate for the 75 percentile not only because only 4^ 
out of 21 cases need to be taken but also because the general slope 
of the distribution thereabouts (24, 21, 15, 4, 3, 1) shows that 
probably the cases would be much more frequent, if reported with a 
fine grouping, toward .160 than toward .170. 

There are then two sorts of facts that may help in estimating 
central tendencies and variabilities with a greater probable exacti- 
tude than is secured by treating each step of the scale arithmetically 
as its mid-point. First, the cases located within that step may be 
thought of as spread over it, and, second, the general form of the 
distribution may be used as a means of jud^ng how they will 
probably be spread. We may, that is, calculate central tendencies 
and variabiUties with the aid of estimates of how the separate 
measures within each step would be spread over it if the scaling 
had been very, very much finer. 

The value of using these probabilities to refine our estimate of 
central tendencies and variabilities depends evidently on the fineness 
of the grouping of the measurements as they are. The coarser the 
grouping, the more desirable it becomes to consider these two lines 
of facts. 

The following notes give the technical procedure dedrable in 
calculating probable central tendencies and variabilities with the 
aid of an estimated spread of the cases over the distance denoted 
by any step. 

The Average. — No change from the face value or mid-point 
method is necessary. 
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The Median.— The cases withio the step where the median lies 
may be considered as spread evenly' over the whole distance of the 
step, and the median point placed accordingly. Thus in our illustra- 
tions, since 48)^ cases reach to the end of the 8}^ cases of the 13 
between .145 and .150 the median point may be placed at .145 + 

^(.005). 

The Mode. — The question here is troublesome. By the defini- 
tion of the crude mode as given, " the most frequent measure," the 
crude mode in the case of a continuous quantity is not a point but a 
distance. To replace this distance by any point, whether the mid- 
point or one more suitable, is not so necessary as with the average 
or median, since the mode is used oftener to describe a type than as 
a single number to compute with. It may, however, be necessary 
for the calculation of variabilities from the mode and for exact 
comparison with other facts. 

The student may use coromon sense in picking a point to repre- 
sent the mode or he may follow certain fixed rules, which are however 
valid only for certain sorts of distributions, so that in the end 
common sense must dedde whether to follow them, or he may make 
elaborate calculations of the location, on the scale, of the probable 
point of greatest frequency of the fact. 

The use of common sense consists chiefly in observing the n^h- 
boring frequencies, so as to pick a point which they make probable. 
The best fixed rule for general practise is: 

Mode = Av. — 3(Av. — Med.) (calculation bang algebrdc). 

The A.D. — The average deviation calculated by the mid-point 
method tends to be too large since, with fine grouping, more than 
half the cases within any step would as a rule be within the half 
of that step toward the central tendency. This may be corrected 
for as follows: 

' Thli is not ex&ctly true for any distribution, save by chance, but the dif- 
ficulties of eetimftting just how the cftaea would, for any gJTcn distribution, be 
spread, would be very gre&t and the resulting greater precimon triffing. 

' Let du. stand for ditlrSmiion here and latra. 
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Affboxihat* Cobrbction fob Coabsii GBOUPiNa — A.D. 
To esUmftte the probable A.D. from a veiy, vay fine Krouping: 

If the dis.* ranges over 20 aiapa ca more the ooircctdon is negliKiUe 

If the dia. raageefrom IS to 20 etepe subtract .006 step 

If the dis. ranges over 14 steps subtract .005 step 

If the dis. ranges over 13 steps subtract .005 step 

If the dis. ranges over 12 steps subtract .01 step 

If the dis. ranges over II steps subtract .01 step 

If the dis. ranges over 10 steps subtract .01 step 

If the dis. ranges over 9 steps subtract .016 step 

If the dis. ranges over 8 steps subtract .015 st«p 

It the dis. rsAgee over 7 steps subtract -02 step 

If the dis. nmges ovei' 8 steps subtract .02 step 

If this correction is to be made, it is still easier to get an approximate 
A.D. from whatever mid-point of a step is nearest the actual average, 
comiting the measures within that step as all deviating by zero, 
and then to add, according to the coarseness of grouping, as 
follows: 

If the dis. ranges from 20 to 50 steps add to A.D. app. .01 st«p 
If the dis. ranges from 16 to 19 steps add to A.D. opp. .015 step 
If the dis. ranges from 10 to 14 steps add to A.D. app. .02 step 
If the dis. ranges over 9 steps add to A.D. app. .025 st^ 
If the dis. ranges over 8 steps add to A.D. app. .03 step 
If the dia. ranges over 7 steps add to A.D. app. .035 st«p 
If the dis. ranges over 6 steps add to A.D. tqip. .04 step 
If the dis. ranges over 5 steps add tA A.D. t^ip. .05 step 

The S.D.— The mean square deviation as obtuned by the face- 
value or mid-point method may be given a probably more accurate 
value by correction as follows: 

ArpfuaanATE GoaaEcnoN fob Coabss GROcpmo — 8.D. 

To estiinat« the probable S.D. that would be got from a very, very fine 
grouping: 

If the dis. ranges over 40 steps or mor€the correction is <.001 step 

If the dis. ranges from 30 to 39 steps subtract from the obtuned 8.D. .001 step 
If the dis. ranges from 26 to 29 steps subtract from the obtiuned 8.D. .002 step 
If the dis. ranges from 20 to 25 steps subtract from the obtained 8.D. .003 step 
If the dis. ranges from 16 to 20 steps subtract from the obtained S.D. .005 step 
If the die. ranges over 14 steps subtract from the obttuned S.D. .007 step 
If the dis. ranges over 13 steps subtract from the obtained S.D. .008 step 
If the dis. ranges over 12 steps subtract from the obtiuned S.D. .01 step 
If the dis. ranges over 11 steps subtract from the obtained S.D. .01 step 
If the dis. ranges over 10 steps subtract from the obtained S.D. .01 step 
If tiie dis. ranges over 9 steps subtract from the obtuned S.D. XB step 
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If Uw die. nngea over 8 steps subtract from the dittJned S.D. .026 st«p 

If Mm diB. ntngea over 7 stqM subtract from the obtuned S.D. .03 step 
If the die. rangra avtx stqie Bubtract itom the obtained B.D. SA stq> 

It win be observed that with a fairiy fine scaling, resulting in 20 or 
more steps in the distribution's range, the S.D. is, to the second 
dedmal, the same as it would be, with very fine grouping. It is 
customary to make a less complete correction by the formula' 



S.D. = -y^iSJD^ 



l)*- 



12 



in whidi S.D.aiid. = S.D. calculated by the face-value or mid-pcrint 
method. 

The 25 PercentQe, 75 Percentile and Other Percentile Values. — 
In such unimodal distributions as are in question, the cases within 
the scale-interval or step wherein the 25 percentile lies will probably 
be fewer toward the extreme of the distribution than toward the 
median. Similariy for the cases within the step wherdn the 75 
percentile lies. 

If the student does not take account of the slope of the fre- 
quency curve but simply treats the cases within each step or interval 
as spread evenly over that step, he will probably improve his 
estimates over what they would be by the face-value or mid-point 
method. If he does wish to take account of the slope, the most 
convenient way to do so is by spreading the nt cases over the , 
interval, "a to a -{- k," putting for each successive tenth of k the 
fraction of nt which is appropriate in view of the general slope. 

As practical rules the following will lead to adequate predion 
for any work which the student is likely to have to do. 

If the cases are so grouped as to have a range of thirty or more 
intervals or steps of the scale, treat the cases within one interval 
as spread evenly over it 

If the grouping is coarser, consider the nt cases of the interval, 
'ato a + k' within which the 25 percentile lies, as if they were 
distributed as follows: 

a to a + .Ifc or to .1 step 9 per cent, of ttk 

a + .It to o + -2fc or .1 to .2 step 9 per cent, of n». 

a + .2k too + 3k or .2 to iS step 9 per cent, of nt. 

etc. .3 to .4 step 10 per ceot. of n*. 

* ShenMfd's formula. 
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.4 to .6 step 10 per cent, of n*. 

.S to ^ Btep 10 per cent, of n*. 

.6 to .7 st^ 10 pw cent, of nt. 

.7 to .8 step 11 per cent, of nt. 

^ to .9 step 11 per cent, of nt, 

,9 to 1.0 step 11 pw cent, of n». 

Or, more exactly, in dependence on the coarseness of grouping, 
consider the cases within the step where the 25 percentile lies, as 
if they were distributed as follows: 

Ifth*Bui|<of ItOMBaatmt UthaBwiaot HthiBufaef If tlwBuf*«t 





tbiDlnrlba- 


thtDlltrlbn- 


UwDlitrlba. 


UwDirtribB- 


UieDlitrlbD- 




tloD Cot«ii 


tlon CaTtn 


tlon OaT«r> 


tlao CO' 


FOl 


Uon Coran 




MSI^.PO' 


SOSMp., P« 


IB Stop.. Pw 


H8tn-. 




SBMjM. Pn 


sup 




Cult. 




C»nL 




fkmi. 


Oto .1 


9.6 


9 


8^ 


9 




8 


.1 to .2 


9.6 


9.6 


9 


9 




8 


.ato .3 


9A 


9Ji 


9 


9 







.3 to .4 


10 


10 


10 







9 


.4to JS 


10 


10 


10 


10 




10 


.Sto A 


10 


10 


10 


10 




10 


^to .7 


10 


10 


10.fi 


10 




11 


.7 to J 


10.S 


lOJS 


11 


11 




11 


£to .9 


lOJS 


10.6 


11 


11 




12 


.9tolJ) 


lOJI 


11 


U 


13 




12 



Consider the cases within the step where the 75 percentile lies 
as distributed aa follows: 

m»p PwOtnt. 

oto .1 11 

.ItO J II 

.2tO ^ 11 

J to J 10 

^to Jl 10 

JIto ^ 10 

JIto .7 10 

.7 to £ 9 

.Sto .9 9 

.9 to IX) 9 

Or, more exactly, in dependence on the coarseness of grouping, 
consider the cases, within the step where the 75 percentile lies, 
■8 distributed as follows: 
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l«<if HlhaBUfaot Uib*B*iif*of lrthaBu(aaf IftlwBu|«ot 





theDbttlba- 


IhalHMrilH- 


thaPlitrlbii- 


tiuDlMriba- 


tluDlrtrtbn- 




tlon Cow* 


tlon C<.»«n 


UoD Conn 


UoD Conn 


tlon Conn 




M8t«p»,F«T 


MSt^,P« 


UBMiM.PS' 


IS Htop., Pn 


8 et<t». P>r 


BMP . 


Oo» 




Cwt. 


OHt. 


iSmX. 


Oto .1 


10.6 


11 


11 


12 


12 


.Ito i 


10^ 


10.6 


11 


11 


12 


^to Z 


10.5 


10.6 


11 


11 


11 



.7 to .8 9.6 9.6 9 Q 9 

.8 to .9 9.6 9.6 9 9 8 

.9 to 1.0 9.5 9 8.S 9 8 

§ 11. EtHmaiing the Central Tendency and Variability qf the Entire 

Surface cf Frequency, on the Boiia qf n Samplet Taken at 

Random, from its Total Numbers of Measures, N 

Beudes getUng what will probably be more accurate estimates of 
centnU tendency and of variability in view of what the measures 
within any one scale-interval would have been with a finer grouping, 
it is often desirable to estimate the central tendency and variability 
of the fact, supposing that many more cases of it had been taken. 
Thus suppose that a record includes 100 reaction-times of individual 
A. We are less interested in these 100 cases per se, than in them 
as a random sampling of the fact, A'a reaction time. It is desirable 
to estimate the probable central tendency, variability and form of 
distribution of the indefinite group of reaction times of which these 
a^ a limited sample. 

Consider then the problem of estimating the central tendency, 
variability and form of distribution of the surface of frequency of all 
pos^ble cases (N) of a fact of wbich n cases only are actually 
reported. In the case of the average, median, A.D., S.D., and 
percentile measures there need be no change from the procedures 
of Sections 9 and 10. 

In the case of the mode, the issue chaises from finding the 
measure of greatest frequency and choosing a point within it to 
best represent it. It is now to estimate that point on the scale at 
which the curve of frequency bounding the surface for the entire N 
cases is highest. This is too difficult a problem for exact solution 
by any save expert students of mathematics. A rough appronma- 
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tion toward such a solution may be got by drawing a smooth curve 
to fit the observed bounding-Iine of the surface of frequency and 
noting the location of its highest point 

In the case of the Med. Dev. or F.E., if the distribution is 
approximately of the form shown in Fig. 12 (page 32), the formula 
Med. Dev. (or P.E.) = .6745 S.D. may be used to give the probable 
median deviation from their central tendency of the entire N cases 
of which the n cases observed are a random sample. 

§ 12. Summary of Procedurea for Ordinary StaiuHcal Work 
It ia more important for the worker with measureme ni-a tn Jjinw 1 
j ust what he is doing in any case and whv he does it than to follow ] 
any ri g jd conventions . But for the student who has mastered the 
reasons why, with a quantity varying continually or, if discrete, 
reported more coarsely than by its ultimate steps, it is profitable 
to take account of the probable spreading of the cases with finer 
grouping, the following recommendations as to general usf^es will 
be serviceable. 

1. For truly discrete meaauret, to reported, use face-value 
methods."* 

2. For continutnu or paeudo-conHnuout meaevret: 

For the Av. — Treat the m's of each step as at its mid-point 

For the A.D. — Treat the m's of each step as at its mid-point, cor- 
recting for coarse grouping by the table on page 55 if necessary." 

For the S.D.^ — Treat the m's of each step as at its mid-point, cor- 
recting for coarse grouping by the table on page 55." 

For the Median — Treat the m's of each step as spread evenly over it. 

For the 25 percentile— Treat the m'a of each step as noted on page 
57. 

For the 75 percentile — ^Treat the m's of each step as noted on page 
58. 

For the Q — Use the corrected values of the 25 and 75 percentile as 

" Beeide the Mtual diBtributicHi and iU crude mode, the moot probable dis- 
tributioa for all eaaee of the fact (Dis.^) and the moet probable point-mode for 
Dis-AT may be added. Such an additjon is, howerer, inadviaable fat such worfcog 
as are likely to use tlue book, because of the great difficulty of eetjmating the 
moet probable Dis-Ar from the actual Die... 

■I Obviously the correction for coarse grouping need not be made, if it does 
not affect the significant figures in the result 
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obt&ined above, in the formula Q = (75 percentile — 25 peiy 
centile)/2; or, in the same formula, use the values of the 25 per- 
centile and 75 percentile obtained by taking the m's of each 
step as spread evenly over it" 

For the Median Deviation or F.E. — Use Q as an approximation, 
stating the fact, or, in distributions of approximately the form 
of Fig. 12, use .6745 S.D. 

For the Mode — Use Mode = Av. — 3 (A v. — Median). 

For the Skewness — Use Skewness = '"of, 

3. For continuous or pseudo-continuous measures it is entirely 
justifiable to neglect all correctiotu for ike form cf dutribiUitm, One 
may claim that facts outside a measure itself should not be allowed 
to influence our interpretation of it, and that* consequently in con- 
tinuous and pseudo-continuous measures, the measures within any 
one step should be treated as spread evenly over it On this 
ba^s: 
For the Avj, A.D. and S.D. — ^Treat the m's of each step aa at its 

mid-point. 
For the Median, all Percentiles, Q and the Median Deviation — 

Treat the m's of each step as spread evenly over it 
Correct the S.D. by the formula: 



S.D.= ^(S.D.^)»-^ 



12 



13. Calculate the 25 percentile, Median, 75 pCTcentile, Q, 
Average, A.D. from Av., and <r (S.D.) from Av., for each of the 
following series of measures, aasuming that the measures are discrete, 
and suppoang that step 1 = 21; step 2 = 22; step 3 = 23, etc. 
(See the instructions following problem 22.) 

" Snee the entx due to the form of the distributuxi acta in opposite directJons 
upon the 25 percentile and the 75 percentile, this much quicker procedure is 
precise enough in the case of distributions which are approximately symmetrical. 
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14. Change the values obtMOed above for Series I. to fit the 
3uppoation that steps 1, 2, 3, etc., of Series I. have the values 10, 
12, 14, etc. 

15. Change the values obtained above for Series I. to fit the 
suppodtion that the steps 1, 2, 3, etc., of the scale have the values 
60, 66, 72, etc., 

16. Change the values obtained above for Series I. to fit the 
supposition that the steps 1, 2, 3, etc., of the scale have the values, 
_ 8, - 6, - 4, - 2, 0, + 2, etc. 
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17. Calculate the 25 percentUe, median, 75 percentile and Q 
for each of the four series, assuming (1) that the measures are 
continuous, (2) that the m's within any step are spread evenly over 
it, and (3) that the steps, 1, 2, 3, etc., have the values 20.5 to 21.5, 
21.5 to 22.5, 22.5 to 23.5, etc. 

18. Change the values obtained in problem 17 for Series I to fit 
these suppositions: (1) and (2) of 17, and (3) that the steps 1, 2, 3, 
etc., have the values 21.0 to 22.0, 22.0 to 23.0, 23.0 to 24.0, 
etc 

19. Change the values obtained in problem 17 for Series I. to fit 
these suppositions: (1) and (2) of 17, and (3) that the steps, 1, 2, 3, 
etc., have the values 30.0 to 35.0, 35.0 to 40.0, 40.0 to 45.0, etc 

20. Record any necessary changes in the values obtained in 13 
for the Av., ^v. A.D. from Av. and <r from Av. for each aeries, to fit 
the suppositious stated in 17. 

21. Record any necessary changes in the values obtained in 13 
for the Av., A.D. from Av. and <r from Av. to fit these suppositions: 
(1) and (2) of 17. and (3) of 18. 

22. Same as 21, save that the suppo^tions concaning the steps 
of the scale are to be as follows: 

In I., let fteps 1, 2, 3, etc., be 17.9 to 18.1, 18.1 to 18.3, 18.3 to 18.6, etc. 

" n., " " " " " 40.0 to 46.0, 46.0 to 62.0, 62.0 to 68.0, etc. 

« in., » " " " " 8i to 8|, 8| to 9, 9 to 9i, etc. 

" IV, " " « « « otoo+fc, a+kU>a+2k, o+Sfctoa+afc. 

In problems 13 to 22, incluave, be sure to work according to the 
short methods described in this chapter. Otherwise the computa- 
tions will be very long. In choosing an approximate average, use 
the information gained in calculating the median. In recording 
results, follow a systematic arrangement, such as that reproduced in 
part on page 63. Make all answers to 13 and 17 accurate to the 
second dedmal place. Accuracy to the first decimal place is all 
that is required for the others. 

In the work of computation a table of products and a table of 
squares are aids to speed and preci^on. Crelle's Reckeniafdn and 
Barlow's Tables are standard works. Shorter tables will be found 
in Appendix II of this volume. 
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Technical Aids in DEscBiBiNa and Conbtrcctinq the Fobh 

OF A SUBFACB OF FsBQUENCT 



§ 13. Grapka and Equatioru qf the Bouniing lAne 
The fonn d a surface of frequency is defined most eouly by 
presenting it graphically, as has so far been done in Uus volume 
and as is done in Figs. 15 to 23 in this chapter. Such a graphic 
description is often the only measurement of the geometrical form of 
a surface of frequency that is practicable, espedally for the non- 
mathematical student. 

The form of the surface of frequency is also definable by a geo- 
metrical or algebraical deaciiption of the line, whidi, tc^eth^ with 



the baseJine, bounds it. Thus, if x = any g^ven p<Hnt of the hori- 
zontal scale tdong whidi the trait in question b measured and 
y = the height of the surface of distribution at that point, the 
equation cA the line bounding a rectangular surface of frequency is: 

jr s i? for values of z from A to B, 
y IB for all other values of x, 

in whidi £ is a constant, the altitude of the rectangle, 

A is the distance from of the x scale to one extreme of the 

base of the rectangle, and 
B is the distance from of the x scale to the other extreme 
d the base of the rectangle. 
M 
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Thus, in Fig. 15, K being 5, A being 6, and B heiug 14, the equation 
of the bounding line of the surface of frequency is: 
^ -< 5 for values of x from 6 to 14, 
y = for all other values of x. 
Similariy the equation of the line bounding the surface of fre- 
quency of a right triangle with base coinciding with the x scale, and 
with its highest point nearest to the zero-point of the x scale, is: 
y = K (B ~ x) within the limits of ar = ^ and x = B, 
y = for all other values of x, 
in which Jf is a constant — the altitude of the triangle, divided by 
its base, 
^ is the distance from of the a: scale to the vertex of the 

right angle, and 
B is the distance from of the x scale to the other end of 
the base of the tiian^e. 




Thus, in Fig. 16, the dtitude being 10, A being 2 and B being 6, 
and K consequently 2.5, the equation of the bounding line of the 
surface of frequency is: 

y = 2.5 (6 — *) for values of x from 2 to 6, and V- 
y = for all other values of x. ' 

Similarly the equation of the line bounding the surface of fre- 
quency of an isosceles triangle with base coincident with the x scale is : 
y = K (x— A) for values of x from ^ to C, 
y = K (B — x) for values of x from CtoB, 
y = f or all other values of x, 

ID which £ is a constant — the altitude divided by one half of the 
base. 
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^ is the distance from of the z scale to the end of the 
base nearest the zero-point of the x scale, 

B 13 the distance from of the x scale to the other end 
of the base, and 

C is the distance from of the x scale to the middle of the 
base. 




Fro. 18. Surface of Frequency fd Form A. 

Thus, in Fig. 17, the altitude being 3, A being 3, B being 13, C being 
8, and K consequently being ^the equation is: 

y = 3/5 (x — 3) for values of x from 3 to 8, 
y = 3/5 (13 - x) for values of x from 8 to 13, 
y = f or all other values of x. 
The equation of the line bounding the surface of frequency of 
the form shown in Fig. 18 (see also Fig. 12 on page 32) is, the zero- 
point of the X scale being taken in this case, not at its absolute zero, 
but at the point where g is greatest: 



«rV'2T 
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This curve ia called the curve of error or the probability curve, 
and the surface of frequency which it encloses (with the base line) 
is called the "normal" distribution or "normal" surface of fre- 
quency or the surface of frequency of the normal probability 
integral. This last case is one of special importance to the theory 
of measurements for several reasons. One of these, which has 
already been noted, b that the distributions actually found for 
variable facts' often approximate more closely to it than to a rec- 
tangle, an isosceles triangle, or any other simple geometrical form. 
Other reasons will appear later in this volume. I shall refer to 
this form of distribution — that defined by the equation 

* ff|/2T 

as Form A} 

In this form of distribution the Average, Median and Mode coin- 
ade, for y is the same for any given — z as for the same -|- ^, and 
is greatest when x = 0. Constant relations hold between the differ- 
ent measures of variability, wz: 

ff = 1.25331 A.D. . 
ff = 1.4825 P.E. ' 
A.D. = .7979 ff 
A.D. = 1.1843 P.E. 
P.E. = .6745 <r 
P.E. = .8453 A.D. 
Between Av. — a and Av. -|- a are 68.26 per cent, of the cases. 
" Av. — A.D. and Av, -|- A.D. are 57.5 per cent, of the cases. 

Av. - P.E. " Av. + P.E. " 50 " " " " " 
Kg. 19 shows a distribution much skewed, which we may call 
Form C. Kg. 20 shows a distribution still more skewed, which we 
may call Form p. The bounding lines of Fig. 19 and Fig. 20 can 
not be represented by any simple equations. 

§ 14. TcAles cf Frequency 

The form of a surface of frequency is definable also by tables 
which give, directiy or indirectiy, the relative frequencies of different 

* Tlie student need not concern himsetf with this equation further than to an- 
oept tlie fact that it is the eqtiation of iJie IxHinding line of Figure 18. No ujie of 
the equation itaelf wiD be required. 
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amounts of the trait. Thus Tables 7 and 8 tell in different ways 
the fact that the form of distribution is a rectangle.- They do 
not, it should be observed, tell whether the average is at 1, — 10, 
— 60 OP 0.492, or anything else about the average, save, of course, 
that it is at the mid-point of the base. They do not tell anything 




Fia. 19. Surface o! Frequency of Form C. 



Fio. 20. Surface of FrequcDcy erf Foim D. 

about the amount of variability or dispersion. The rectangle 
may stretch from 99 to 101 or from 60 to 6,000 or from .92 to .925. 
They tell only its geometrical form. 

These tables for showing the form of distribution of a rectangle 
are of no utility, since anyone could quickly construct any one of 
them; but the tables which follow (Tables 9, 10 and 11) are useful. 
They tell approximately in figures the facts represented graphically 
in Figs. 18, 19 and 20, and so give tabular representations of the 
normal probability surface, a surface much skewed, and a surface 
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very much skewed, all three being forms to some one of which 
an actual distribution ts likely to approximate. They repeat 
exactly Figs. 21, 22 and 23, which duplicate, in approximations 
by rectangles. Figs. 18, 19 and 20, in order. In each of these last 
three diagrams, the total area of the surface of frequency is 10 
square inches' and each small division of the base line is .1 tr (one 
tenth of the mean square deviation of the distribution in question). 
TABLES 



TABLE 7 

Relative Frequencies (in Per 

Cknts.) over Each Tenth op Q 

QuanlltT Freqa«iHi] 

-2.2 6 to -2.10 

-2.1 Q to -2.0 Q 

-2.0 Q to -1.9 2.5 

-1.8Q to -1.80 2.5 



-1.6 6 to -1.5 



- .2 6 to - .1 ^ 



Relative Frequencies (in Per 
Cents.) over EIach Tenth op a 

qamnMj FrequencT 



-1.9 » 


to 


-1.8 ff 


.000 


-1.8 » 


to 


-l.Tff 


.93P 


-1.7 <7 


to 


-1.6ff 


2.886 


-1.6 ir 




-1.5 ir 


2.886 


-1.5 ff 


to 


-1.4» 


2.886 


-1.4 » 




-1.3 ff 


2.886 


-1.3.. 




-1.2 <r 


2.886 


-1.2 ff 




-1.1 ff 


2.886 






-1.0 ff 


2.886 


-l!Otf 


to 


- .9» 


2.886 


- .9» 




- .8ff 


2.886 


- .8<f 




- .7ff 


2.886 


- .7ff 




- .6ff 


2.886 


- .6f 


to 


- .5ff 


2.886 


- .5<r 




- .4ff 


2.886 


- .4ff 




- .3ff 


2.8P6 


- .3ff 




- .2ff 


2.88B 


- .2<T 




- .Iff 


2.886 


- .Iff 







2.RS6 


Off 




+ -W 


2.88G 


+ .Iff 




+ .2ff 


2,886 


-- .2ff 




+ .3ff 


2.8S6 


-- .3» 


to 


+ .4ff 


2.886 



+ .66 to + .7Q 



,+1-0 1 


! to 


+1.1 1 


+1.1 c 

+1.2 C 


1 to 


+1.2 1 


> to 


+1.3 1 


+1.3 C 


1 to 


+ 1.4 < 


+1-4 C 


! to 


+1.5) 


+1-5 C 




+1.61 


+1.6 C 


1 to 


+ 1.7 1 


+1.7 C 


1 to. 


.+1.81 


+ 1.8 C 


1 to 


+1.9 < 


+1.9 C 


! to 


+2.0 1 


+2.0 Q 


! to 


+2.1 < 


+2.U 


! to 


+2.2 1 


•Excel 


,t that, in 


digram. 







+ .7 ff to + .8 ff 

+ .8 a to + .9 ff 

+ .9ff to +1.0 ff 

+ 1.0ff to +1.1 ff 

+1.1 ff to +1.2 ff 

+1.2ff to +1.3ff 

+1.3 ff to +1.4 ff 

+ 1.4ff to +l.So 

+ 1.5ff to +1.6ff 

+ 1.6ff to +1.7ff 

+1.7ff to +1.8ff 

+1.8 ff to +1.9 ff 

+1.9ff to +2.0ff 



Fig. 21, .013 sq. in. at each extreme b not ehovm in the 
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TABLE 9 TABLE 10 TABLE U 

BftUtlii Frwiuap- BeUUra Frsqaan- Sal>UT« Fnqaan- 

bIm (Ib Percaii*- olo (In P«nMD^ olM (In Pwcant- 

■ni) Otw Eaob UM) Orsr Euh MM) Orir EMh 

tSdOi or ff. In a Tentli ot r In a Auth ol v, In > 

~ 'W* or Fr*- 8uTb«e of Fr«- Bortlu* af Fr»- 



-4JE r to -4.1 <r 
-4.1 o to -4.0* 



3.7* 


to 


-3.6* 


3.6 <F 


to 


-3.5* 


3.5* 


to 


-3.4* 


3.4* 


to 


-3.3* 


3.3* 


t« 


-35* 


3.2* 


to 


-3.1* 


3.1 » to 


-3.0* 


3.0* 


to 


-2.9* 


2.9* 


to 


-2.8* 


2.8* 


to 


-2.7* 


2.7* 


to 


-2.6* 


2.6* 


to 


-2.5* 


2.5- 


to 


-2.4* 



-2.2* to -2.1. 



qataefotVanai qoenojorFonnO qaaaejotFomD 



1.02 
1.20 




1.39 




1.60 


m 


1.83 


.10 


2.06 


.28 


2.30 


.60 


2.54 


1.14 


2.78 


1.76 


3.01 


2.38 


8Ji3 


2.94 


3.43 


3.49 


3.60 


3.99 


8.7S 


4.36 


3.87 


4.63 


3.94 


4.80 


3.9S 


4.89 



-1.2* to -1.1* 



-1.0* to - .9* 



._..--- 3.34 

- .4 * to - .3 * 3.7S 4.36 4.60 

~~ '— 5.34 

6.86 
6.05 



V Google 



DBSCBIBING A SUHFACB OF FREQUENCY 





TABLE 9 


TABLE 10 


TABLE 11 






(amUnued) 


(cmHnw^ 




R^wtin Freqi"- 


Bdatln Frequfln- 


BaUUra F»iii«i- 




idM (in P«iMnt- 


elM <lD PtroDt- 






iiaJb of *. Id ■ 


uw) Orar £uh 
7«iith of ., Id m 


sri¥..K 




SbiAho ofTn- 


Sarfkw or Fra- 


Bnrfua of Fr^ 




HfoeTotFomA 


qMnajrotFonnC 


qnaaojofFormO 


Ov to + .lir 


3.98 


4.89 


6.05 


+ .la bo + 2a 


3.94 


4.80 


6.92 


+ aa to + .Za 


3^ 


4.65 


5.67 


+ ^ • to + .4 o 


3.76 


4.46 


836 


+ Aa to + .6a 


3.60 


4.26 


6.02 


+ .5 » to + .6 » 


S.43 


4.06 


4.65 


+ .«» to + .7<r 


3.23 


3.80 


4.30 


+ .7a U> + .Sa 


3.01 


8.62 


8.04 


+ Aa to + .Oa 


2.78 


3.25 


3.62 


+ .9a to +1.0v 


2.64 


2.90 


8.31 


+1.0<r to +1.1 a 


2.30 


2.73 


8.00 


■1.1 a to +12 a 


2.06 


2.48 


2.69 


--1.2 a to +1.3 (T 


1.83 


2.24 


2.41 


■■1.3a t« +1.4* 


1.60 


2.02 


2.19 


•■lAa to +1.6» 


1.39 


1.81 


1.95 


+l.S<r to +1.6 <r 


1.20 


1.S2 


1.73 


+1.6<r to +1.7* 


1.02 


1.43 


1.55 


+1.7 a to +1.8 » 


.86 


1.26 


1.37 


+1.8 r to +1.9 a 


.72 


1.12 


1.19 


+1.9 a to +2.0* 


.60 


.98 


1.06 


+2.0* to +2.1? 


.& 


.87 


.93 


+2.1 * to +2.2 * 


.40 


.77 


.80 


+2.2 * to +2.3 a 


32 


.67 


.69 


+2.3 * to +2.4 a 


.25 


.58 


.60 


+2.4 a to +2.S<r 


.20 


.60 


.62 


+2.5 a to +2.6 * 


.15 


.44 


.46 


+2.6 * to +2.7 * 


.12 


.89 


.89 


+2.7 a to +2.8 * 


.09 


.34 


.33 


+2J * to +2.9 a 


.07 


.29 


Sff 


+2.9 a to +8.0* 


M 


3i 


.23 


+3.0 * to +3.1 * 


M 


SI 


51 


+3.1 * to +8.2 * 


.08 


.18 


.19 


+3S a to +3.3 * 


.02 


.16 


.17 


+35 * to +3.4 * 


.015 


.14 


.15 


+3.4 * to +3.S * 


.010 


.12 


.14 


+3.S * to +3.6 * 


.007 


.10 


.12 


+3.6 * to +3.7 * 


.005 


.08 


.10 


+3.7* to +3J* 


.001 


XJ7 


.08 


+8.8 * to +3.9 * 


.002 


.05 


.07 


+3.9* to +4.0 <r 


xm 


.08 


J)5 


+4.0* to +4.1* 


JMl 


.015 


.03 


+4.1 * to +4.2 . 


.001 


.006 


.016 


+43* to +4.3* 






sm 
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The form of certain obtained diatributions may then be defined 
roughly by means of graphic comparison with Figs. 18-20 op 21-23, 
or by meaoa of a comparison of the table of frequencies in question 
with Tables 9, 10 and 11. Graphic comparison by drawing the 
surface in question, so scaled that its total area equals 10 sq. inches 
and the a approx. 1.225 inch, over one of the surfaces shown in 
Figs. 21, 22 and 23 is perhaps the more convenient for ordinary 
practise. The mode of the surface in question should be made to 
coindde approximately with the mode of Fig. 21, 22, or 23 as the 
case may be. (In the case of comparison with Fig. 21 the median 
will serve better than the mode.) Tabular comparison requires 
that the distribution in question be put in percentages (to a first 
decimal), and that a table be constructed from Table 9, 10 or 11, 
as the ease may be, with approximately the same fraction of the 
variabiUty as the step as is the case in the distribution in question. 
This may involve a tedious, though straightforward, set of com- 
putations. 

As an illustration of graphic comparison we may take the fol- 
lowing: Required to describe the form of distribution of the fact 
shown in Table 12. 

TABLE 12 



< OT Attkhdamcb to Enbollhent Repobted 


IN AiiEBicAN Cima w 




1902, 








F«qQ,ncTta 


ftuDtor 






48 to 47 




.18 


47 to 51 




.18 


51 toSS 




.37 


65 to ee 




.92 


5eto6S 




1.10 


6Bb>67 


38 


6.61 


97 to 71 


78 


14.3 


71 to 76 


86 


15.6 


75 to 79 


164 


28,3 


79 to 88 


107 


19.6 


88 to 87 


44 


8.07 


87 to HI 


20 


3.67 


91 to 96 


3 


.65 


95 to 99 


3 


.65 



The distribution of Table 12, being drawn to the same area as 
Fig. 21 and with its S.D. approximately equal on the base line to 
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the S.D. of Fig. 21, we have the dotted hne of Fig. 24. When it is 
similarly fitted to Fig. 22 (first being reversed to get the better fit) 
we have the dotted line of Fig. 25. For convenience, the gross di- 
mensions are reduced in both cases. The form of distribution of 
Table 12 is obviously not a close fit to either Form A or Form C. 




Fio. 25. The form of distribution of Table 12 compared with Form C. 

Nor would it be to a form intermediate between the two. It is so 
irregular as to be best left to stand as its own description. 

§ 15. The Reconstruction of a Surface of Frequency front Knoirl- 
edge of its Central Tendency, Variability and Form 
In certain cases two or three figures with a statement of the 
geometrical form of the surface of frequency enable one to recon- 
struct the entire surface of frequency or distribution table. Thus, 
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''Av. = 10; Q = 2; form of distribution, a rectangle," tells us that 
the distribution is that enclosed by the continuous line of Fig. 26. 
So also "Av. = 10; Q = 2; form of distribution, that of the surface 
of frequency of the normal probabiliiy integral," tells the student 
who is acquwnted with certain facts that the distribution is that 
enclosed by the dotted line of Fig. 26. 



FiQ. 26. 

Similarly Av. 12; Median deviation 3;^ form of distribution ai 
square of Z base, with two squares of Z/2 base adj'oiniDg it on each 
side, tells us that the distribution is that endosed by the dash line 
of Fig. 26. 

A change in the central tendency, variability and form being 
kept constant, pushes the whole distribution forward or back along 
the scale; a change in the variability, central tendency and form 
being kept constant, shrinks it in or expands it; a change in the form 
of the distribution, central tendency and variability being kept 
constant, makes certain measures more frequent and others less 
frequent without chan^ng the point on the scale about which 
they cluster or their general amount of dispersion. 

1 16. Skevmeaa and MultimodalUy 
SkewnesB. — For one partial feature of the form of a surface 
of frequency, its skewness, conventional measures have been pro- 
posed. These are: 

_ (25 percentile) + (75 percentile) — 2 (Median) 

in which A.D.+„ = the average deviation from the median of the 

measures above the median and A.D._„, = the average deviation 

from the median of the measures below the median. 

„, 3 (Av. - Median) 
bkewness = ^^pr 



Digitized by VjOO'J IC 



78 MENTAL AND SOCIAL MBASUREMSNTS m 

These measures are all arbitrary, and any measure of the varia- 
bility or dispersion of the measures lljght be used in any of the 
denominators. Some such convention has to be adopted if one 
is to compare different surfaces of frequency with respect to skew- 
ness numerically. The last is the approved one. 

Hultimodali^. — ^Multimodal distributions may be merely 
graphed — or may be analyzed into the separate unimodal distri- 
butions out of which the investigator has reason to think they are 
compounded. No fized rules for such analysis can be given here. 

Problems 
In Problem 23, use paper ruled horizontally and vertically 
with lines one tenth of an inch apart. Let one tenth of an inch"! mE 
linear equal always 1 unit of the scale for the quantity; and let the i / 
area of one square (.01 sq. in.) equal always one tenth of 1 per centy 
of the frequendes. 

23. Using Table 13, construct in the shape of a series of rec- 
tangles each OD a base of .25ff approximations to 'normal' surfaces 
of frequency (that is, surfaces of Form A) to fit each of the fdlowing: 
I. Central tendency = 40; tr = 8 
II. Central tendency = 40; ir = 16 
III. Central tendency = 40; a — 4 
TABLE 13 
Om OF TBB SnooTRiCAi. Haltbb or the Surfacb or FamiTTXHCT or Foui A, 
Gima THK Percbntaos or the TotaI Arza por Each Inubval 
or .25 c, Stastinq at tbe Cbntsal Temdenct 

QDintltr Fraqusur 



to Ji6» 


9.87 


JiSffto .60<r 


».2S 


.50 V to .75 1 


S.19 


.75 <r U> 1.00 T 


6.80 


1.00 ff to 1.25 T 


5.30 


1JM« to 1.50 ff 


3.88 


J.50<r to 1.75 ff 


2.68 


1.75 <r to 2.00 <r 


1.75 


2.00 » to 2.25 -^ 


1.05 


255 » to 2.50 «■ 


.flO 


2.60 a to 2.75 a 


.32 


2.75 <f to 3.00 » 


.17 


3.00 <r to 3.25 <r 


.07 


3.35 » to 3.50 » 


.01 


3.50* to 3.76 » 


.02 
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24. Draw, all on the same scale as base, the following surfaces ol 
frequency, using different colors or kinds of lines to distinguish them. 
Make all surfaces have the same area by letting 10 square inches 
equal always 100 per cent, of the measures. 

I. Av. = Q; Q = 2; form of distribution; a rectangle. 
II. Av. = 6; Q = 3; form o( distribution; a rectangle. 
III. Av. = 8; Q = 2.5; form of distribution; a rectangle. 
25{a). Asugn amounts to 100 measures so that their surface of 
frequency will show about + .5 skewness — by the formula: 
3 (Av. - Median) 
S.D. 

25(6). Assign amounts to 100 measures so that their surface of 
frequency will show about — .25 skewness. 

25(c and d). Arrange similarly a distribution of about + .75 
skewness and one of about + 1.00 skewness. 
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CHAPTER VI 

The Causes of Vabiability 

This chapter aims to introduce the reader to an imderatanding 
of the nature of the causes which make a trait vary, which determine 
the extent and relative frequency of its variations, and which con- 
sequently determine the form of its distribution. 

It has been shown in Chapter III. that the measures of s variable 
fact are often distributed approximately after the fashion of the 
surface of frequency enclosed by the probability ciuve and its 
abscissa. Brief mention has also been made of the properties of this 
form of distribution, acquaintance with which is a great assistance 
to convenient handling of mental measurements. The recognition 
of this type of frequency surface, the appreciation of its meaning 
and that of certain common departures from it, and the use of 
tables derived from it are all possible, at least to the moderate 
degree required for ordinary statistical work, without any knowledge 
of the abstract principles involved. But such knowledge is well 
worth obtaining for the sake of the additional insight into the 
meaning of concrete facts thereby given, and even merely for the 
sake of the additional facility in the use and construction of tables 
aiid the common formulas. The present chapter will therefore 
consider especially the causes of variability in the case of distribu- 
tions of Form A. 

§ 17. The Effect cf Chance CombinaHons from Equally Potent Causes 
Let us begin with the consideration of a quantity which is 
dependent on the action of one cause which is as likely to occur 
as not, and call the cause a. For example, a may be the action 
of John's father in giving him a Christmas gift of a dollar. 

The condition of affairs resulting will be, of course, no action or 
a. The quantity in question, John's Christmas money, will be or 
$1.00. Its distribution will be 
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Its surface of frequency will be a rectangle, composed of two 
rectangles of .gjual base and altitude. 

Suppose now that two causes contribute to detennine the quan- 
tity, a and b, the possible actions of John's father and mother, and 
that all combinations of these causes are equally likely. The con- 
dition of affairs resulting will be, then, no aetiott, a, b or a&, all being 
equoUy likely. If now a = a gift of $1.00 and b likewise, the quan- 
tity in question, John's Christmas money, will be 0, $1.00, $1.00 
or $2.00. Its distribution will be 



Its surface of frequency is that shown in F^g. 27. If tbe condi- 
tions are kept the same but the number of causes increased to three. 



□ 



Fro. 27. 



I 2 S 
Fia. 28. 



the condition of affwrs will be, no action, a, b, e, ab, ae, be, or o&c. 
If as before a -^ 6 — c in magnitude, John will get $2.00 as often as 
$1.00 and three times as often as nothing or $3.00. 

The surface of frequency of the quantity, John's Christmas 
money, will be four rectangles, as shown in Fig. 28. 

Keeping all the conditions the same, let the number of causes be 
increased to 4, then to 5, and then to 6. The condition of affairs in 
each case and the resulting distribution-schemes and surfaces of fre- 
quency are given in Tables 14, 15 and 16, and Figs. 29, 30 and 31. 

7 
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Id these tables ab, bde, abed, and the like mean (a + b), ib + d+ e), 
(a + 6 + c + d), etc., fMrf (a X 6), (6 X d X e), etc. 



n 



I ft 3 4 



I £ S 4 5 

Fio. 30. 




TABLE 14 
CcnaoKtmaim or 1 Caosm, a, ft, c and d 



he, hi, td 



1.00 4 

2X0 6 

8.00 4 

4.00 1 
TABLE 16 
CouBiKATiOMB or 6 Caussb, a,h,c,d iXD t 

Talula FrabaU* 

fiollin rnqoMMr 



ah, 



hot, bde, ede 



ac, ad, ae, be, bd, 

abd, abe, aed, aee, ode, 
abed abet, abde, aait, bed* 
abode 

TABLE Ifl 

COKBINATIONB OF 6 CaUSSS, O, h, C, d, I 



1.00 
2.00 
3.00 
4.00 
5.00 



AXD / 

Tataa Id Probatil* 
DolUn FraqBrnof 



o. 


*, 


c. 


4 


«, 


/, 


?' 


s 


ce, 


"; 


^1' 


^; 


ahc, 


oia, 


a!*, 


all. 


«»!, 


ox. 




« 


S; 


»; 


» 


s 


3; 


S 




f} 




«!<>!* 


•Mr, 


oW 


6ki!f, 


«nW, 


Mc 


ol«i4|f 













"} 



1.00 
2.00 

3.00 

4.00 

«.00 
6.00 
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I t is apparent that the surface of frequency of a quantity depend- 
ent u pon the action of causes equal in magnitude, any combiDation 
of •ar}\\o}\ ia t^iifllly p rohfth le , fCTids. as the number of these cause s 
becomes great, to approach Form A. the proba bility type . This 
is emphasized by Table 17 and Figs. 32, 33 and 34, which give the 
Jesuits in our illustration if the number of causes is increased to 10, 
15 and 20 reflectively. When the number of causes is infioite the 
result is exactly Form A. 

TABLE 17 

COKBIMATIONS Ot 10, IJI AXD 20 CAimB 



456 
1,365 
3,003 


1,140 
4,846 
16,504 


6,005 
6,435 
6,436 


38,760 
77,520 
126,970 


5,006 
3,003 
1,366 


167,960 
184,756 
167,960 


466 
106 
16 


126,970 
77,620 
38,760 


1 


16,601 
4,846 
1,140 



The probability type of distribution may therefore be expected 
in the case of the di£Ferent performances or measures of an individual 
in the same trait, if any one of Ms performances in the triut is due 
to the action of some one ^combination from a large number of 
causes of equal magnitude which are independent of each other, so 
that any combination is as likely to occur as any other; may be 
expected in the case of the different measures of individuals in a 
group, if the tendency of any individual in the trait is due to the 
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action of some one combiDation, characteristic of his make-up, from 
such a large number of causes. If, that is, we think of any single 
act of a person as a result of a chance combination from amongst s 
number of causes which determine acts of that sort characteristic 
of him, we shall expect his different manifestations of the trait of 
which that act is a sample to follow Form A ; so also, if we think of 
the quantity of a trait in any dngle individual of a group as a result 




of a chance combination from amongst a number of causes chai^ 
acteristic of the group as a whole which determine that trait, we 
shall expect the manifestations of that trait by the group of which 
he is a sample to be distributed in Form A. 

The clause 'so that any combination is as likely to occur as 
another' and its synonymous phrase 'a chance combination from 
amongst' need some explanation. They refer to the fact that the 
causes must be independent of each other if the distribution of the 
trwt is to be of Form A . The need of this condition will be apparent 
from the facts of the next section. 
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§ 18. The Effect of Dependence and Unequal Potency 
Suppose that in our previous case of John's Christmas money the 
six causes a, h, c, d, e and / were as before, except that no action 
was barred out, and that if a acted 6 and c must also, and d, e and / 
could not; while if d acted e and / must, but a, b and c could not. 
Imagine, for instance, that it was agreed to take turns in preventing 
a penniless Christmas; that the father agreed to give his dollar if the 
mother and sister would always join with him and the grandfather, 
grandmother and brother would keep their money to themselves. 




while the grandfather agreed to f^ve his dollar upon the condition 
that he be joined by grandmother and brother and that father, 
mother and sister refr^n. The condition of affurs then could only 
be a!>c or d<^ instead of the range of possibility of the illustration in 
its first form. Although there are six causes, the result is as if 
there were only one, and that always operative. 

Suppose the presence of a or 6 or c to always cause that of the 
ether two of the three, and similarly for the presence of d, e or /. 
This means that whenever cause a appears it adds to itself 6 and c, 
whenever b appears it adds to itself a and c, and so on. Every con- 
dition in Table 16 with a or £ or c in it must then become ^k; 
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every contUtion with d or e or f must become d^; every condition 
with one from the abc &nd one from the d^ group must become 
abcd^. Thus the condition of affairs would be, instead of that in 
Table 16, the following: no acHon, 1; abc, 7; d^, 7j abcd^, 49. 
The distribution would then be (as shown in F^g. 35): 



Suppose the presence of a to imply always that of c, d, e and /, 
the presence <rf b to imply always that of d, e and /, the presence of 
c to imply that of e and/, and the presence of d that of/. The dis- 
tribution would be (as shown in Fig. 36) : 



Suppose the presence of a or 6 or e impUes the other two of the 
three, and that the presence of e implies that <A /, and vice versa. 
The distribution will be (as shown in Fig. 37): 



It is dear then that the interdependence of the causes determin- 
ing the quantity of a tnut may cause all sorts of departures itom the 
normal type of distribution, skewnesses and multimodal conditions, 
etc. ; may, in less technical terms, cause the amounts of it appearing 
in an individual's different records or in the different individuals of 
a group to vary in all sorts of ways. In the illustration only simple 
and total dependencies were considered. Complex and partial 



Digitized by VjOO'J IC 



THE CAUSES OF VARIABILITY 87 

dependencies would complicate the results to a well-nigh endless 
extent. 

It should, however, he noted that if the causes are numerous and 
their interdependences of a random, hit-or^miss character, their 
combined action may be practically identical with that of totally 
independent causes. Thus, to continue with the same illustration, 
if there were five hundred relatives they might plan together in 
groups on various ways to give or withhold, and yet the final 
resultant, the probable total of John's Christmas income, might 
show no considerable differences from the total in case they had all 
acted independently. 

The same infinite variety in the form of distribution may be 
brought about by inequality in the magnitude of the causes. Of 
this the reader may best convince himself by so varying the magni- 
tude of a, b, e, d, e and/ in Table 16. For instance let a => 10, 6 "■ 5, and 
let e, d, e and / each equal 1. Then we have, as shown in Fig. 38, 



Here again, however, with many causes and with a not too great 
variation in their amounts, the resulting distribution may approxi- 
mate closely to Form A, 

Finally, it should be remembered that the illustration taken ia 
untrue to the common conditions of life in one respect. For these 
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show us, not a group of causes, a chance combination from which 
determines the event, but such a group acting together with »ome 
eonstavi cause or get qf causes. Stature, strength, memory, wage- 
earning capacity, are due to certain constant causes which always 
act on all, plus a group, the action of which may be regarded in the 
mathematical fashion of this chapter. The addition of such a 
constant set of causes does not, of course, alter the form of distribu- 
tion in the least, but simply adds the same amount to all its quan- 
tities, pushes them all ahead on the scale. In our illustration the 
o's, 6*8, c's, etc., might more properly be the amounts which dif- 
ferent friends might or might not give in addition to minimum sums, 
Jtj h, k, etc., which they always give, or be the gifts of some friends, 
who could not be counted on, superadded to a set of inevitable 
^ts X, y, z, etc., from a few. 




The commoner method of describing the type of causation re- 
sulting in the probability surface of frequency of the amount of a 
trait starts with the presupposition that a certain amount tends to 
be and considers the causes as increasing or decreasing this. It is 
also common to use the frequencies, not of amounts of some con- 
tinuous quantity, but of different proportions of black and white, 
or the like, in a chance draw of balls. The principles involved are 
precisely the same as those which have appeared in the more readily 
understood cases used here. 

I have so far tried especially to show how the cooperation of a 
number of causes, each of which has a given likelihood of acting, 
may produce in the trait due to them a distribution of Form A. 
Incidentally, it has been noted that in general the form of distribu - 
rif ^p nf any variable trait is due to the piimhftr of causes that 
inflnfiu-A itj a""?""t , t heir magnitude and th eir interrelatioiis . 

The form of distribution then is purely a secondary result of a 
trait's causation. There is no typical form or true form. There is 
nothing arbitrary or mysterious about variability which makes the 
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so-called normal type of distribution a necessity, or any more 
rational than any other sort or even any more to be expected on 
a priori grounds. Nature does not abhor irregular distributions. 

On a priori grounds, indeed, the probability curve distribution 
would be exactly shown in any actual trait only by chance. For 
only by chance would the necessary conditions as to causation be ful- 
filled. And in point of fact, as the reader will frequently be told 
by the adjective "approximate," the exact probability curve 
distribution does not appear in the facts or give signs of being at 
the bottom of the facts of mental life. The common occurrence of 
distributions approaching it is due, not to any wonderful tendency 
of a group of cooperating causes to act so as to mimic the combina- 
tions of mathematical quantities equal and equally probable, but 
to the fact that many traits in human life are due to certain causes 
plus many occasional causes largely unrelated, small in amount in 
comparison with the constant causes and of the same order of 
magnitude among themselves. 

It is the folly of the ignoramus in statistics to neglect the applica- 
tion of the algebraic laws of combinations to variable phenomena; it 
would be the folly of the pedant to try to bend all the variety of 
nature into conformity with the one particular case of the frequency 
of combinations which results in Form A for the total distribution.' 

PROBLiMS 

26. Suppose that, in Table 16, o = 6, i = 5, c = 4, tf = 3, c = 2, 
and / = I. Draw the resulting form of distribution for a chance 
selection from the combinations possible.* 

' It is a question whether students of mental meflsurement aboulil not from 
the begimiinK ^ taught to put the normal probability distribution in ita proprr 
place 08 nmply one amongst an endleai number of ponible distributions, each 
and all due to and expl^nable by the nature of the causea determinini; the vari- 
ations in the trait. The frequency of the occurrence of distributions somewhat 
like it could then be explained by a vera eavaa, the frequKicy of irerttun sorts of 
causation. On general principles this seems desirable, but b order to make for 
the student connections with the common diacuvions of statiBti'*.a1 theory and 
practise and with the concrete work that has been done with mental measure- 
ments, I have compromised and, to some eirtent, subordinated the general ration- 
ok of the form of distribution to the explanation of the probability curve type. 

* Remember that ab, ade, and the other entries of Table 16 mean that the 
effect of a and that of b are added; that the effects aS a, d and « are added, and 
tdmilaHy for every combination. 
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27. Suppose that, in Table 16, o « 10, 6 = 10, c = 10, d" 1, 
e = 1, and/ = 1. Draw the distribution as in 26. 

28. Suppose that, in Table 16, the presence of a and b together 
implied that of e and that the presence of d and e together imphed 
that of/. Draw the resulting distribution, if a, b, c, d, e and/ are, 
in each case, equal to 1. 
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CHAPTER VII 

The Meabdkement of a Geoup 

§ 19. The Use c^ Measures of Individuals io Obtain Measures of 
Groups 

The sciences of faunuui nature often use measures of individuab 
only in order to get measures of groups. Not John Smith's spelling 
ability, but tiiat of all fifth grade boys taught by a certain method; 
not A's delicacy of discrimination of weight, but that of all men; 
not B's wage, but that of all railroad engineers during a certain 
period; not the number of C'a chQdren, but the productivity of 
the EngHsh race as a whole; not individuals, but groupa, are often 
the facts to be measured, compared and argued about. 

Variations amongst the Individuals of a Group. — The customary 
ftT pKjiflion of a trait or ability in a group is its average, and the 
use of an average here, as before, points to the variability of the 
fact. We do not seek the average law of gravity, or the average 
ratio of amount of oxygen to amount of hydrogen in an atom of 
water, or the average velocity of sound. It is because of the unlike- 
ness, the variability, of even the most similar individuals in even the 
most constant qualities that we are forced to use averages at all. 

An average no more represents the d^ ff^yrt "tpmbf-ra nt ^ gr"lip 
f-hnn it fjjd th ff different measures of a trait in a single individual . 
The thing, fact A in the individuals of group X, is a variable quantity 
and is measured only by a hst of the different degrees of the trmt 
found in all the individuals of the group, with a statement of the 
number of times each appears. A table of frequencies or surface of 
frequency will be the adequate measure here, as before. The 
measure of a fact in a group is its total distribution, and this total 
distribution is simply all the separate measures of the individuals 
making up the group. 

The measure taken for each individual may be his average , or his ' 

■^ most frequent ability , or highest ability shoff p, or lo west abili ty^ 

shown, or ability exceeded in 50 per cent, of his trials, or ability Y 
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'■ exceeded in 7Q per oei^t. of Jiis-tiials, or variability, or any other 
characteristic of "individual in group X." 

Means of Measuring the Central Tendency and the Variability 
of a Group. — The determinations of the central tendency and 
variability of a measure of a group are made in just the same way 
as in the case of a measure of an individual, and the different 
measures of them have here the same characteristics. The formal 
and matheniaticid problem is identical whether we have varying 
records of one individual or varying individuals of one group. 
I Instead of "central tendency of the different measures of one 
jindividual in respect to some trait" we have "central tendency of 
Cthe different individuals of one group in respect to some trait." 
Instead of " variability of the different measures of one individual 
in respect to some trait" we have "variability of the different 
individuals of one group in respect to some trait." 

As in the case of individual measures, it is a safe rule never to 
replace the total distribution by any partial expressions of it until 
it is necessary. As in the case of an individual measured, the 
distributions may conceivably take all sorts of forms and be quite 
unrepresentable by any simple arithmetical constants. 

The Effect of Inadequate Measures of tiie Individuals. — An 
accurate representation of the central tendency of a group may be 
had from very inadequate measurements of the individuals in it — ■ 
for instance, from records of only one or two of the varying scores 
of each individual. The reason is, of course, that, the errors being 
diance errors, the too high rating of individual A is counterbalanced 
by the too low rating of B, and so on; so that the central tendency 
for the group as a whole is substantially as it would have been had 
each individual in it been measured a hundred or more times. Thus, 
the first 6olumn of frequencies in Table 18 gives the distribution 
of the abilities of a hundred individuals, in a test of sensory acuity, 
twenty records from each individual being used. The second 
column of frequencies gives the distribution when only four records 
taken at random from the twenty, were used. The central tendency 
computed from the second column differs from that computed from 
the first by only one fourth of one unit of the scale, or about one 
per cent, of the total range. 
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The effect of inadequacy o£ the measures of the individuals in it 
upon the variabiKty of the group, is, on the other band, to produce 
an error which acts in the long run to make the A.D., S.D., Q, or 
any other measure of the dispersion of the individual members 
about their central tendency, too large. That this is the case can 
be easily seen by comparing the dispersion of the measures of the 
group a-j got by taking for each individual in Table 19 the average 
of his-ftn scores, with the dispersion got by taking for each individual 
one or two scores at random. That it must be the case can be 
inferred from the following: Let A, B, C, D, etc., be the adequate 
measures of certain individuals in a certain respect. Let Z be the 
dispersion of A, B, C, etc., around their central tendency. Let 
Oi, at, Oi, .etc., be the separate scores from which the adequate 
measure A is derived. Let h, ^, ht, etc., have the same relation 
to B; let ci, d, ct, etc., have the same relation to C; and so on. 
Let JOi be the dispersion of ai . . . On around A; let m he the 
dispersion of 61 ... ^ around B; and so on. 

Then V, the disper»on of the individuals around their central 
tendency when measured inadequately by say ai and at, hi and 
bi, Ci and (^, etc., may be considered as the result of the combina- 
tion of the causes producing Z and those producing wi, toi, tct, 
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etc. Since wi, wi, wt, etc., are mutually uncorrelated and are 
uncorrelated vitb Z, the result of the combination of causes is to 
make V greater than Z. 

TABLE 19 

Ths Scobsb of Ten Individdaia Each n Twelth Ikdefendent TxBie or 

THB Tbatt im QuxmoN, amd tbx AvxaACia or the Twelvx for Each 

iNDIVniUAL 

1 1 1 1 1 1 1 1 1 1 1 i I 
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§ 20. The Extent to Wkick the Surface of Frequency of " Fact T in the 
Case of the Different Individuals in Group a . . . n,"Approxi- 
maiea Form A, the So-called " Normal" Form 
The differences amongst individuals in certain groups, with which 
students of mental science have to deal do, in the case of most ana- 
tomical traits, of very many physiological traits, of many mental 
trmts and of at least some institutional and social traits, are such 
as to produce in the measurement of the group an approximation - 
toward a unimodal distribution the variability of which is of such 
a nature as to justify one in regarding the members of the group 
as representatives clustering about a type, departures from whidi 
show a certain regularity. In other words, distribution is often 
unimodal, the statistical average or mode very often represents a 
real central tendency or type, and, the departures from it occurring 
in an orderly way, one or two figures can often represent the real 
clustering of individuals about a type. 

In particular there is found often a form of distribution (1) 
approximating the symmetrical, with its mode approximately at the '' 
average, so that both are nearly coinddent with the median, and 
(2) characterized approximately by a slow decrease in frequency 
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for a certain distance above and below the mode, a more rapid 
decrease from then on for a way, and finally a slower decrease until 
the limits are reached. This description the reader will recognize 
as the description of a distribution of approximately Form A, that 
of a quantity determined by the action of a large number of inde- 
pendent causes equal in amount; in other words, that of the surface 
bounded by the probability curve. 

In so far as this particular uniformity in distributions does exist, 
we are freed from the necessity of devising a separate means of 
quantitative expression for each group measurement studied, and 
pennitted to express it at least approximately in two figures, one 
teUing the general tendency or type, the other the variability, the 
form being assumed to be approximately Fonu A. 

I have represented graphically in the following pages distribu- 
tions of a number of anatomical, physiological, mental, sodal and 
institutional facts, drawing them so that a rough comparison with 
the surface of frequency of the probability integral can be made 
in each case.' The examination of these will give a concrete and 
reasonably accurate notion of the frequency with which the measure- 
ment of a group is again and i^ain approximately the same statistical 
problem. 

In these diagrams (Figs. 39 to 65) the continuous lines enclose 
the surface of frequency of the fact in question. The dotted lines 
give approximately the surface which would be found if the distribu- 
tion of the triut followed Form A, the probability surface. Where 
the actual distribution obviously is not even approximately of this 
form, the dotted lines are omitted. The exact nature of the trait, 
the number of individuab and the source of the data in each case 
are given in the list that follows. When no source is stated the 
author is responable for the original data. Unfortunately, the 
equality of the steps taken as equal in the scales by which the facts 
of Figs. 49, 50 and 52 were measured, is far from certiun. Conse- 
quentiy the diagrams may not represent the true form of distribution 
in these cases. 

> In the eight years siiice the first editi<Mi of this book appealed Uie practise 
recominended m it — of reporting the entire distribution of any variable fact 
instetul of merely its average or average and variability — has become the cuetomaiy 
one with many workers, and a very great numba <£ further ilhtatrations oould 
now tie printed. 
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FiQ. 39. Height ot American adult men. In inches. N (number of caaea) 
— 25,878. Drawn from the table pven by Kail Pearson on page 3S6 of Vol. 186A 
ol the Philo*ophioalTT<maaclion«<^UieRoy(USoeUty<^ London. He quotes from J> 
H. Baxter, Medical Statiatica of the Provcet Manhal's General Bureau. 

Fia. 40. Weight <rf English adult men. In pounds. N - fi,662. Drawn 
from the table pvea in C. Roberts' " Manual of Anthropometry " ; ^paidix. 

Fia. 41. Cephalic Index (ratio of width to lei^h of head) of miodem Alt- 
Bayerische skulls. N •• 900. Drawn from the table f^vtsi by Karl Pearson in 
"The Chances of Death." 

Fio. 42. Length of male infante 4I birth. In inches. N — 451. Source 
the same bb for ¥1g. 40. 

Fio. 43. Girth of chest, empty, of English army recruits. In inches. N — 
676. Source the same as for Fig. 40. 

Fio. 44. Strength of arm pull. En^ish adult men. Pull exert«d as in 
drawing a bow. In pounds. N — 1,497. Source the same as for Fig. 4a 

Fio. 45. Body temp^ature at the mouth in American women. N — 158. 
I am indebted fw the wipoal measures to Professor T. D. Wood, of Teacbcss 
Ctdl^^. 

Fio. 46. Heart rate (after vigorous exercise) in American students, young 
men 16 to 20. Number <A beats per 60 seconds. iV - 312. I am inddited tta 
the ori^nol measures to Dr. G. L. Meylan, of Columbia UniverBity. 

Flo. 47. Reaction time of American college freahmeD. Thousandths of a 
second. N — 262. I am indebted for the original measures to Dr. Clark Wiirier, 
of tite Amwican Museum of Natural History. 

Fio. 48. Monory span for digits in American women students. Number 
of di|^ correctly written and correctly placed. N — 123. 

Fia. 49. Efficieocy in perception of 12.5-year.old boys. NumbOT of ji's 
mariced in 60 seconds on a sheet of 13 tines of capital letters (see sample below). 
N -312. 

OYKFnJDBHTAGDAACDIXAMRPAGQZTAACVAOWLYXWABBTHJJAN 
EEFAAMEAACBSVSKALLPHANRNPKAZFYRQAQEAXJUDFOIMWZ8A 
UCGVAOABMAYDYAAZJDALJACINEVBGAOFHARPVEJCTQZAPJLEIQ. 
WNAHRBUIAS 

Fio. 50 Effidency in omtroUed association of 12.fr.yeaiH>lda. Number of 
correct minus number of incorrect oppodtes of the following words written in 60 
seconds: Oood, outode, quiclc, toll, big, loud, white, light, happy, false, like, rich, 
dck, ^ad, thin, empty, war, many, above, friend. N — 239. 

Flo. Gl Accural^ of estimation of length in ^Is 13 to 16 yenm old.* Avk- 

'The 13-, 14- and 15-year old girls did not difier as groups, 
age variable error, in millimeters, in 30 attempts to draw a line equal to a 100-mm. 
Una seen. N - 153. 

Fio. 62. Efficiency in complex perception of 12.5-year-old boys. Number 
<rf words contuning a and 1 marked in 120 seconds in a sheet of words (see sample 
below). N - 312. 

IHre tengo ontipatia eoiores; esto seria necedod, porque hombre vale dempre 
ttmto como otro hombre. Todas clases hombree merito; reeumidsa cuentas, sulpa 
suya viixonde; pero dire'sobrina puede contar dote viente cinco duroe menoe, t«igo 
apartado; pardiei tamado trabajo atesorar-los para enriquecer-estrano. 

Fio. 53. Ratio of attendance to enrollment in public schools of citiee and 
towns of over 8,000 inhabitants in Ohio. Indiana, IlUnois and Iowa. AT — IIS. 
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Fio. 64. Vagesof cotton opwativee (in shillingspw week). AT ib luge, but 
not tpvok. The data are takm from Bowley'a "EHemeiitB of Statistics," p. 96. 

Fio. SS. Age of gntduation from AmKican cidlegee. Men only taken. 
N - 1,213. 

Fia. 60. Coflt per pupil of public school educatKHi in American cities of over 
8,000 inhabitants. The cost is here takm per pupil actually present throughout 
the year. Ilkat is, the coet per pupil equals amount Q>ent divided by average 
attendance. In dollars. N — 466. The amounta and average attemdances are 
those gjven in the Report of tlie U. S. Commiamoner of Educatitm for 1901. 

Fia. 57. Wages of American worldngmen per day. In oent«. N — 5,123. 
file data are taken from Bowley's "Elements of Statistics," p. 120. He quotes 
them from a U. S. Soiate report. 

Fia. 58. fig. 39 with a coarser grouping. 
/ Fio. 59. Ratio ctf atteodanoe to enrollment in pubUc schools of Amoican 
dtiea <A ova- 8,000 inhabitants. N - 645. 

Fia. 60. InccHnes of American ctdleges for men and for lx>th sexes. The five 
per coit. who in the year taken had incomes of ow $150,000 ai« omitted. In 
thousands of dollars. N - 438. 

FiQ. 61. Age at marriage of g^ted American men. N - 744. 

Pio. 62. Frequency of divorces in different yean aftcx marriage. The cases 
after twenty years are undistributed by the compiler and arc here (pven a probable 
distribution. iV - 109,960. The data were takok from Kari Pearson's table, 
Phil. Trant. tfftke Boj/al Sodely, Vol. 186A, p. 395. He in turn quotes them from 
W. F. Wilcfflc, "The Divorce Problem." 

Fig, 63. Size of New England families, 1725-1800. The number of ctuldrm 
born to womoi during twenty years or ova of married life, N — 163. 

Fia. 64. Infant mortahty in cities and towns of England and Wales. 
Numba of deaths per 1,000 births. N — 112. Arranged from data {pvm by 
Miss Clara CoUet in the Jouttm! qf the Royal StalUticai Sodely, June, 1898. 

Fio. 66. Frequency of death at different ages. MUx Karl Peanm, 
"Chances of Death," Vol. I., p. 27. N ia very large. 

In figures 39 to 05, the limits to which the surface of frequency extends are 
shown by Eduot vertical linee m thoae cases where the length of the columns of 
which it is composed is so small as to be unnotioeabls. See, for instance, li and li 
in fig. 39. 

It appears from the illustrations ^ven here and from the larger 
group from which they are a selection, that when the distribution of 
the individuals in a group is around one type, the form of the cluster- 
ing is more often like the normal form than like any other one form. 
Consequently when, in ignorance of the actual form, some form has 
to be assumed, form ^ or a modification of it is the best one to 
assume. On the other hand, the approximations are so imperfect 
that the assumption, though the best single one, ia essentially unsafe. 

It is, of course, not desirable to have to make any assumption 
about the form of a surface of frequency. Whoever reported the 
central tendency and variability should have reported the entire 
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Fio. 39. Hd^t of men. Fio. 43. Girth of cheat 

Fia. 40. Wei^t of men. Fio. 44. Strength of arm puD. 

Fio. 41. Cephalic index. Fia. 4fi. Body temperature. 

FiQ. 42. Length of infanta. Fia. 46. Hevt nte after 
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Fia. 47. 
Flo. 48. 
Fia. 49. 
Fia 50. 
Pio. 61. 
Fif>. 62. 



Reaction time. 
Memory epan for di^te. 
Efficiency in perception of A'b. 
Effickncy in aaeociation of ideas. 
Accurate of estimation of lengUi. 
Efficiency in pwcepticm of woidfl. 
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Fia. 63. Ratio of Bchool attendance to enroUment. 

Fia. 64. Wages of cotttoi operatives. 

Fia. 66. Age of graduation from college. 

Fio. S6. Cost per pupil of education. 

Fia. 67. Wagee of American woriungmen. 

Fia. S8. Wagee of American woritingmen. 

Fia. 60. RaUo of school attendance to mroKmait. 

Fia. 00. Incomes of colleges. 
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FiQ. 61. Age of mairiage of g^ted men. 

Fio. 62. Frequency of divorces at different dates atta marriage. 

FiQ. 63. Size of New England families. 

Fta. 64. Infant mortality. 

Fio. 65. Frequency of death at different agea. 
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table of frequencies or a graphic representatloD of them or a clear 
statement of their geometrical form. But until about 1000 such full 
reports of variable facts were rare in the literature of psychol*^, 
sociology, education, or the other mental and social sciences, and 
they are still far from univeraal. Hence many of the measurements 
that exist have to be interpreted by some more or less speculative 
supposition about the form of the surface of frequency if they are 
to be used in detail at all. It is also often necessary to make an 
assumption concerning the form of distribution in the case of 
traits where equality in the units of the scale is dubious. 

$21. The Interpretaium c^ Dwergmeea from Form A in the Diitribu- 
turn qfa Group 

Such DiTei^Eences May Be Signiflcant. — The form of distribution 
for any group deserves careful study. ' 

For instance, if in a measure of the scholarship of men one 
obtained a distribution like that represented in the upper diagram 
of Fig. 66, it might appear reasonable to say that istellect was 
distributed in a very irregular manner and in such a way that there 
were no grades very far below the commoDest condition, but that 
grades above it existed over such a rai^ that the highest ranking 
person was ten times as far above the mode as the lowest ranking 
person was below it, and that the grades up near the highest were 
more common than those a littie nearer the mode. Further con- 
sideration, however, might show that the infrequency of low grades 
was due to the fact that in our measurements we had tested only the 
better classes — bad selected against the idiots, illiterates and incom- 
petents; and that the apparentiy greater frequency of very high 
grades than of moderately high grades was due to our having 
measured some thousands of individuals from the better classes 
together with a few hundred expert scholars. -Scholarship in 
general might really be distributed normally as shown in the lower 
diagram of F^g. 66, and our result be due to the influence of selection 
and of mixing two species, untrained and trained men. On the 
other hand, if one obtained for scholarship a normal distribution, 
one could not be sure that in the natural group, men, scholarship 
was normally distributed, unless thrae same factors of elimination 
and mixture were excluded. For example, if one got a normal dis- 
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tribution from measuring 13-year-oId boys in the next to the last 
grammar-school grade, he could be practically sure that for all 
13-yeaiw)ld boys the distribution would not be normal. The duller 
13-yeai^«td boys would not have reached that grade and the very 
bright ones would often have passed it. The actual distributioa 
may be in part the result of the mixture of species or of selection. 




Flo. fl6. An irregular diBtribuUon (upper dugram) poeaibly due to artifldal 
eUtnination and mixture in the couroe of the measuremoits, the tiue fact bcong 
that shown by the knrer diagram. 

Homogeneous and Mixed Groups. — Homogeneity is in general 
not an absolute, but a relative, quality. A group of animals is 
homogeneous compared with a group of animals and plants mixed. 
A group of human beings is homogeneous compared with a group 
of men, dogs, worms and fishes. A group of college graduates is 
homogeneous compared with a group of college graduates, iUiter- 
ates and idiots. Utter homogeneity would equal identity. We 
commonly mean by the homogeneity of any group with respect 
to any trtut, such likeness amongst its members, with respect to the 
forces produdng the trait, that there is no reason for separating 
them into several groups rather than leaving them in one. Thus 
the group 'a species' of the zoologist or botanist is homt^eneous 
with respect to its anatomy. Thus the group 'children of the same 
race, sex and age' is probably homogeneous with respect to the 
tnut 'maturity.' Thus the group 'wages of unskilled laborers 
under the same conditions of work and cost of living' is hom<^eneous 
to the economist. 
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of the influence of combin&tian upon the form 



FiQ. S7. Showing 
of distribution, vii: 

Two nomuil diatributions, A and B, when combined, (pre a markedly bimodaJ 
distribution. 

Two normal distributionB, C and D, vhen combined, pve & flattened dietri- 
bution. 

Four normal distributions, E, F, 6 and H, when combined, pve a flattened 
and poatively skewed distributjon. 

Three normal distributiona, /, J and K, when combined, f^ve a markedly 
skewed distribution. 

Two distribulions, L and M, of identical mode but differinK variability, give, 
when combined, a form midway between the two. 

Two diatributions, N and O, one positively and the other negatively skewed, 
^e, when combined, a normal diatribution. 
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The effect on the distribution of a trait of putting together 
groups different as groups with respect to the trait can be seen from 
the diagrams of Fig. 67. 

It is obvious, in general, that given any form of distribution, it 
might be accounted for, so far as the bare fact of its existence went, 
by any one of a practically infinite number of different compound- 
ings of groups. The mere form of distribution does not itself tell. 
Recourse must be had to a study of the real facts about the group. 

I shall consider further only the case of the compounding of two 
or more groups, each of which by itsdf shows approximately normal 
distribution, which differ in respect to the amount of the trait. It 
is clear from the diagrams that the result on the form of distribution 
of the total group will be multimodality or a flattening of the top of 
the surface of frequency at some point. If one has reason to believe 
that the trait he is studying would in a homogeneous group show 
normal distribution, the existence of such multimodality or flatten- 
ing may properly lead him to suspect the mixture of two groups or 
spedes and to examine the cases with a view to separating them 
into more homogeneous groups. 

One special case of importance is that where the total group is a 
compound of a very lat^e number of groups so differing that their 
central tendencies form approximately an arithmetical series. 
Such total groups would be, for iostance, measurements of children 
dght to twelve years of age in some physical or mental trait subject 
to growl^, or of teachers' salaries over a period of years during 
which there wf^ a steady rise in values. 

The Effect of Selection and Elimlnatioii. — Only very udK- 
quently does the measurement of any trait in a group include all 
the members of a group. It is, on the contrary, the result of 
measurements of relatively few sample individuals. Iliese repre- 
sent the group as a whole justly only in so far as they include the 
same percentage of each grade of ability in the group. 

In general, it c an pasily he shown th^t by tb« right combina- 
tioos of selections from a gmiipr a g mnp w^t^l any tnrm nt iljafri- 
biiHnn can he. dprivc Hj no matter what the form of distribution of 
the trait in the original group was. 

Selection may occur (1) as a result of natural forces upon a*' 
group, or (2) as the result of unproportional sampling by the meas- 
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urer. The group, Uvii^ human beings 40 years old, is thus the 
selection by natural forces from the group, all human beings bom 
40 years ago, a selection, to some extent at least, of the physically 
more vigorous, morally less murderous, and so on. The group, 
3eventeen-yeatw)ld boys measured in school, is a selection from 
all boys seventeen years old, due to the measurer's willingness to 
take boys not absolutely at random, but as found conveniently. 
The selection is, to some extent at least, of the more ambitious and 
gifted intellectually. 

Consequently an examination of the fonn of distribution with 
an eye to evidence of selection ia often very profitable. The influ- 
ence of nature in changing the distribution of a trait in a group 
by selecting for survival on the ba^ of the trait's amount is one 
of the most important topics for science, and the influence 
of circumstances in providing the student with a set of selected 
samples the distribution of which is unlike that of the total group 
the student takes them to represent, is an important cause of fallacies 
in the mental and social sdences. 

Although any form of h^quency surface may be derived from 
any other by the proper method of selection of cases, and although, 
consequently, from the actual form of a surface of frequency nothing 
can be concluded concerning the group from which it represents a 
selection unless the method of selection is known, yet certain appear^ 
ances may well serve to awaken suspicion and lead the student to 
investigate the measurements. In particular, skewness is so often'N 
connected with picking for study extreme cases of a group, which / 
as a whole would give an approximately normal distribution, that 1 
it-,is certainly advisable always, when confronted by a group / 
measure showing skew distribution, to ascertain whether the groupy 
is not a partial picking from a normally distributed total group. 

On the whole it may be said that the interpretation of the form 
of distribution of a group is a most valuable element in statistic al 
procedure , if one does not expect too much from it. To the student 
who is acquainted with the nature and meaning of the trait 
measured and with many of the characteristics of the group in 
which it is measured, the form of the distribution may suggest 
other characteristics of the group — in particular, the characteristic 
of being a mixture requiring analysis into separate groups, or a 
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selection not representative of the total which it pretends to sample 
fairly. These suggestions can then be tested. 

The form of distribution, taken alone, does not, however, 
demonstrate anything concerning individual differences in general, 
or the mixed or selected composition of the group, or anything else 
beyond the mere fact that such and such individuals gave such and 
such measures showing such and sudi differences in respect to the 
trait in question. The form of distribution should then be examined 
with intelligent consideration of all the facts known about the 
units of measure, the tnut and the group. 
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CHAPTER VIII 

The Tranbuctation of Measukes bt Relative Position into 
Measures in Units of Auodnt 

S 22. TrarwmtUaHon by Means of Ktwwledge qf the Form of the 
Ditti'^ndion 

For the sake of simplidty, only the case of individuals measured 
by their relative position in a group will be discussed in this chapter. 
The theory and technique described apply equally to any series of 
facts ranked in order for their amounts of any one trait. 

If a group of individuals are ranged in order according to the 
amounts which they severally possess of a trait, we can, even when 
ignorant of what the amounts are for each and all of the individuals, 
assign to each the amount of his deviation from the average, pro- 
vided the form of the group's distribution is known. For instance, 
let 100 boys rank with respect to scholarship as shown below, and 
let the form of distribution be that of Fig. 68. 

100 BoTB — a, b, c, BTO. — IUnxkd bt Rxlathh Position 
ft ia the highcet ranking hoy, 

b, c, d an next in rank and are rated equal. 

e, f, g, b, i, i Bie next in rank and are rated equal 

k, 1, m, n, o, p, q, r, s, t an next in ntnk and an rated equal, 

u, V, V, X, y, t, a, b, e, d, e, /, g,h,i an next in rank and are rated equal. 

j, k, I, m, n, o, p, q, r, a, I, u, «, w, x,y,t are next in rank and ane rated equal. 
A, B, o, », E, F, o, ., ", '. •, I,", », o, |„ „^ to mik »rf «. r.t.1 a,»J. 
T, V, T, w, z, T, E, o, A r> >i *i Ci 4 an next in rank and an rated equal. 

e, t, (, X, >i, r, t, o an next in rank and an rated equal. 

T, p, r, 7 an next in rank and are rated equal, 

v, ^> X are next in rank and an rated' equal. 

If we build up approximately the surface of Fig. 68 by a series 
of forty rectangles of equal base, the result is Fig. 69. This, the 
reader should observe, is done graphically by dividing the base line 
arbitrarily into forty equal parts, and by erecting a rectangle on 
each division of the base line — of such height that the mid-point 
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of its top is at the intersection of its top with the bounding line of 
the distribution of Fig. 68. There is no reason for the division of 
the base into forty rather than 60, or 70, or 120, equal parts. 




Fio. 68. 



Call the distance of the low extreme from the absolute zero, A ; 
and call the length of base of each of the rectangles, K. Then the 
upper extreme is at ^ + 40K, and the relative frequencies for the 
fortieths of the range — that is, the relative heights of the forty 
rectangles — are as noted in Table 20, the total area being taken to 
be 1,680. These relative frequencies can, of course, be reckoned 
on the basis of any arbitrary value for the total area. There is no 
reason, save convenience, for assuming the area to be 1,680 rather 
than 2, 16,000, 1,820, or any other number. The 1,680 was an 




accident of the particular scaJe used to measure the area of Fig. 69. 
If the reader will construct an approximation made up of 60, or 80, 
or 100, rectangles, and caJl the total area 1, 2, 500, 10,000 or any 
other number, he will still get the same final values for the distances 
of a, b, c, d, etc., from any defined point along the base-line, within 
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the range of the distribution, in tertos of any defined feature of 
the distribution, say its range, A.D., a (S.D.), or Q. 



AtoA+K 7 

A+ K to A+ 2K 20.6 

A+ 2K to A+ 3K 33 

A+ 3K to A+ *K 44 

A+ iK to A+ 6K 62.6 

A+ l^U> A+ 6£ 60.6 

A + QK to A + 7K 67.6 

A+ 7K to A+ 8K 73.6 

A+ &K to A+ 9K 77.5 



A+ 9K to A + IOK 

A +10K to A + llK 
A + llK to A + 12K 
A + i2K to A + UK 

A + l3Kto A + liK ''C^ 

, A + 14K to A + 16K 74!b 



A+IOK to A + llK 80 

A + llK to A + 12K 79.6^^ 

A + i2K to A + UK "TUt^M 

A + l3Kto A + liK ^T^ 



A + 15K to A + 16K 
A + 1^ to A +17K 
A + 17Kto A+l&K 
A +1&K to A + WK 
A + 19Kto A+2aK 

A + TDK to ^ + 21Ji: 
A+21K to A+22K 
A + 22K to A + 2SK 
A + 23K to ^ + 24Ji: 
A + MK to A+ 25K 

A + 2fi£ to A+ 26£ 
A + 26K io A+2TK 
A + 27X to A+78K 
A + 28K to A+ 20K 
A + 29K to A + aOK 

A + 30K to A+ 31K 
A+3\K to A+ 32K 
A + ^K to A +33K 
A +S&K to A +ZiK 
A +3iK to A +3SK 
A +S5K to A +mK 
A+SaK to A+37K 
A+37K to A+ 3SK 
A + 38K to A+ SiK 
A+29K to A+40K 
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This table of frequencies is like those hitherto described in this 
volume, save that two as yet unknown quantities, A and K, appear 
in the scale for quantity. This difference makes no difference in 
any formal respect. The table can be treated like any other. 
Thus its median is in the step "A + 14X to ^ + 15K," at approxi- 
mately A + 14.12K. The mode may be taken as just between the 
steps, *M + 9^ to ^ + lOK" and "A + IQK toA+ UK," or at 
A + lOK. The 25 percentile is at ^ + 8.SK. The 75 percentile 
is at ^ + 20.iK. 75 percentile - mode = lO.iK. Mode - 25 pei^ 
centile = 1.2*:. Q = 5.8K. 




Fig. 70. 



llie highest-ranking boy, a, will then be represented by the 
16.8 of the 1,680 frequency-units at the top, that is, toward A + 40K. 
His ability ranges from A + 4i)K to A + Zi.7K (16.8 = 0.5 + 2.0 
-h 2.5 -i- 4 + 5.5 + 2.3; aDd,2.3 = .3 of 7.5). ' 

The next threei — b, c and d — will occupy the next 50.4 of the 
1,680 frequency-units, and be induded between the limits, A 
+ 34.7Xand A + 30.4K (7.5 - 2.3 = 5.2; 50.4 = 5.2 + 9.5 + 11.5 
+ 14.0-1-10.2; 10.2 = .6 of 16.5). 

~^ Similar calculations can be made for the next ^ — e, f, g, h, i 
and ] — and so on. The results are shown graphically in Fig. 70. 
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The average ability of each division may be calculated roughly 
from the facts obtained in this way. Thus the highest boy, a, being 
represented by 0.5 {A + 39.5K), 2 {A + 38.5X), 2.5 (A + Z7.5K), 
4 (^ + 36.5ii0, 5.5 (A + 35.5iO and 2.3 (A + 34.5iO,' has as an 
average A + 26AK} 

A table can thus be formed as follows: 

Boy a has as his approidmate ability A + 36.4^; 
Boys b, c, d have as their approximate ability A + 32.2^;* 
Boys e, f, g, h, i, j have as their approximate ability A + 28.0K; 
Boys k, I, m, n, o, p, q, r, s, t have as thor approximate ability 
A + 23.8K; etc 

So far we have d^ned or measured the scholarship of each boy 
as his distance above the low limit (A) of the whole group in terms 
of £' as a unit. All of these measures can be turned into distances 
minvs from the upper limit or pliu and mima from the mode, 
average, median, or any other percentile point on the scale. They 
can be put in terms of any measure of the variability of the scheme, 
or of any part of it, instead of K. For instance, the best boy is 
+ 26.4K or + 4.6Q from the mode. 

The sdiolarship of every boy in the group can thus be represented 
in definite quantities of some unit of amount of difference K ttojn 
some point of reference. This unit itself is definable as " the dif- 
ference between this given person and that given person." The 
standard is ^milarly definable as the scholarship of such and sucb ' 
a given individual. 

1 A probably more exact value could be aseigiied to this 2.3, which ia the 
upper three tenths ot the rectangle on base A + 3iK to A + 35K, but the mid- 
point is accurate enough for our purpom. ' 
• 0.5J + 19.75JC 
2.0A + 77.0 K 
2.5A + 93.75JC 
4.0J + 146.0 K 
6.6A + 19S25K 
23A + 79.d5K 
16.SA -t- 611.10K 
16.8A-H611.liC . -MAJT 

^ ^ ■""■"'■ „.« 

' [5.2 lA+U^K) + 9.8 U+33.5K) + 11.5 W+32.5ff) -|- 14.0 (A-f-aaff 
+ 10.2 (A+aO^K)], when divided by S0.4, ffvte A -|'32.2£. 
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By this method the obscurest and most complex traits, such as 
morality, enthusiasm, eminence, efficiency, courage, legal ability, 
iDventiveness, etc., can be made material for ordinary statistical 
procedure, the one condition being that the general form of dis- 
tribution of the trait in question be approximately known. 

If now one has a group of individuals ranked by their relative 
portion in the group, his first task before he can transmute the 
series of relative positions into a series of units of amount is to ascer - 
Xftin t)i^ f orm of distribution . This may be done (1) by measuring 
enough sample individuals objectively in units of amount, or (2) if 
the tr^t can not be measured in units of amount, by inferring the 
form of distribution from that of similar traits which can be. 

1. Suppose one had 2,000 ten-yearold boys measured with 
respect to intellect by relative position.* If now one measured 200 
of them objectively with tests scorable in units of amount, he could 
properly transmute the 2,000 on the basis of the type of distribution 
found for the 200. 

2. Suppose one had 1,000 individuals measured with respect to 
delicacy of discrimination of sound by relative position. (It is well- 
nigh impossible to measure sensitiveness to sound in objective units 
which another observer can duplicate, because of the influence of size 
of room, resonance, etc.) It is fairly certun from studies of the 
delicacy of discrimination .of length, weight, etc., that delicacy of 
discrimination of sound is distributed in something approximating 
sufficiently to a probability surface, with range of from -{- 3ff to 
— 3<T, to prevent calculations on that basis from bdng more than a 
littie wrong on the average. We may, therefore, transmute the 
1,000 measures by relative position into units of amount, on the 
hypothesis that such is the form of distribution. 

The labor of transmutation for cases which follow the probability 
type of distribution may be rendered almost nil by the use of tables. 
If the probability surface of range + Str to — 3<r is divided up into 
100 equal areas representing the 100 successive per cents..from the 
highest to the lowest of the total group, and the average distance 
from the average in terms of a is calculated for each per cent., the 
result is Table 21. 

* Such meaauiea, at least Bpproidmat«ly eoirect, would in fact be easy to 
obUin tbroi^h school marks, teachers' c^nnions, peraoiul conferences, etc. 
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1.439 
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.464 
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.^6 


10th 


1.311 




36th 


.300 


11th 


1.260 




36th 


.372 


12th 


1.200 




37th 


.346 


13th 


l.'lSO 




38th 


.319 


uth 


1.108 




89th 


.293 


Ifith 


1J)68 




40th 


.266 


leth 


1.01B 




4lBt 


.240 


17th 


.974 




42d 


210 


18th 


.935 




43d 


.189 


IQth 


.896 




44th 


.164, 


20th 


.860 




45tb 


'.139 


21flt 


.824 




460) 


.113 


22d 


.789 




47Ui 


.087' 


23d 


.756 




48th 


.063 


24th 


.722 




49th 


.037 


25tb 


.690' 




SOth 


.013 



If DOW we ask, " What will be the average ability of the highest 
6 per cent.?" we have only to add the figures for the first 6 per cents. 
and divide by 6 (the result being 1.99). Similarly to get the 
average ability c^ any consecutive series of unit percentages. Table 
22 gives the results ot such computation for tvery consecutive 
series in the upper half of the total group. If the signs are changed 
to minus it serves for the lower half. 

The figures along the top stand each for the percentage already 
maHf ^ip in wtiinting iTi ^froni Hie ertrcmc . The figures down the 
side stand for the percentage in the group for which a measure in 
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terms of amount is to be found. The entries in the body of the 
table stand for the average amount, in terms ot a, of any percentage 
counted in from any point toward the average. When a percentage 
passes the average (e. g., 30 per cent, after 40 per cent, have been 
used up in counting in from the top) it is necessary to take from the 
table two entries, one for the plus cases down to the average, the 
other for the minus cases, up to the average, of which the percentage 
is made up, and from these two entries to compute the average for 
the {^ven percentage. Thus, 40 per cent, from the upper estremfe 
having been used up, the next 30 per cent, will average. 

(+.13X10) +(-.26X20) 

30 ' "' ~ ■*^- 

Illustrations of the simpler usage in cases not passing the average 
are as follows: 

The first 1 per cent, of a group avenges + 2.7 

The ," 8 " " " " average + 1.86 

The 9th and 10th per cents, of a " " + 1.34 

Per cents. 6, 7 and 8 from the bottom " — 1.52, 

With the aid of Table 22 one can turn measurements by relative 

position into meaaurements in units of + or — <r almost aa fast 

as one can read. 

For instance, of 800 schoolboys, 

8 per cent, receiyed a marie of E 
20 per cent, received a maik of F0 
38 per cent, received a mark of Q 
' 24 per cent, received a mark of ¥ 

8 per cent, recdved a marii of P 

2 per cent, recaved a mark <A U 

The table tdls us at once that> in so far as the distribution of the 
ability in the group in question follows the form described above 
(Form A), 

E " + IM^ 

va- + Ml 

G- + .08<r 

F .80* 

P - - 1.5ft» 
U - - 2.44<r 
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9-14 tl 

10 13 

For any given form of distribution, a table like Table 22 can be 
constructed, by which any defined position in a series can be trans- 
muted into terms of amowit + or — from the mode, in units of 
the variability. 

S 23. Trarurnvtation by Means if Knowledge qf the Equality of the 
Stepe qf Difference 

The Equality <iS the Least Noticeable Difference. — There is still 
another possibility of turning measures by relative position into 
units of amount and so making them available for common sdentific 
usage. In certain cases it mav be justifiable to suppose that the 
Ififtat notit y^hlft HiffRFRnnft Js a winatant quantity for any ntif tmit 
tnr a-ny nni» iiK»iei;yyr- in Simpler words, that if I say that John, 
James and Peter are to me indistinguishable, say, in literary merit, 
but that Henry and William are a shade better, and that George 
and Fred are a shade better than Henry and William, the actual 
difference between JJP and HW equals that between HW a.nd GF. 
In so far as this were true, we could, with a large group of intJUviduals 
varying continuously from the low to the high extreme, make groups 
on the basis of the least noticeable difference and call the steps of 
ability from group to group always the same. 

The measures are then identical in form with those by ordinary 
units of amount. The only difference is that the amount of the 
quantity at the starting-point of the whole group (A) and the 
amount of the step from one subgroup to the next {K) are unknown 
except from the things measured themselves, and are undefinable 
except in terms of them. The question, " How much are A and A'? " 
can be answered only by pointii^ to the achievements of the lowest 
group and saying, "That is A," by pointing to the differences be- 
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tween that group and others and sayii^, "This much difference is 
K, this much iK, this much 20£ and so on," K bdng the least 
noticeable difference. 

The hypothesis that the least noticeable difference in a tmt Is 
for the same observer a constant quantity has not been tested 
sufficiently to decide how far its use is justifiable, but there can 
be no doubt that some modification of the principle involved will ' 
some time be a valuable resource <A the theory of mental measure- 
ments. , 

The Equality <iS Equally Often Noticed DifieTOices. — Suppose 
spedmens a, b, c, d, e, f, etc., to be ranked in order for trait X a 
hundred times. The hundred rankings may comprise a hundred 
judgments by one judge, or one judgment by each of a hundred 
judges, or ten judgments by each of ten judges, etc., etc., without 
alteration in the general procedure. Suppose that a is placed below 
b 74 times, and^bove b 26 times; suppose that b is placed below c 
74 times, and above c 26 times; suppose that c is placed below d 
74 times, and above d 26 times. Then if "equally often noticed" 
can be assumed to mean "equal," the differences, b — a, c — b, and 
d — c, are equal. Let ^ = the difference between the amount of 
trait X possessed by a and the absolute zero for X. Let ^ = the ■ 
amount of difference which the observer in question notices 74 times 
out of a hundred. Then the measure of a is A; that otb'isA + K; 
that of c is ^ + 2K, etc. The measures are now identical in form 
with those by ordinary units of amount. For this method to be 
applicable, the percentage of observations of a difference must be 
less than 100, since if two differences are always noticed, one may be 
very small and one very great. The method as a whole presupposes 
that the observations are made by judges of some competence. 
Its precision depends upon how competent they are. 

§ 24. Tranemutation by Means of the Amount of Agreement qf Dif- 
fererU Judges in Respect to the Relative Po«itionf 
Suppose that, in the case quoted in Section 23, the percentages 
of judgments of difference had been: 

a below b, 74 
b below c, 74 
e below d, 74 
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d below e, 70 

below/, 80 

/below g, eO 

g bdow A, SO 

Now, for the aame reasons which make it allowable, the judges 
being competent, to infer equality in the differences b ~ a, c — b 
and d — c, we can infer that e — d and jf — / are less than b— a, 
e — b and d — e; and can infer that f — e and h— g are greater 
than b — a, e — b, and d — e. We can infer, that is, that (A — j) 
> C/- «) >(4- a) 4 (»- i) - W- .) >(.- i) > (J-/). 

It is possible, by making a further assumption, to infer how much 
greater g — his than e — f, and so on for the other differences in the 
series. The assumption to be made concerns the relation between 
the amount of a difference and the percentage of times that it will 
be noticed. The theories at the basis of any such assumptions are 
beyond the scope of this book, but the probably best relation to 
assume is that shown in Table 23. In this table, 1.00 is taken 
arbitrarily to equal such a difference between two facts, a and b, 
that b will be judged > a in 75 per cent, of the judgments and < a 
in25percent. of the judgments. That is, 1.00, or & — a, is positive; 
and is the amount of difference whose direction is noted coirectiy 
in 75 per cent, of the judgments. If then the fact q is judged 
greater than p in 51 per cent, of the judgments, q — p,by the table 
equals .04; if w is judged greater than t in 52 per cent, of the judg- 
ments, w — V = .07; and so on through the table. 

TABLE 23 

Thx Auountq or DirrKBEKCX (x — y) CoBBBapoKDiNO to GtniN Fkbcentaqbs 

or JmrausKTS that s> y. % r — the Percentaqb op JuDOuxim 

I MCLTIPLEB or 

% r 18 7fi» 

*r Aff.E. ir A/P.E ]tr 4/P.B «r 4/P.E. ^r A/P.E. 

50 .00 60 .38 70 .78 80 1.2S 90 1.90 

61 .04 61 .41 71 .82 81 1.30 91 1.90 

ea m 62 .45 72 .86 82 i.36 92 2.0s 

63 .11. 63 .49 73 .91 83 1.41 93 2.19 

64 .16 64 .53 74 .95 84 1.47 94 2.31 
56 .19 65 .67 7S I.OO 85 1.64 95 2.44 
56 .22 66 .61 76 1.06 86 1.60 96 2.60 
67 .26 67 .65 77 1.10 87 1.67 97 2.79 
58 .30 68 .69 78 1.14 88 1.74 98 3.06 
69 .34 68 .74 79 1.20 89 1.82 99 3.46 

> A more elaborate table for this same purpose is given in Appendix II. 
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In our illustrative case, we have, from Table 23: 



} - e-\^ 
a- J- .38 
A - - 1.00 

and, letting A equal the difference between a and the absolute zero 
for the trait in question, 

a~A 

b - ^ + .as 

c - ^ + 1.90 
d-A+2S& 
e - X + 3.63 
/ = .4 + 4.88 
- .1 + £.26 
h-A+ 7.1« 

wherein 1.00 equals a difference a trifle greater than 6 — a, c — 5, or 
d~ e, or such a difference aa 75 per cent, of the judgments in 
question would note correctly. 

For reasons not to be stated here it is best to avoid relying on 
this table outside the limits of 65 and 85 for the percentages of 
judgments that one fact is greater or less than another (per cent, r) . 



PROBLEUS 

29. Using Table 21, calculate the measure in terms of units of 
amount: (1) of the highest four per cent, of a group normally - 
distributed; (2) of the siz per cent, just above the mode; (3) of the 
three per cent, from the end of the seventeenth down — that is, 
of the 18th, 19th and 20th per cents. Verify the results from the 
entries for these groups in Table 22. 

30. Construct the begianing of a table like Table 22 for the form 
of distribution (Form D) shown in Fig. 23 and Table 11, putting in 
the entries for percentages 1, 2, 3, 4 and 5, for each of the three cases 
of 0, 1 %, and 2 % already used. Begin at the extreme of greater 
skewness. Be accurate to the first decimal (tenths of a). 

31. Suppose 100 individuals to be ranked in order as follows: 

a is the best 

b, e, d, » are tbe next, and are indiBtingukhable in merit. 

/, o. A, j are the next, and are indutinguishable in merit. 

V a r*' « ' f i "^ ^^^ next, and are indiatinguiahable in merit. 
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Supply the approximate values in the following: 

a is + LQ ffom the mediui if the distiibutkm is a rectangle. 
6 is + _Q from the median if the diBtribution ia a rectangle. 
f)a + uQ from the median if the distribution is a rectai^de- 
a is + -JQ from the median if the distribution is a rectangle, 
a is + — ' from the median or At. if the distribution is of Form A. 
bie + —a from tjie median or Av. if the distribution is of Form A. 
/ ie + — r from the median rx Av. if the distribution is of Form A. 
■ IS + —IT from the median or Av. if the distribution is of Form A. 
a is + —9 from the mode if the distrUrutiim is of Form D. 
b is + — <r &om the mode if the tUstribution is of Form D. 

32. On the hypothecs that the distribution of darkness of eyes is 
of Form A, use Table 22 and transmute into terms of units of 
amoimt the following measures by relative position: 

EfVOalor Par Ccdti. dT Enf llihinui ■ 

, Light blue 2.9 oaU 3 

Blue. Darit blue. 295 caU 29 

Qray. Bhie green 30.2 call 30 

Daik gray. Hasd 125 call 12 

light brown. Brown tlX)ca]l 11 

Daric brown....: 10.8 call 11 

Veiy dart brown. Black 3.6 call 4 

It is possible, by interpolating, to use the table for a finer scale than 
to a single per cent. But it is hardly worth while. 

33. Suppose a group of individuals to receive grades as follows in 
a trait in which variation is continuous: 2 per cent, received A; 
22 per cent received B; 44 per cent, received C; 25 per cent, re- 
ceived J)', 6 per cent, received E\ 1 per cent, received F. Suppose 
that this grouping is by equally often noticed differences and that 
the differences can be assumed equal. C^culate the approximate 
values to complete the following: 

a grade of il - -jQ from the Median, 
a grade of B — _Q from the Median, 
a grade of C — _Q from the Median, 
a grade of D — _Q from the Median, 
a grade <rf S — — Q from the Median, 
a grade of P — _Q from the Median. 

34. Suppose that a certain man, Z, whose life was fully known, 
was, by the average opinion of a hundred statesmen, scientists and 
men of general wisdom, rated as having just barely contributed a 

' From Gallon's "Natural Inheritance." 
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balance of one trivial satisfaction to a balance of one person in the 
world, past, present and future. Suppose that by the same hundred 
expert judges of the services performed .by human individuals, we 
have the lives of twenty-five men, Y, X, W, V, etc., up to A, A 
being Pasteur, rated as having performed aerviees such that A — B, 
B ~ C,C— D,D — E, etc., are all equal. 

Suppose that you knew the lives of two men — a and 6. How 
would you answer the question : How many timet as greai was a' a 
semee to the world aa b'st Under what conditions would your answer 
be true? What factors would work to make it depart from the 
truth? 
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CHAPTER IX 

The Meabubeuent of Differences aiid of Changes 

The chief questions that concern the measurement of differ- 
ences in the mental sciences arise in the case of (I) comparisons of 
groups in respect to the amount of some trait which they display, 
(2) the comparison of individuals or groups in respect to variability, 
and (3) measurements of changes. Instead of any general abstract 
treatment of the measurement of differences, therefore, I shall 
present the special applications of it to these three problems. Only - 
a very^Wi^ outline of the problem as a whole will be given as an 
introduction. 

8 25. The Varieties of Differencea to be Meaaured 
The difference between any two amounts of the same kind of 
fact may be measured. The amounts may be: 

1. Two single figures, each standing for a central tendency, e. g., 
averages, medians or modes. t 

2. Two single figures, each standing for a variability, e. g., A-D.'s, 
ff's or P.E.'s. 

3. Two single figures, each standing for a difference itself. 

4. Two single figures, each standing for a relationship. 

5. Two total distributions, eadi standing for a general tendency 
plus the deviations from it. 

The central tendency may be to the possesaon of a certain 
amount of variability, of difference or of relationship, as well as of a 
thing or quality. It will, however, commonly be the latter. 

The classification above could, of course, be extended' ad in- 
finitum with such complexities as: "The measurement of the dif- 
ference between two variabilities, each being of the amounts of 
relationship between the amount of difference hetween^I) 10-year- 
olds and U-year^lds in motor ability and (2) 10- and U-year-olds 
in sensory discrimination." 

The difference between two single figures will be measured (o) 
by the gross difference, or (6) by the percentage which the gross 
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difference is of the amount of one of them, or (c) by the percentage 
which it is of some other feature of one of them. The difference 
between two total distributions will be measured fully by comparing 
them item by item; the difference may be summarized in various 
ways. 

The difference between two facts, each of which is measured by 
its relative position in a series, may be measured most satisfactorily 
by transmuting the series into measures in units of amount and 
then using regul&r methods. 

§ 26. The Comparison of Groups 

The In^Kniauce oi Heasoring Uie Amount of Ovetlappiiig. — 
The common custom of comparing groups by stating only their 
central tendencies is inadequate because, for both practical and 
theoretical purposes, the meaning of a difference between the two 
central tendendes depends upon the variabilities of the groups. 
The mere fact, for example, that, in a test in cancelling the ^'s on a 
page ol mixed capital letters, the averages for 12-yeaiw)ld boys 
and for 12-year-old prls respectively were 41 and 46, might 
mean (1) that the lowest ranking girl was above the highest boy — 
i. e., that boys and girls were in this trut totally distinct species — 
or (2) that only 5 per cent, of girls were better than the highest 
ranking boy, or even (3) that no girl was equal to the highest ranking 
boy. It might mean,in fact, all sorts of conditions, some of which 
are pictured in Figs. 71 to 76. 

It is of no great advantage to estimate the difference as a per- 
centage rather than a gross amount. One group may, in ten 
different tests, have always an average twenty per cent, higher than 
the other, and yet the differences in ability may really be equal in 
no two of the ten cases. Since, in mental and social traits, there are 
rarely sbsdute zero points at which to start the scale, the meaning 
of each percentage will depend upon the number chosen as the 
starting-point in measuring. We can always make a difference so 
expressed seem less by starting the scale at 10 or 46 or 100 instead 
of at or 4 or 10. For instance, if the A test is teored by the num- 
ber of A'a marked, the percentage superiority of girls to boys is 12.2; 
if by the number marked more than the lowest 12-year-old record, 
it is 18.5; if by the number of A'a omitted, it is 8.5. Cleariy the 
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figure depentls on an entirely arbitrary factor. Alab, a given per- 
centage in a case where the variability of the trait is great will 
always mean for practical purposes a less difference than it does 
in a case where the variability is snuUl. 




Fioe. Tl'TS. Graphic oomparisoiui of six pura <rf groupa, tlw diffocnee 
between the averages being in all caaes the Buue. 

In addition to the difference between the two central, tendencies, 
we need some measure which will inform us of the «xtefi{ to which 
the two groupa overlap — the extent, therefore, to which treatment 
applicable to one group will or will not be applicable to {he other. 

Such a measure is got by comparing the two total distributions 
or, approximatdy,' in the case of traits similar in their form of 
distribution, by stating the variabilities of the two groups as well 
as their central tendencies. Thus, to use our previous illustration, 
the distribution of 12-year-old boys and of 12-year-old giris in the 
A test as given in Table 24 and Kg. 77, tells us at once that the 
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difference between the averages is 5.2, that over 99 per cent, of the 
girls are contiuned between the same hmits of abihty as the boys, 
that only 31 per cent, of boys reach the median mark for ^Is, 
that the sex difference is far less important practically than indi- 
vidual differences within either sez, that between 28 and 62 are 
89 per cent, of the boys and 87 per cent, of the - girb. These 
same measures could be obtmned approximately from the theoret- 
ical properties of the surface of frequency of Form A, if the' vari- 
abilities of the groups were given instead of the total diatributiona. 



u u ao «• M 71 

Fio. 77. The omttlnuoui line pves the dirizibutiao <A ability in peroepticni 
(A teat) in 12-7earKdd boye; tbe dotted fine Hut for i^ris. Hw OMee ore grouped 
man ooanely Maa in Td>le 21. 

The Importance of Obtaining Commensurate MeaBDres of 
Difference. — The comparison of groups is often made in order 
to answer such questions as: Does group A differ from group B 
more in trait I. than in trait IL? How much more? Does group 
A differ from group B in trait I. more than group C differs from 
group D in trut I.? How much more? There is also the very 
important special case where groups A and B are compared in 
the same general trait, I., but with diff^ent tests, la, lb, Ic, 
used as symptoms of it. The measure of the difference between 
A and B should be, so far as is possible, commensurate with any 
measures of the differences between A and B in other traits, and 
with any measure of the difference between C and D in the same 
trait. The best approximation to such commensurability is 
secured by measuring the difference in terms of the percentage of 
one group reaching or exceeding the median mark for the other 
group (or some other set measure). If in Latin, Greek, algebra 
and history one group of students always show 30 per cent, reach- 
ing the median of another group, then it is fair to say that the 
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second group is equally superior in all four of these studies. At 
least there can be no better evidence than this of eqnaUty in amount 
of difference in mental traits. 

TABLE 24 

A'b Masxkd m 60 Siconm 



QuoUtr nn U-rm^«ld Bofi For ll.7tu.0ld GIrll 

14 up to 16 

10 up to 18 2 

18 up to 20 1 

20 up to 22 

22 upto 24 4 

24 up to 28 4 

28 up to 28 S 

;!8 up to 80 9 

80 up to 32 10 

32 up to 34 8 

.34 up to 86 10 

36 up to 88 IS 

88 up to 40 16 

40 up to 42 10 

- 42 up to 44 13 

44 up to 46 12 

46 up to 48 13 

48 upto 60 8 

60 up to 62 4 

tQ up to 64 6 

M up to 66 8 

66 up to 68 2 

68 up to SO 1 

60 up to 62 4 

'02 up to 04 1 

64 up to 06 1 

66 upto OS 

eBiq>to 70 

70 upto 72 

72 up to 74 1 

74 up to 76 1 

76 up to 78 

78 up to 80 1 

Under the present conditions of thoughtless measurements of 
ment^ traits it frequently happens that groups will be compared 
wit^u-egpect to the same trait by different tests, and no one will be 
able ^ tell how far results agree. If the mere averages were re- 
placed by the measure per cent, of group A reaching median qf group 
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B, results by all sorts of methods could be put together. It is, 
of course, tme that when ooe group so far exceeds another that its 
lowest score is above the highest score of the other, the method 
suggested here fails. Such cases are, however, extremely rare in 
the comparisons of groups characterized by differences of sex, 
training, age, social conditions, birth, occupation, locality, etc., 
such as psychology, education and sociology are studying. In the 
rare cases of no overlapping of the two distributions, the results 
from different tests may be made commensurate, so far as is possible, 
by expressing the differences in terms of the variability of one of 
the two groups. 

Comparison by the percentage of one group that reaches or 
exceeds the median measure of some other group has the further 
advantage of being applicable to groups measured by relative 
position only. For instance, if one knew that the crimes in one 
town were as listed below in colunm 1, and those of a second town 
as listed in column 2, he could state that almost 59 per cent, of the 
first town's crimes were greater than the median crime of the second, 
could thus have a quantitative comparison of the two without 
having to adopt speculative equivalents of one crime in terms of 
others. 



OAdh FIntTovn 

Peddling without a Ucenn 2 

Failure in jury duty 4 

Distuibing the peace 9 

DrunkeDoesa. 23 

Robbery.. .'.?. /\.^ /!*.•. 30 

Aaaault and robbery 17 

Arson 8 

MurdtT in aecond degree fi 

Murder in fiist degree :'... 1 

Fatridde 1 



% 27. Differencea in Variabiliti/ 
In comparing individuals or groups with respect to variabilKy, 
allowance may have to be made for the fact that the amount of 
the central tendency influences the aze of the a or A.D. c', .'.E. 
or Q that is obtuned. For instance, 22 individuals added; .>r 40 
seconds, and gave a group-score of — Median, 9.0; A.D., S.K. The 
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same 22 individuals then added for 80 seconds and gave a group 
score ot— Median, 16.0; A.D. S.4I, In a final test for 120 seconds, 
the results were — Median, SSM; A.D., 5.18. These figures do not 
mean that the re^ variability of the^^roup doubled within a few 
minutes, or that it altered at all, but only that the gross amount of 
the variability depends upon the gross amount of the measures 
^emselves as well as upon the real variability. The gross amoimt 
of variability in the length of the line drawn by s group of indi- 
viduals trying to equal a 100-mm. line will be far less than the gross 
variation of thdr attempts to equal a 1,000-mm. line, yet the real 
variability is presumably about the same. 

Karl Pearson has proposed, as a measure of variability by 
''which individuals ox groups may be fairly compared, the gross 
variability divided by the average. By this figure, which we may 
call the Pearson Coefficient of Variability, we should, ia the case 
of the 12-yeaiH)Id boys and ^Is in the A test (Boya, Av. 40.7, 
A.D., 8.1; Girls, Av. 45.9, A.D., 8.5) reverse the gross difference, 
the girls becoming only 93 per cent, as variable as the boys. It 
seems to the author more in accord with both theory and (acts 
to use the gross variability divided by the square root of the 
average.' 

Further, it can be shown that no one coefBdeat of variability 
suffices for all comparisons. In some cases the factors which make 
the central tendency larger seem to work to make the variability 
actually amaUer. Thus, if, from the same race living under the 
same conditions a group of tall men and a group of short men are 
picked (at random so far as variability is concerned) by picking 
men with very long fingers and men with very short fingers, the 
toll men ^ow a gross variability that is lett than that of the short 
men. On the other hand, 'men of long arm-span show a gross 
variability in arm-span greater than that of men of short arm-span 
to such an extent as to require the full allowance of the Pearson 
coefficient of variability. Correct allowance for the magnitude 
of central tendencies when comparing their variabilities has, then, 
to be a product of special consideration of the particular facta in 
hand. In the case of mental and social measurements whose 

' Samples of such fitctB will be found in the Kuthor'a "Empirical Studiee in 
the Theory of Measurement," { 4. 



Digitized by VjOO'J IC 



Digitized by VjOO'J IC 



MEASVRSMENT OP DIFFERENCES " 136 

The Measurement of a Change In an IndividuaL — ^A. mere series 
of central tendendes does not give the data for a complete measure- 
ment of the change. The averages might be the same and yet the 
constancy of performance of the individual might have altered. 
Thus the average values of a stock from 1890 to 1900 might be 
alike and yet it might have changed from a fluctuating imcertaiuty 
in 1890, with, say, an average deviation of 40, to q^steady assured 
value in 1900, with an average deviation of only 3. The stock in 
1890 would be more deurable property than the stock in 1900 from 
the point of view of one moved by the gambler's instinct; the re- 
verse would hold for a steady-going man with a family or for a 
conservative bank. To measure diange fully one needs a series of 
total distributions. If they are not at hand one must be sure not to 
pretend to measure something other than that represented by the 
series of quantities he does have. 

Inequalities in units are more likely to escape attention in mea s- 
urem ents of change than anywhere else. Yet it is just in such 
measurements that they may do the most harm. For instance, &U 
statistics with which I am acquainted measure the change in the 
death-rates from various diseases by series of figures, each ^ving the 
proportion of deaths to cases, or to total population, or to some other 
standard, as in the following^ 

In 1891, 22.6 per cent, of those haviiig diphtheria died. 
, In 1892, 22.2 pec cont. of thoae having diphtheria died. 
In 1893, 23.3 per cent, of thoK having diphtheria died. 
In 1804, 23.fl per cent, of those bsving diphthraria died. 
Id 1895, 20.4 pa- cent, of thoae having diphtheria died. 
In 1896, 19.3 per cent, of those having diphtheria died. 
In 1897, 17.0 per cent, of those having diphtheria died. 
In 1898, 14.8 pw cent, of those having diphtheria died. 
In 1899, 14.2 per cent, of those having diphtheria died. 
In 1900, 12.8 per cent, of those having diphtheria died. 

Such figures can not be taken at their face value; for to cure 
one case of diphtheria is not the same quantity of progress as to cure 
another. The progress of medicine and hygiene which reduces the 
death-rate from 40 to 30 does so presumably often by curing the 
easiest quarter of those previously imcured. The next cases will be 
harder, and posably to cure the last one of the forty would mean 
more advance in medidne and hygiene that was needed for the 

* "London StatJstica," VoL XIL, p. 97 <tf the Medical Offico's Report.'] 
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cuiing of all the other thirty-nine. When the change is m number 
of individuals affected or number of errors made or number of tasks 
done, there is then spedal danger in neglecting the inequalities 
among the units; for the change will commonly single out the 
easiest first. 

The common absence of zero points in the case of mental meas- 
urements often makes it unwise to repress changes in percentile 
increments, and definitely unjustifiable so to express them if the 
gross amounts whence the percentages are derived are not also 
given. If, for instance, I am informed that A'b reaction time 
improved 10 per cent, per year over a given period, I am at a loss 
to tell what is meant. 

In comparinp two (or more) individuals with respect to change 
one may use gross change. percmtilej;baQge or cha nge in terms of 
the variabilities of the indivtdu^ a, provided jhat he makes it clea r 
T ghich he ia ""jntf ""'^i "* *v>i iisef trftftta both jpH iviHiialB Alikf No 
one method is the correct one; all are correct, but measure different 
things. 4 to 5 equals 8 to 9 if by change is meant amount added; 
4 to 5 equals 8 to 10 if one means proportion added; 4 to 5 (the 
A.D. of 4 being 2) equals 8 to 9.5 (the A.D. of 8 being 3) if one 
means distance traversed toward the extreme ability of the previous 
condition. This is all that can be said in general. Eadi spedal 
case may offer reasons for preferring one method. The beginner in 
statistical work may well use all three. > 

The Measurement of a Change In a Group. — This heading is 
ambiguous in that it may be taken to refer: (1) to the measurement 
of the changes undergone by a series of individuals, or (2) to the 
change undergone by some measure of a group. It should be need- 
less to say that the two questions are radically different, but they 
are often confused. Thft ^ hfrn ges in stature of 100 boys from thf. 
age 15 to the age 16 are not the change from the average stature of 
the group 100 boys at 15 to the average stature of the same group at 
16.y£aES- The firat fact, the total fact of all the individual changes, 
is calculated from 100 individual measures of change, is a distribution 
with an ascertainable variability, and in all respects stands in the 
same relation to individual changes as does the distribution of an 
ability in a group to the abilities of its members. The second fact 
is ddculated as the difference of two averages, has no known varia- 
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bility, 13, in fact, simply a partial measure of difference between two 
groups. If our argument is ever to return to individual changes, 
the first sort of measure must be used . This will commonly be 
the case. 

For an example take the case of the change m stature of 25 



UpI» It-U U-» »-!« 10-17 

Fia. 78. Hie hoghts of tlw fine above the base tme at the pcnnta 12-13, 
1^14, 14-lfi, 16-16, 16-17, 0Te the differences between the average hedght at 12 
and that at 13, the <Ufference between the average hdght at 13 and tliBt at 14, et«., 
i<x 26 boys meaeuied aimually for five yean. 



t»-U U-14 t4-U> U-U 10-17 

Pig. 79. Tlie bcights of the five pointo, above 12-13, etc., tS each Une measure 
the yearly diSerenoea for one individual as did the line of Fig. 78 the yearly diffei^ 
enccB for the average stature of the group. The figure, that is, preaenta graphi- 
cally the facta of Table 26. 
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boys ^m the twelfth to the seventeenth year.* If we try to infer 
anything about growth from the change in average stature, we have 
only the following facts; Average stature for 12, 13, 14, 15, 16 and 17 

-80 



2-lll_ 



_iitie 



Fia.-80. Thehci^tof mijroDeof the linee at its left-hand extrcnw meuurce 
the change in stature ot (Hie Ik^ fiom 12 to 14; ito band at the li^t-hand ex- 
treme meaaures the change (roin 14 to 16 -^y*^ 

year old boys, 142.6, 148.12, 154-92, 161.60, 167.64 and 170.76 
centimeters respectively. Yearly differences, -}- 6.52, -|- 6.8, + 6.68, 
+ 6.04 and + 3.12 centimeters. These differences are shown in 
Fig. 78. 

If, on the other hand, we preserve the individual changes in our 
statement, we have the facts of Table 25. These show the great 
variability in growth and the law of compensation that "boys who 

* For theee measurements I am indebted to the Idndnen of Piofeasor Frau 
Boas and Dr. Claric Wisslor. 
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were taU at 12 years grow the faster during the interval 12 to 13 
and 13 to 14; but during the intervals of 14 to 15 and 15 to 16 they 
grow slowly; with the boys of short stature at 12 the rates of growth 
are exactly the reverse."" How the single yearly differences above 
fail to represent the real complexity and correlation of the facts 
can be seen by comparing Hg. 78 with I^lg. 79, which shows the real 
changes of the 25 individuals, fig. 80 brings out more clearly 
the inverse rdation between the change from 12 to 14 and that from 
14 to 16. 

TABLE 26 
Obowth or 26 Botb fbou the 12th THBOcaB the 17th Ysak 



V 168 9 S ; 3 2 

For the measurement of change in a. group (that is, of all the in- 
dividual changes), the statistical treatment is, as su^ested above, 
^mply that for any variable fact, the fact here being an amount of 
change instead of an amount of a thing or condition. 

"• "The Growth of Boys," by Clai^ WioBler, Arneriean Anthropologitt (New 
Sericfl), Vol. 6, pp. 83 and Bi. 
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For the measurement of change from one condition of a group to 
another the statistical treatment is aimply that described in the case 
of the measurement of differences. 



Pbobleus 
35. If we take (1) men (criminals) who are all 74 mches tall 
and measure the finger-length of each of them, they will vary around 
their central tendency for finger-length. If we take (2) men (of the 
same general group, criminals) who are all 62 inches tall and 
measure the finger-length of each of them, they will vary about 
thdr central tendency for finger-length. Their central tendency 
will be to a much shorter finger length than that of group (1). 

What do you infer from the following data, pving the gross vari- 
bilities of cert^n groups obtained in this way? 

A group with a C.T. of 107 in finger length had a variability of 85.7 
A group with a C.T. of 106 in finger lemgth had a Tariability of 40.4 
A group with a C.T. of 100 in finger length had a variability of 30.9 
A group wiUi a C.T. erf 111 in finger length had a vsri^ility of 32.5 
A group with a C.T. of 112 in finger loigth had a variability of 34.7 



A group with a C.T. trf 110 in finger kngUi had a variatulity of S4.5 
A group with a C.T. of 120 in finger length had a variability of 33.4 
A group with a C.T. oi 122 in Soger length had a variability of 32.2 
A group with a C.T. of 124 in finger length had a variabiUty <d 33.3 
A group with a C.T. of 126 in finger length had a variability of 31.8 
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CHAPTER X 

The MEAStFIlEUENT OF REUTioira 

S 29. Ca»e I. The Etlation qf B to A, B and A Beinf R^erable to 
Abtolvte Zero PoitUs and the Amouvia of B Correrponding 
to a Given Value <4 A Being Closely Similar 
The following case may serve as an Uluatration: 
n = the index of refraction of air. 
d = the density of tur. 

p (a quantity subject to the control of the experimenter) ■■ C\d. 
N (a quantity measurable by the experimenter) ■= Ci{n — 1). 
Ci and d are constants. 

The experiments consisted in varying p and measuring the 
related changes in N. The results are as follows: 
When p ia 9.989 N ia 316.7 
When p is 10.146 N is 3212 
When p ■ 10.163 N ia 321.6 
When p is 18.281 N ii 670.2 
When p IB 18.365 N is S82.7 
When p ia 26.932 ^ is 852.6 
When p is 36.090 N ii llffi.l 
When p is 48.780 N ia 1S45.1 

If each of these pairs of related values is turned into an equation 
of the form N = xp, the results are: 

y - 31.70p N - 31.72p 

y - 31.66p N - 31.66P 

N - 31Mp N - 31.69P 

N - 31.6^ N - 31.68p 

Obviously, a ^ngle equation N = 31,68p expresses very closely 
the relationships found for different values of p. 

The measurements of relationship here are, of course, not abso- 
lutely free from variability. For instance, the N = 31.70p came 
really from several measurements with an appreciable dispersion. 
But the dispersion was very small and presumably due entirely 
to variations in the instruments or process of observation. 
141 
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If the pwrs of values are plotted as in Fig. 81, .the slope of the 
line shows the relationship. The equation N = 31.68p e^qiresses 
very closely the slope of thia line referred to its coordinates. Nip 



I 

1 . 



Fia. SI. 

. 7 

is thus constant, (n — \)ld equals Nj-p times some constant. 
Therefore, (n — l)/d itself equals a constant. The relation between 
the index of refraction of air and its den^ty is then such that 
(n - l)/d = A or n = itd + 1. 



V Google 



TUB MBA3UBEMBNT OF RELATIONS 1*3 

S 30. Cote II. The RelaHon qf B to A, B and A Being Rtferable to 
Ab»oliUe Zero Points, but the Amountt Cff B Corresponding 
to a Given Value of A Being Widely Dispersed 
CoDEdder Table 26 and Fig. 82, which give the percentages of 
time saved in releaming certain lists of nonsense syllables after 
various intervals, according to the experiments of Ebbinghaua. Tbe 
case is identical in form with Case L, save that the variatJoos in the 
percentage of time saved corresponding to any one interval com- 
prise a wide range <jf*values in the different tests. Instead of getting 
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in different tests, almost exactly the same saving of time in relearn- 
ing after .32 hr., Ebbinghaus got from 44.7 per cent, to 64.4 per 
cent. Around the average saving of 58.2 per cent, there was a very 
wide dispersion, much more than could have been dlle to the watch 
used or to the process of observation of the time of beginning and 
ending. Similarly for the dispersion around 44.2 per cent, (the 
average percentage saved after 1.05 brs.), and so on. 
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In sucb cases, it is customary to replace the list of values of £ 
corresponding to any given value of A by their central tendency. . 
This procedure should be accompanied by an adequate account of 
the dispersion around each of these central tendendes. 

TABLE 26 
Relation Betwxxn Iafsb or Tnai and Mhmor^ 
The entriet in (Ae fable ffboe each tht peroenlage of time toned (from Ihe mittmii 
tinu for learning) when a »erie» tool re4tamed, after the interval, under tehiek An 
entry eUmdt. 



LOShn. 



B.TBIU 



Mhn. 



64.3 


49.6 


36.0 


26.4 


17.4 


21.0 


26.0 


20.0 


65.9 


37.4 


29.0 


39.6 


82.7 


31.1 


81.6 


19.4 


66.6 


47.4 


28.0 


36.4 


12.3 


32.7 


84.7 


22.9 


62.S 


46.8 


30.4 


39.9 


28.9 


24.4 


31.6 


6.7 


60.7 


51.4 


39.8 


34.9 


30.6 


17.7 


305 


6.9 


63.1 


49.1 


35.6 


38.9 


46fl 


S.9 


20.fi 


25.9 


69.1 


44.6 


48.2 


46.7 


28.6 


84.1 


10.1 


18.9 


66.0 


64.6 


31.6 


16.7 


25.4 


33.3 


6.8 


20.6 


64.4 


42.3 


35.6 


2U 


18.4 


28.7 


6.6 


11.4 


44.7 


40.9 


40.1 


38.6 


23.4 


28.2 


13.3 


17.3 


63.6 


34.2 


37.9 


29.0 


41.0 


40.3 


17.7 


17.1 


67.7 


46.4 


38.0 


37.8 


29.6 


87.9 


17.1 


32.8 
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36.6 


33.9 


26.S 


16.9 


81.4 




36.9 




29.7 


44.9 


20.1 


27.6 


16.4 




61.8 




37.0 


17.6 


39.7 


18.2 


363 




60.0 




14.9 


42.4 


2.5 


27.6 


13.4 








46.6 


6.4 


36.2 


23.6 


31.0 








30.1 


22.8 


6.3 


20.9 


7.9 








24.6 


31.6 


27.9 


24.8 


36.9 








37.0 


302 


19.0 


25.0 


14.1 








44.4 


10.7 


21.0 


262 


6.7 








45A 


31.9 


31.4 


43.7 


16.7 








30.6 


14.8 


19.7 


23.7 










42.6 


32.3 


20.9 












19.8 


87.6 


24.4 












32.1 


26.7 


34.8 
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33.7 



27.8 



26.4 



21.1 



5 31. Caae III. The Relation <ff B to A, When Neither is R^erabU 
to an Abaohde Zero Point, frirf When Amounia of B Corre- 

aponding to Any Giten Valve of A Are Closely SimUar 
Suppose it to be true that, in two respects (A and B), scored from 
10 and z as arbitrary zero points, the score a person obtained in B 
was always 3/10 of the score which he obtained in A. That is, 
calling X the score in A reckoned from the absolute zero of A, 
and calling y the score in B, reckoned from the absolute zero t4 B, 
I From Herm. Ebbin^uuia, "t^ber daa OecUchtnim," pp. 93-103. 
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Fig. 83. The relation of £ to A aecatd from aifaitrarjr lero pcnata, to and 
s, aa it would be if referred to absolute htd points. In all three diagraou tiie 
vertical line is the scale for B; the hoiuootol line ia the scale for A ; thrar place 
of meeting is the absolute sero for A and for B The slant line r c pr c s c nta ib» 
lelation — in the top diagram fcx w — 10 and c — 20; in the middle diagram, for 
u — 30 and s « 10; in the bottom diagram, for w — —20 and s — 10. 

we have y — 2 = .3 (z — w), so that in a series of related pairs we 
-would find such a relation as: 



Saonln^ HMfand 



Sean In £ HMinnd 
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Then the relation <A B iM A, for values of B from to 50, can be 
expressed as any one of the diagrams of Fig. 83, according to the 
values of the unknown quantities, w and z, vrlacii represent the 
distances of the arbitrary zeros of the A scale and the B scale from 
their absolute zeros. 

§ 32. Case IV. The Relation of B to A, When Neither is R^eraMe to 
an Absolute Zero Point and When the Amouvis of B Corre- 
sponding to Any Given Value qfA Are Widely Dispersed 
TABLE 37 

TBB RkLATION BVrWBZN (1) THB SOOBX MaDB by an IiIDITIDT7AL IK GAHCSLLIXa 

WoBDS CoNTAunNQ a and ( axd f^) Hib Scorx in Cancblltno A'a- 
Sadi irtdwidwd it repntented in the table by a pair of eahiti. TAiu U« fint 

induMiud aoored 10 tn the a-t teal and dSin AeA lot; the teeond tndwufuof teored 

10 in tiie a^ te*l and 61 in tJx A iMt, etc, ^. 

ItMrUA Hirtad Uirkid KaAfd Ibrked Iforkad Uuktd Uu-kMl 
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Consider Table 27, which shows the relation between (1) the 
number of words contiuning both a and i which an individual 
marked in a given time and (2) the number of- capital A's which the 
same individual marked in a ^vea time, the same pfur of blanks 
b^ng always used. The table reads: 

To nuuk 10 a-( words implied a score of 36 or SI in tlie J test, 

To nuuk 11 a-t wwds implied a score of 43, 47, or 66 in the j1 test, etc. 

The case is identical with Case II., save that the quantities may or 
may not be on scales with equal unitE^ and are not referable to any 
absolute zero points. Suppose that the units w^e equal within 



t 



each of the two scales — that "to mark any one a-t word" wad 
equal to "to mark any other," and that "to mark any one A" was 
equal to "to mark any other," but leave the case as it is with 
regard to the zero points. The relations within the data themselves 
are then intelli^ble; we can average the 36 and 51 (getting 43.5), 
the 43, 47 and 56 (getting 48.7), and so on; we can picture the 
relation graphically as in Fig. 84. But, the zero points being un- 
known, we can not refer the relation line to any single pair of axes, 
or calculate its equation without a w and a z to represent the differ- 
ences of the arbitrary from the absolute zero points. So the in- 

*Teii a-l words means ten words qiarked on a certmn blank. We can 
not be sure that the difreren(« between 10 and 12 a-l words marked is the same 
as that between 12 and 14. 
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de&uteness of the vertical and horizontal axes through the absolute 
zero for both s^^es have to be represented by leaving such axes out 
of the graph, or by putting in an indefinite number of them, as is 
done in Fig. 84. 
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- 9 


+4 









- 5 


- 6 


-2 


+ 7 


+1 


- 8 


+4 









— 5 


- 3 


—2 


+ 8 


+1 


- 7 


+4 


+ 4 






— 5 


+ 9 


—2 


+11 


+1 


- 6 


+4 


+23 






- 5 


+17^ 


-I 


+ 2 


+1 


- 6 


+6 


- 6 






— 4 


-12 


—1 


+ 6 


+1 


- 1 


+fi 


- 1 






_ 4 


- 9 


—1 


+ « 


+1 


- 1 


+S 


+ 4 






- 4 


- 9 


-1 


+ 9 


+x 


+ 2 


+« 


+lfi 






— 4 








—17 


+J 


+ 4 


+5 


+23 






- 4 


+ V 





-13 


+1 


+ 4 


+6 


+26 






— 4 


a>- 





—10 


+1 


+ 6 


+« 


+ 2 






- 4 





- 9 


+1 


+ 8 


+8 


+ 5 







Absolute zero points being unknown, arbitrary ones may be 
chosen. Thus, each individual may be recorded in the oA test 
as so much above or below the central tendency of the group 
(20 a^t words marked) ; and in the A test, similarly, as + or — 
from 56 ^'s marked. The original pairs of values of Table 27 
when thus referred to the central tendencies of the two traits as 
points of reference, become the facts of Table 28 and Fig. 85. 
When, in place of the varying correspondents of any given value 
in the o>4 test,* we put thm central tendency, we have the 

• The Tuying correspoDdcote in £ for onj gjven vshie c^ A are called nn 
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facts (A Table 29 and Fig. 86. That is, we have evaded the difficulty 
in respect to zero points by choosing such arbitrarily; and have 









: . 




A-T VlfcuDS- 

-• -4 


h 


♦« 


+• 


■a* 



evaded the difficulty of the dispersion of the values of B correspond- 
ing to any one value of ^ by taking thdr central tendency. The 



problem is reduced to the same problem as in Case I., except for the 
fact that zero means, in both A and B, not "just not any of the thing 
in quettion," but "the average avumni of it." 
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TABLE 29 
Thb BxLATiOK BSTWBiH Abiijtt IN THx o-t Tegt and Abilfit in tbm 
A Tebt: Thz Central Tendenct (Av.) or the MsABintEB in tbk A Test 
Which Abs Related to Each Vacue in the a-t Tebt. Both Skbtes o* 
Values abb Exfbessed as DimBQENCEs ntou the Apfbozhute Atbraox 
Abilitt or Giblb or Qbade 7B in a Cebtain School 

AbUlt; Id Uia iW TMt . Arensaof theBtiBUiSviM la tb*^ ThI 

-10 -11* 5 



+ 1 - .8 

+ 2 +3.9 

+ 3 +3.0 

+ 4 + 6.7S 

+ 5 +10.2 

+ « +3.6 

+ 7 +13.2 

+ 8 • + 6.3 

+ 9 +14J) 

+10 + SJO 



The points of reference could be taken, not m the central tendendea 
of the two groups of measures whose pairing in a certwn way-^ves 
the relation in question, but as any two defined points. Thus, iu 
the case of the "a-( words-^" relation, we can ask what the 
direction imd amount of divergence of an individual from 10 art 
words marked implies about the direction and amount of his diver- 
gence from 36 A'a marked. That is, we can use the lowest record 
-in each case. Or we could take the divergences from 5 and 30, 
or from 5 and 50, or from any defined points. 

§ 33. The Relation between the Central Tendency of the Value* cf B 
Corresponding to Any Given Value Cff A and that Value of A 
Call the values of B which are to be related to any given value 
of A, that value's "Array of B'a." 



.yGoogle 
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Call a series of values of A progressing hy equal steps tlie "A. 
Scale." 

Call the series of measures whicli are, in order, the central 
tendendes of the arrays of B's for succesave values of the A scale, 
the " Related Central B'a." 




A.Scaie 

Fia. S7. The Cectnd Rdation Line in « relationship where values of A belcnr 
ft eertain amount make no differance in the coitral tendency (rf the related values 
ofB. . - _ 

Call the line which joins the points which represent graphically 
the Related Central B'a, the ^'Central Relation Line," or simply the 
"Relation Line." 

The Central Relation Line may conceivably take any form. 
For example, it might be that an increase in ^ up to a certain 




FiQ. 88. The Central Belation Une in a rdationship where values of A 
between certain limits make no difference in the central tendency (^ t^e related 
values of B. 

amount would make no difference in the C.T.'a of the related 
arrays of B, but beyond that amount would imply a steady increase 
in them. Such a case is shown in Pig. 87. Or it might be that an 
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increase in A would, at the low end and high end of the A sode, 
imply an increase in the C.T.'s of the rehtted urays of B, but in the 




A.Scale 

FlG. S9. Samplea ttf poflmble vuietiee of Central Rdatitm linea, 

middle range wotdd make no difference. Such a case is shown in 
Fig. 88. Other posuble conditions of the central relation line are 
shown in Fig. 89. 

One of these cases is of special importance, namely the case 
when the central relation line is straight, its equation b^g y — ki 
= C(x — hi), in which C is a measure of the slope of the line, and iti 
and kt are constants which are determined by the nature of the zero 
points for B and A. In such a case of a rectilinear relation, if the 
central tendencies for A and B are used as the zero points the 
equation of the line becomes y = Cx, and the relation of a related 
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central 5 to its correspondent in the A scale is uniform throughout. 
One quantity, denoting the slope of the line, then prophesies what 
the central related B will be for any given A. For instance the A 
scale being "20, 21, 22, etc., up to 40," the central related B'i bdng 
64, 66, 68, 70, etc.. up to 104. the C.T. tat A being 30, and the C.T. 
for fi being 84, the relation line is rectilinear, being expressed by 
the equation (y — 64) =» 2(a; — 20). When A and B values are 




r^erred to thdr respective C.T.'s, we have as the A scale and its 
central related B'&: 

,..+10 

The equation of the relation line is then y <= 2z, as shown in Fig. 90. 

S 34. The Vatiaixon in the Values of B Corretponding to Any Gi^en 
Value ^ A 
Con^der now the separate measures of B in the case where the 
relation line is rectilinear and where the axes of reference are so 
chosen that, for the rdation line, y = Cx. The ratio y/x is then a 
constant in the case of the central related y'a. The ratio of any B 
value to the A value to which it is related will then be a variable 
fact, but with (7 as its central tendency. If all the related pairs 
are expressed &a ratios, the central tendency of these ratios will be 
the same as the tendency of the central relation line, and will 
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measure the relation of the central tendeDcies <^ the arrays. The 
dispersion of the ratios, each expressing yjx for one pair of values, 
will measure the variation of the individual relations from C, their 
central tendency. 

If then a relation can be assumed to be rectilinear, its amount — 
that is, the value of C — can be stated in respect to both the general 
drift (or the central tendency) of the relation and the amount of 
departure from that drift or the variability in the relation. 

Suppose, for example, that we have, as the related purs, the 
facts of Table 30, and have a right to assume that the relation line 
would, with enough cases, be rectilinear. The twenty B/A ratios, 
arranged in order of magnitude, are: 



■1.00. -u», 


- Xi. 




l.w, I;l8, 


ijao. 




2.14, 2.U, 


2.16, 


ixi. 


8.00, sa>. 


SM, 


3X, 


tin. 




V 


Exo, ud tm. 







The median BjA ratio U 2.275 ; tite Q of the ratios is (L tO I D.Q0)/ 8; 
or-ft»». 

^") ST^ TABLE 80 

yUMOtA Bd.U4V>liw.(£ ' £M 



-16 


-40 


2.67 


- 9 


-20 


2.23 


— 7 


-16 


2.14 


— 5 


-16 


3.20 


- 6 


-14 


2.80 


— 8 


- 9 


8.00 


- 8 


+ 1 


-.88 


_ 1 


- 6 


ssaa 


_ 1 


+ 1 


-1.00' 


_ 1 


- fi 


6.00 


+ 1 


- 1 


-ij»- 


+ 1 


+ 4 ■ 


4X0 


+ 1 


+ 8 


3X0 


+ 3 


+ 7 


233 


+ 8 


+ 9 


8.00 


+ 8 


+ 9 


isa 


+ 7 


+ 8 


1.14 


+ 7 


+15 


2.14 


+11 


+18 


1.18 


+18 


+28 


2.1S 



Digitized by VjOO'J IC 



THE MEASUREMENT OF RELATIONS 



36. Name two or three relationa that belong under Caae II. 

37. Name two or three relationa that belong under Case III. 

38. Name two or three relation? that belong under Case IV. 

39. The relation to be measured being that between (A) the 
speed at which a person does certain work, say addition, and (B) the 
accuracy with which he works, what would you use as scales for A 
and for B, and what would you take in each case as the zero pointf 

40. Find the median and the Q of the relation A/B, using the 
facts of Table 30. 



V Google 



CHAPTER XI 

COBRELATION 

§ 35. The Problem t^ Correlation or Mutual Implict^on 
The discussioD of the preceding chapter was straightforward and 
in continuity with the procedure in measuring relationships which' 
is familiar to common sense and the sciences in general. For 
perhaps ninety-nine out of a hundred of the relations wnich the 
mental and social sdences need to measure, the simple treatment 
so far descrihed su£Sces, the precautions necessary being to face 
frankly the great variability of the relations (that is, the great 
disperuon of the measures of B related to any given value of A), and 
to keep in mind the meaning of the arbitraiy zero points chosen in 
all statements of the relation and in all inferences from it. But 
under certain circumstances radically different methods of measur- 
ing a relation need to he employed, and these methods, though of 
essentially minor importance in the mental and social scueoces 
generally, require rather elaborate explanation. 

The chief drcumstances which make their use desirable are: 
first, the need of exact measurement^f the peculiar relation of 
likeneM, retevibUmce, correrpondence in magnitude; and second, the 
need of eomparing quaTiiitatively two or more relatione of this peculiar 
sort. For example, in studies of heredity, one needs to measure the 
resemblance between sons and fathers, between sons and grand- 
fathers, and between sons and any other males taken at random 
f|im tbe same race; and to compare these three resemblances 
quantitatively. So, also, in studies of educational oi> industrial 
diagno^s, one needs to measure the resemblance between boys' 
total intelligence and capability and their achievement in school, 
between the former and their achievement in a certain set of 
mental tests, and between one and another of various further facts 
about them. Here also one needs to compare, say, the amount of 
resemblance between "total intellect" and "school record" with 
the amount of resemblance between "total intellect" and "record 
in the mental tests." 
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These two needs have been met by various methods of measuring 
the mutual implication, or correlation, of paired values of A and B. 
The correlation between A and B is neither the relation of -Asb^ Xlo $3 
nor that of B to A, but a peculiar compoate of certain elements of 
both relations taken together. Just what a correlation is can be 
seen best by observing just what the different measures of correlation 
do measure. 

S 36. The Data Available for EstimaHng Correlation 
* Similari^ in Relative Position. — Suppose that we have for ten 
boys thf following n 



klTtit* Dnwinc 



Consider the three correlations — B with A, C with A and D with A — ^ 
in respect to the question, " How far do the two series of pairs to be ' 
related correspond, in respect to order?" 
The ordeie in the four cases are: 



t g 10 

^ 10 6 

The differences between the orders are: 



Digitized by VjOO'J IC 



158 MENTAL AND SOCIAL MBASVREMBNTS 

Foi B and A tbe Bum of the differenced (SDma) — 18, 
For C and A the sum of the differencee (ZDca) — J)^ 
For D &nd A tbe sum of the di£Ferenc«e (TDda) - '35. 

The sum of tbe differences in a series of related pairs evidently tells 
something about tbe mutual implication or corrdation and gives, 
some aid in comparing one correlation with another quantitatively. 
Similarity io Diiectioii (+ or — ) from the Points ci Reference. 
— Suppose that the arbitrary zero points, to which the facts to be 
related are to be referred, toe 40, 60, 20 and 80 for A. B, C and D, 
respectivqJir. Then tbe measures, so referred, become those of 
Table 31. 

TABLE 31 

Tnlli 



+ 5 


+ 7 


+ 7 


- 6 


+ 7 


+25 


+12 


+10 



Con^der the same three correlations — B with A, C with A and D 
with A — in respect to the question, " How (Atea does + go with + 
and — with — f" 

The percentages of like-signed pairs are 60, lOd and 6d. The 
percentage of hke-Edgned pairs evidentiy tells something about a 
relation and gives some aid in comparing one relation with another 
quantitatively — C being, in so far forth, shown to be more closely 
related to A than B or D is. ? 

The Measures Expressed as Multiples of the Variability of the 
Trait In Question in the Group In Question. — Consider the same 
three relations in respect to the question, " What ore the measures 
themselves and the ratios, B/A and A/B, C/A and A/C, and D/A 1 
and AID, when eai^ measure in Table 31 is expressed as a multiple 

'ReganlleaB of mgaa. 
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of the variability of the group in question in the trait in question?" 
Suppose the variability of the group in question to be, in A, B, 
C and D, respectively, 6, 9, 3 and 3 (using the A.D. as the measure of 
variability in each case).^ Then the measures of Table 31 become 
those of Table 32. 

TABLE 82 

Thb FAcn OF TabIiB 31) £^ach Exfhbbsed as a Mcuiplb of thb Vabiabiutt 
OF THB Tkait iw Qdkotiom dj thb Gboup ax Qi 



a -1.67Var. A -1.66 Var. B -1.67 Var. C - A7 Var. D 

b -LaaTTar. A -232 Var. B -1.33 Var. C +1.00 Vat. D 

e - .67 Var. A -32 Var. B - A7 Var. C - MVm.D 

d' - 33 Vm. A + .11 Var. B - .67 Var. C +1.33 Var. D 

e - .17 Var. A + .67 Vat.B - 33 Var. C -1.67 Var. D 

f + aZVar.A - .33 Var. B + .33 Var. C - .67 Vm. D 

a + .83 Var. il + .78 Var. B + .67 Var. C +33 Var. Z> 

h +1.17 Var. A - .66 Var. B +133 Var. C +2.00 Var. D 

i +1.17 Var. A +2.78 Var. B +1.00 Var. C -133 Vm. D 

j +2.00 Var. j1 +1.11 Var. B +2.00 Var. C + .67 Var. D 

Mere inspection of the measures, each expressed as a multiple 
of the variability of the group in question in the trait in question, 
shows that the individuals now almost duplicate in C their meas- 
ures in A ; that they show little resemblance, each in D with himself 
in A ; and that the correlation of B with A is intermediate. The 
calculation of the ratios BjA, A/B, CI A, AjC, D/A and A{D gives 
the results shown in Table 33. 

TABLE 33 

BaTIOB CcmFOTBD FBOU THB FaCIB OF TaSUI 32 
Bar SIA d/B CIA AfO D/A A/O 

M 2.60 

neg. ne%. 

.50 2.00 



1.07 


1.00 


1.00 


.60 


1.00 


1.00 


3.00 


1.00 


1.00 


neg. 


2.00 


.60 


neg. 


2X0 


.60 


neg. 


1.00 


1.00 


1.07 


.80 


136 


neg. 


l.U 


M 


.42 


.86 


1.17 


1.80 


IJOO 


1.00 



* The A.D.'b of the ten boya here listed vai; slightly from these figum. 
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Th« Use of Ratios. — The median of the BjA ratios ia + .45; 
that of the A}B ratios is +.51; that of the CjA ratios is + 1.00: 
that of the AjC ratios ia + 1.00; that of the D{A ratios is + .37; 
that of the AjD ratios is + .34. 

The median of the BjA and AfB ratios together is .49; that of 
the CI A and AjC ratios together is 1.00; that of the DjA and AjD 
ratios together is .37. 

The use of the BfA and AjB ratios to estimate correlation 
enables us to define correlation in terms of the more straightforward 
relations described in the previous chapter. Assume a relation 
to be rectilinear; express the ^'s and £'s as such divergences that 
the equation of the relation line vs y = Cx; express each ^ as so 
many times the A.D. (or <r or Q) of the A's and each S as so many 
times the A.D (or <r or Q) of the B'a, Then the centra) tendency of 
the relation of £ to A — the slope of the relation line — will be, by 
the method of the previous chapter, .45. In the same way the 
central tendency of the relation of ^ to 5 will be .51. In the 
same way the mutual relation — of B to A and A to B, taken 
together — will be .49. This mutual relation w the correlation. 

A correlation is a mutual, not a one-direction, relation; is not 
the relation of absolute amounts of divei^nce, but is the relation 
of such amounts divided by the variabUity of the trait in quettion; and 
assumes, in so far as a ^ngle coefficient is to be its adequate measure, 
that the relation lines f or ^ to S and B to A bk rectilinear. 

TABLE 34 
Ddtibknckb Computed tbom tkx Facts or Tabia 32 

Bnj B~A C—A D—A 



1.67 
1.S0 
1.00 
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The Use of Differences. — If, instead of the ratios, BfA, CjA, 
D/A, we use the differences, B ~ A, C ~ A, and D — A, we have 
(_A, B, C and D being expressed as deviations from 40, 60, 20 and 
80 respectively and as multiples of 6, 9, 3 and 3 respectively) the 
facts of Table 34. 

The sums of these differences (their signs being disregarded) 
are: for B - A, 7.67; for C - A, 1.01; and for D - A, 12.99. 

The Use of Products. — If, instead of the ratios, BIA, C/A and 
D/A, we take the products— 5 X ^, C X ^, and Z> X ^— using 
the facts of Table 32 as before, we have the facts of Table 35. 

TABLE 3S 

FKODCCnS COUPOTBD FBOU TBB FaCTS OF TaBLS 32 
Boj J Bxd CX.A DXA 

a 2.61 2.79 1.12 

b 2.9S 1.77 -1.33 



h -.66 1.S6 2.34 

i 3S5 1.17 -1.66 

i 2.22 4X)0 1.33 

ZBA - 10.92' ZC-4 - 12.68 £D-A - 2.01 

The sum otiiieCXA products is 12.68, while the sum ottiteDXA 
products is only 2.01. 

In the ratios BfA, A/B, C/A, A/C, D/A and A/D or in the 
differences B — A, C — A and D — A, oi ia ihe products BX A, 
CX A, and DX A, the original ^'s, B's, C'a, and D'a having been 
in each case expressed as deviation-measures and divided by the 
variability, there are means of comparing one relation with another 
quantitatively. 

llie agreement of the two values of any related pair, when each . 
is replaced by a number denoting its relative position in an order 

of magnitude; the percentage which the ++ and pairs are '} 

of the total number of pairs, when each of the two values of a related'^ 
pair is expressed as a difference + or — from a defined point of 
reference; and, when each is so expressed and also turned into a 
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multiple of the variability of the group in question in the trwt in 
question, the ratios BjA and AjB, the differences B — Aot A — B 
(regardless of signs), and the AB products: these are some of the 
facts about a series oi rehited pairs which are used to obtain a 
quantitative account of the correlation. 

§ 37. Coe^ieierdt of CorrelaHon 
Some of the formulee by which they are so used are the following, 
r being always the measure of the correlation: 
I. 

6SZ)> 



= 1- 



n(n' - 1) 



in whidi 22)' = the sum of the squares of the differences between 
the two numbers denoting the relative positions of the two related 
measures in their respective series; and n = the number of pairs 
of related measures. 



: 2dn 



"" (i") 



II. The measures to be related being expressed as divergences 
from defined points of reference — the ^'s from the central tendency 
of the ^'s and the B's from the central tendency of the ^'s. 

fti = cosine Tf7 

in wlueh U = the proportion which the number of unlike »gned 
purs is of the total number of pturs, when every measure is 
given its + or — sign of divergence. 

Ilia, r = the median of the A/B and B/A ratios, the A'a and 
B's being expressed as divergences from defined points of reference, 
in multiples of the variability of the A'a and of the variability of 
the B's respectively. That is, rmo = the median of the ratios 

Aj_ Bi At^ Bt ^ ^ 

Oi (Tj (7^ Oi Cji Sb 

Bi' Ai' Bt' ^' ■ ' " Bn' A^' 
Ox <fj, <Ta Oa T» O^ 

lllb. The A's and B's being expressed as in Ilia 
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where 2{A/<r^){BfffB) = the sum of the products of each related 
pair of values, the ^'s and B's being expressed as multiples of the 
variability of the ^'s and of the variability of the B's, respectively; 
"ZiAjff^Y = the sum of the squares of the A'a similarly expressed; 
andSCB/r^)* = the sum of the squares of the £s similarly expressed. 

In Ilia any other measure of variability may replace <r provided 
the same substitution occurs throughout. So also in lllb. 

The reader should note that in all these formulce the gross 
amounts of the values to be related no longer figure. In I., amounts 
are replaced by relative positions. In II., each amount is replaced 
by the mere direction of the divergence plus or minus. In III., the 
amounts are divided through by the variability of the trait in the 
group, so that a pair, such as "A = i,0(H related to B = 28," 
means " + 2 reUUed to + 2 " if the points of reference are 1,000 and 
20, and the variabilities of the A's and B'a are 2 and 4, respectively. 

The reader should note further that the maximum for r by any 
of the three sets of formulse is 1, and that its minimum is — I. 
Thus, in I., if the two series of relative positions agree perfectiy 
as paired in the relation in question, SD* = 0, If the XD* is the 
greatest possible, it is twice n{n' — l)/6 (e. g., for a series of 10 
pairs we have 81 + 49+25 + 9+1 + 1 + 9+25 + 49 + 81 
= 330 and 10.99/6 = 165). In II., if U = we have r = cos 
which = 1, To get negative values of r — values corresponding to 
values of U from .50 to 1.00 — the sense of the formula and the signs 
of r are reversed together. This the reader may accept for the 
present without justification. In Ilia, a series of pairs showing 
the most p)erfect correlation — such 88—8 — 4, —6-3,-4 
-2, -2-1, +2 + 1, +4+2, +6+3 and +8+ 4— will 
f^ve a median mutual ratio of 1 when each value is expressed as a 
multiple of the variability of its series; and the most antagonistic 
relation will give such a ratio of — I, The r's got by the formula 
(lllb) using the products wilt be found similarly to be 1.00 and 
— 1.00 for the greatest and least correlation. 

Digitized by VjOO'J IC 



164 MENTAL AND SOCIAL MBASUREMSNT8 

Note, in the third place, that when the correlation is auch as 
would come if the values to be related were paired at random, 
r ^ 0. Thus, in I., the sum of the squares of the differences from 
pairing at random a series of numbers 1, 2, 3 . . . n with another 
identical series will be n(n' — l)/6, and r will equal 1—1. In II., 
random pairing will give, obviously, one half of the pairs as unlike- 
signed and r = cos » ■ J^, or r = 0, In Ilia, half of the ratios will 
be negative in random pairing. In 1116, the sum of the nega- 
tive products will equal the sum of the positive products. 

A corrdation, as measured by one of these formulae, then, util- 
izes, in the case of any measure of a pair, its position relative to 
others in the aeries, or the direction only of its divergence from the 
point of reference, or the amount of its divergence from that point 
divided by the variability of the series — that is, the general tendency 
of the series to diverge from that point. It results in a measure 
varying from — 1.00 through — or what the fact would be by 
random paring — to + 1.00. It measures the slope of a relation 
line which is a compromise of the slopes 



and — ; 

3L 



or, u»Dg different words for the same fact, it measures a ratio which 
is a compromise between the central tendency of the 



— ratios and the central tendency of the— ratios. 
5 3L 



§ 38. The Comparability cf Co^wierdt (jf Correlation 
Conqtaiabili^ of r's Got from the Same Set of Pairs by the 
Different Methods. — Provided (I) that the point of reference taken 
for the A's is, by each method, taken as the central tendency of the 
same group, N, and (2) that the point of reference taken for the 
B's is also taken, by each method, as the central tenden^ of the 
same group, JV^, methods II., Ilia, and III& give comparable results, 
the r in each case measuring approximately the same fact The r 
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by method I. also, if the values of A and the values of B are in 
each case distributed in a surface of frequency of approximately 
Form A without large or frequent gaps, is roughly equal to the cor- 
responding r's by II. and III. 

Id each case the r represents an inference about the probable 
general drift of the relation, suppo^ng it to be rectilinear. Hence 
all are comparable, if the above conditions are fulfilled. The data 
used in making the inference are, however, different according to 
the method, and the three ^'s got for the same series of pairs from 
methods U., IIIo and III6 are, in strictness, no more absolutely 
interchangeable than an average, a median and a mode got from 
the same series of angle values would be. An r got by method I. 
is still less absolutely comparable with any one of the other three r's. 

Comparability of r's Got from two Different Sets of Pairs by &e' 
Same Method. — Suppose the correlation of A with B and the 
correlatidh of C with D to have been measured, in each case by 
the same method, r being found to be, say .4 in each case. The two 
correlations may be said to be equal in the following sense: (1) coi^ 
relation to mean the generd drift of a relation -line; (2) distance of 
an A from the point of reference taken for the A'a divided by the 
a* of the A'a for group N, to be assumed as equal to the numerically 
equal value got by dividing the distance oi u B from the point of 
reference taken for the B's by the a' of the B's for the group. 

Suppose that, the same method I., II., Illa or 1116 being used, 
the tam for A and B and the tcd for' C and D come out, each 
as the same numerical value, say .4 or .63 or — .272. There is then 
a tendency for the student to assume that the relation of ^ to £ 
is identical with that of C toD. But the numeric^ identity of the 
eorretatiom alone proves nothing about the real identity of the 
rdaiioita. The r mw t JP ''"''*' '''"^ ^ intffrpT*^<><1 fn fh" Ught ^ thi* 
measures from which it is derived. Consider, for example, two 
such f'a got by method Ilia. The numbers used to get the r's were 
(call them the x's) the result of dividing the A deviation measures 
by some number (call it tKtr. A in N) expressing the variability of 
trait A in some group, the B deviation measures (call them the ^'s) 
by S9me number (call it var. B in N) expressing the variability of 

* Or any other measure of Tuiability conaiatently used. 
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the trait B in some group, etc. Now equality of r^B Aod rta,, both 

being .4, depends on the assumption that any y~- — »r, any 

y * . w , . 

5-; — iff, any -pr-. — j^ and any ^r-i — ^f are equal in 

var. B in iVj' •' var. C in iV| " var. D m Ni ^ 

fact if they are numerically equal. This Jtssumption must be kept 

in nuod. 

Further, the x'a, j^s, a's, and w'a were the results of calculat- 
ing divergences from four points of reference. An, So, Co, and D^. 
Any inference of identity later in the process depends upon the 
assumption that An, Bo, Co, and Do have identical values as points of 
reference. Finally we have the fundamental limitation that r 
measure only the general drift of the relation. 

Similar need for interpretation will be seen to hold good (or 
any of the other methods. The student should therefore always 
make comparison of any two relations only after thinking of them 
in terms of the actual facts which they report. It is desirable for 
the beginner to use some such systematic form as: 
For Method I.: 

The correlation AB measures the general closeness of corre- 
spondence between (1) the relative portions of 

in trait 

and (2) the rdative positions of ' 

in trait 

The relative positions being paired after the fashion 

For Meihoda II. and III.: 

The correlation AB measures the general drift of the relation 

between (1) the divergences of 

in the trait 

from as a point of 

reference, each divei^nce being expressed as a multiple of 

and (2) divergences of 

in the trait 

from as a point of 

reference, each divergence being expressed as a multiple of 
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The divergences being pured after the fashion 

The method of estimating the relation being by 

(State whether it is by the percentage of unlike signed pairs, or by 
the median ratio, or by the percentage which the sum of the pair- 
products is of the sum of the maximal pai>products.) 

§ 39. Tke Techdque t^ Measuring CorreloHotu 
T^uvughout this section, the following symbols will be used: 

Call the original paired values to be correlated Ai and Bi, At and 
Bx . . . An &nd B,. < 

Call the divei^nces of Au At . . ■ An from the C.T. of the ^'s 

Xi.Xt . . . X,. 

Call the divergences oi Bi, Bt . . . B, from the C.T. of the B'a 

yi, yi ■•■ • y*- 
Let X = any one of the series ari, 21 . . . aw. 
Let y = any one of the series yi,yi . . . y^' 
Let xjy = any one of the series x^y^, xt/y, . . . Xnly». 
Let ylx = any one of the series yi/xi, yi/xt . . . yjx». 
Let oa, A.D.^ and Q4 be the <r, A.D. and Q of the A'a. 
Let <rM, A.D.2 ^nd Qb be the <t, A.D. and Q of the B's. 

By IHffertiices In Relative Positions or Ranks.— The formulffi 
are 

r = 2 sin I -sp 1 and p = 1 - 



«(«.' — 1) ■ 
6 
The formula 

P - 1 - „(„. - 1) 



needs no comment save with respect to the positions to be asugned 
to two or more identical amounts of A (or of B). The rule is to 
keep the largest position-number in the case of both A and B equal 
to the number of pairs. So, identical amounts are each given, as a 
powtion-number, the average of the positions which they would 
take were they slightly different. Thus, suppose the series of 
amounts of ^ to be 20, 21, 22, 22, 23, 23, 23, 24, 24, 24, 24. The 
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corresponding position-numbers given would be 1, 2, 3.5, 3.5, 6 , - 6, qr 
9.5, 9.5, 9.5, 9.5. Tlie. value of r for any given value of p may be 
obtained from Table 36, if the form of distribution is approrimately 
Form A for each of the two traita. If the form of distribution is in 
each case approximately a rectangle r may be taken as equal to /t. 



.0314 
.0119 
.0524 



.0042 
.1047 
.1161 
.1256 
.1300 
.1406 



.1966 

joai 

.2196 





TABLE 36 








WKR 


rOTViLui 


xr T vatM Ant Givsn Valds 


or p. 








ezD- 










p- 1 - 


ii(rf-l) 




















26 


.2714 


.61 


.S2n 


76 


7760 


Zl 


.2818 


Jt2 


.6378 


77 


7847 


.28 


.2922 


.63 


.5479 


78 


7943 


59 


.3026 


.54 


.6680 


79 


.8039 


.30 


.3129 


.65 


.6680 


.80 


£135 


.31 


.3232 


.66 


.6781 




.8230 


.82 


.3330 


J7 


.6881 


.8326 


.33 


.3439 


.68 


.5981 


.83 


.8421 


.34 


.3542 


.59 


.6081 


.84 


8516 


.36 


.3646 


.60 


.6180 


85 


8610 


56 


574S 


.61 


.6280 


.86 


8706 


.37 


.3860 


.62 


.6379 


87 


B789 


.38 


.3935 


JJ3 


JM78 


88 


8893 


2A 


.4066 


.64 


.6577 


S9 


8986 


.40 


. .4158 


.65 


.6676 


90 


9080 


.41 


.4261 


.66 


.6776 


91 


9173 


.42 


.4363 


.67 


.6873 


92 


9299 


.43 


.4466 


.68 


.6971 


93 


9369 


.44 


.4M7 


.69 


.7069 


M 


9451 


.45 


.4669 


.70 


.7167 


95 


9543 


.46 


.4771 


.71 


.7266 


96 


9636 


.47 


.4872 


.72 


.7363 


97 


9727 


.48 


.4973 


.73 


.7460 


98 


9818 


.49 


.5076 


.74 


.7567 


99 


9909 


.SO 


.6176 


.76 


.7664 1 


00 1 


0000 



As a still more convenient measure, we may use 
r = sine g " 

f = 2 coane \{\ — B) — \, 
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6Sg 



'Sg being the sum of the plm differences in ranks. 

The formula, r «= 2 cosine (»/3) (1 — ii) — 1, is correct if the two 
tTMta are distributed as in Form A. TTie fonnula, r = sine (t/2)R, 
was determined empirically as a fair account of the relation between 
r and R in cert^ concrete cases, by Spearman, who devised the 
formule for u^g relative positions in correlation. Table 37 
gives the value of r for any ^ven value of R, according to the equa- 
tion r — ane (x/2)it. Table 38 ^ves the value of r for any ^ven 
value of R, according to r = 2 cos C»/3)(l — R) — 1. ' 

TABLE 37 

A Tabu to htrt& thk Valux or r rBOH Akt Oitxn Valui or R, AccoBono 

TO r - dn C»-/2)S. fi - 1 - «ffiG)/(n' - 1) 



.264 
.279 

.309 



.878 
.884 
.801 
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A Table to Inveb tbx 



TABLE 3S 
Valdx or r rsou Art Oivxn Valub of R, AcaoaDma 
2coe'(l-fi)-l. fi-1--^ 



.11 


.102 


.12 


Ji09 


.13 


.226 


.14 


.242 


.16 


J359 


.16 


.275 


.17 


291 


.18 


.307 


.19 


.323 


.20 


.338 


.21 


.354 


32 


369 


23 


.384 


3A 


.399 


2& 


.414 



JU 



.810 
.818 



By Percentage of Unlike Signed Pairs. — The value of r iat any 
given proportion of unlike-signed pairs is conveniently obtained 
from Table 39. 

In using Table 39, that is, in using tlie formula r = cos tJJ 
there should theoretically be no zero values of either x or y. When 
such values are unavoidablcj they may be treated as follows: 
Call the total number of pairs, n, 

Call the number of + + and pairs, I, 

Call the number of H pairs, «, 

Call the number of ' 00,' ' + 0,"0+,"- ' and ' -' pairs, d. 
Divide the d'a between the Ts and the w's in a proportion half way 
between (1) half and half and (2) tbe proportion in which the I 
and u pairs stand. That is let 
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jm 



This is an arbitrary compromise. Two defensible suppoations can 
be made. First, at their face value, all pairs containing a zero are 
as likely to go J as u. Second, with a fine grouping, the zero cases 
would be more likely to divide up in the same proportion of I and u 
as characterizes the rest (A the pairs than in an equally reverse 
proportion. Thus if / = 90, u = 10 and d = 10, it seems unlikely 
that with fine grouping the 10 zero pairs would have as few I's as 
«'s, and very much more likely that they should be 9 1'a and 1 u than 
that they should be 1 / and 9 a's. 

TABLE 39 
Values op r Cobrebponsino to Each Psbcehtaoe or UNuui-eiaifKD 
Fairs. Ir the Pxbcentaobb abb Taken as those of the Like-sioned Faibs, 

THE r'e ABE NbOATIVB. T «■ THE CoBITICIENT ( 

NcuBBB or UNUEE-flioNED Fairs Divided st th 
AND Unuxe-sionxd Pairs. 



.9604 
.0510 
.9407 



CoBREI^TJON, 17 - THE 


Ndmbeb op LiKE-siaSED 


u 




2& 


.684S 


37 


.6615 


.28 


.6375 


.20 


.6129 


30 


.5877 


.31 


.5620 


.82 


.5358 


33 


.5091 


.34 


.4819 


.35 


.4642 


.36 


.4260 


37 


.3973 



.7902 
.7707 
.7504 
.7293 
.7074 



43 


2180 


44 


.1873 


45 


.1564 


46 


.1253 


47 


.0941 


48 


.0628 


49 


.0314 


50 


.0000 
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By the Central Tendency <A the Ratios. — In calculating the 

median ratio it is not necessary to divide every value of x by the 

variability of A and every value of y by the variability trf B. Only 

such calculations need be made as suffice to get the median of the 

x_ i 



ratios.* Only a few ratios near the median of the gross xfy series 
and near the median of the gross yjx series need to be divided 
through. 

If the number of p(urs is 20 or more the medians of the gross 
xly series and of the yjx series will give a sufficientiy dose appron- 
mation for r by the use of the formula:* 

r = i^[(mid */p)»,][(mid jf/*)i!»l 
or, approximately, 

(mid xjy)vi + (mid yjx)vi 
*■" 2 

in which 

mid xjy = the median of the gross xjy ratios, 
mid yfx = the median of the gross yjx ratios, 

<r, A.D.J, Qm 

ft ■■ — or i - Vv •' or 77- , 



By flie Sum of tiie Pdr-Piodncts. — In calculating the p^ 
centage whidi the sum of the pair-products is of thdr maximal sum, 
we use, in place of the formula 






' A.D.J and A-D.^, w Qa ■'x' Qbj °^y repl&ce v/ and tg, 'd o 
the mewura of variability is nuuntalned. 

* Indeed, the use (rf this fonoula ia in gcmeral preferabk to getting the one 
J. JL 

median for all the ~ and -^ ratios takm together. 
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ance the effect of dividing through by the variability is the same 
in both numerator and denominator. 

This i3 the Pearson coefficient of correlation, usually stated in 
the less convenient form, 

In order to economize time, it is desirable to calculate the x'a as 
divergences from a point at the middle of a step, or just between two 
steps, of the A scale; and similarly for the ^'s. From the correlation 
so calculated, the correlation that would be found if some other 
points of reference were used in getting the x's and the y's, can be 
estimated by the following correction: 
Let Aa be the point actually used in calculating the x% 
Let Ba be the point actually used in calculating the y's, 
Let Ao and Bo be the points from which the x'a and y's should have 

been calculated. 
Then the correction is to subtract n(<4« — ^■)(fia — £•) from the 
numerator in the formula, 

= _gfy 

The calculations necessary to obtfun r by each of these methods 
are shown in Tables 40 and 41, which also illustrate a convenient 
method of making them if the number of purs is less than 100. 
The related pairs are listed in the first and second columns of the 
table, under A and B. The relative positions or ranks are listed 

the third and fourth columns, under R.P.^ and R.F.x. The 
gains in relative position of the 5*8 over the A's — that is, the positive 
differences, R.P.j — R.P.^ — are Usted, together with the negative 
differences, in the fifth column, under G. The squares of the dif- 
ferences between ranks are listed in the sizth column, under D'. 
The deviations from the approximate C.T.'s (39.5 and 51) are listed 
in the seventh and eighth columns under x and y The x • y products 
are listed in the ninth and tenth colunms, the + values in the ninth 
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and the — values in the tenth, under + xy and — xy. The a^s and 
y*3 are listed in ihe eleventh and twelfth columns. That is, the 
table headings have meanings as shown below. 

A Measure in ^. 

B Related meaHure in B. 

R.P.A Rank (t. e.,|fcdati™ pomtion) invl. 

R.P.B Rank (i. e., rdative poeiljon) in B. 

a R.P.B-R.P.J. 

C (R.P.B-R.P-Ay. 

X Deviation from 39.5 in A (in half-atepa). 

y Deviation from 61 in fi (in steps). 

+XJ/ Products of like-ugned p&irs. 

—xj/ Products of unlike-ugned paiis. 

1? 

The calculation of r by the Speannan "footrule for correlation," 
wherein 

n* — 1 

uses on]y column 5. It is shown in I. of Table 41. The calculation 
of r by the squared differences in relative position uses only column 
6. It is shown in 11. of Table 41. The calculation of r by the 
percentage of unlike signed pairs uses only the ^gns of columns 7 ' 
and 8. It is shown in III. of Table 41. The calculation of r 
by the Pearson method uses columns 7, 8, 9 and 10. It la shown 
in IV. of Table 41.* The calculation of r as the median of the xjy 
and yjx ratios, with allowance for the variability of A and the 
variability of B, is shown in V. of Table 41, 

If the number of related pairs is over 1(X), the use of relative 
positions is inadvisable, and the computations for U, ^x-y, Sx^, S^, 
mid x/y, mid yfx, vi and t^ are best made after the data have been 
arranged after the general plan shown in Table 42. In Table 42, 
which is for the facts given in Table 27 (on page 146), when treated 
as divergences from 20 (for a-t words marked) and 55 (for A's 
marked), each pair is represented by a line placed under the appro* 
priate step of the "<^ words" scale and op2>f»^e the appropriate 

' In practise, columns 11 and 12 of Table 40 would not be filled out as b 
shown here. The labor of adding would be much eixiDomised, as by replacing 
the two 81 'b by 162, the tour 49's by 106, the five 26'a by 125, et«. 
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TABLE 40 








R.P.^ 


B.P.J, 


a 


J)* 


, 


\ 


+»» -qf «• 


1 


3 


+ 2 ■ 


4 


-17 


-15 


255 


289 


2 


6.6 


+ 3.6- 


\2M 


-13 


-12 


166 


169 


3 


15 


+12 ■ 


144 


-11 


- 5 


66 


121 


4.6 


1 


- 3.5 


12.25 


- 9 


-19 


171 


81 


4.5 


9 


+ 4.5- 


20J26 


- 9 


-10 


00 


81 


7.6 


11 


+ 3.6 


12.26 


- 7 


- 8 


66 


49 


7.fi 


2 


- S.6 


30.25 


- 7 


-16 


112 


49 


7.5 


4 


- 3.5 


12.25 


- 7 


-14 


98 


49 


7.5 


18.6 


+ 9 


81 


- 7 


- 4 


28 


49 


12 


22 


+10 


100 


- 6 


- 2 


10 


26 


12 


7.5 


- 4.6 


20.26 


- 6 


-U 


66 


25 


12 


26 


+14 


196 


- 5 


- 





26 


12 


24.6 


+12.5 


156.25 


- 5 


- 1 


5 


26 


12 


6.6 


- 8.6 


42.26 


- 6 


-12 


60 


26 


17 


12 


- 5 


26 


- 3 


- 7 


21 


9 


17 


19 


+ 2 ■ 


4 


- 3 


- 3 


9 


9 


17 


13.5 


- 3.6 


12.26 


- 3 


- 6 


18 


9 


17 


28 


+11 • 


121 


- 3 


+ 1 


I 


9 


17 


28 


+11 ■ 


121 


- 3 


+ 1 


J 


9 


22.5 


7.6 


-15 


226 


- 1 


-11 


11 


1 


22.5 


13.5 


- 9 


81 


- 1 


- 6 


6 


1 


22.5 


30.6 


+ 8 ■ 


64 


- J 


+ 2 


2 1 


22.5 


10 


-12J1 


1S6.26 


- 1 


- 9 


9 


1 


22.5 


37 


+14.5' 


210.25 


- 1 


+ 6 


6 1 


22.5 


22 


- .6 


.26 


- 1 


- 2 


2 


1 


28.6 


16.6 


-12 


144 


+ 1 


- 4 


4 1 


28.6 


24.5 


_ 4 


16 


+ 1 


- 1 




1 


28.6 


34.5 


+ 6 ■ 


36 


+ 1 


+ 4 


4 




28.5 


22 


- 6.6 


42.26 + 1 


- 2 




1 


28.6 


30 


+10.5 


110.25 + 1 


+ 8 


8 




28.6 


19 


- 9.5 


90.25 + 1 


- 3 


I 


1 


M.& 


19 


-15.5 


240.25 + 3 


- 3 


i 


9 


»4.6 


36 


+ 1.5 ■ 


2.26 + 3 


+ 6 


15 




34.5 


30.6 


- 4 


16 


+ 3 


+ 2 


6 




34.5 


34.6 








+ 3 


+ 9 


27 




34.5 


38 


+ 3.5. 


12.25 + 3 


+ 7 


21 




34.6 


34.5 








+ 3 


+ 4 


12 




40 


47.6 


+ 7.6- 


66.25 + 5 


+15 


75 


26 


40 


32.5 


- 7.6 


56.26 + 6 


+ 3 


15 


28 


40 


28 


-12 


144 


+ 6 


+ 1 


5 


26 


40 


47.5 


+ 7.6- 


66.26 + 6 


+16 


75 


25 


40 


42.5 


+ 2.6* 


6.28 + 5 


+10 


SO 


25 


44 


42.6 


- 1.6 


2.25 + 7 


+10 


70 


49 


44 


32.6 


-IIJ 


13255 


+ 7 


+ 3 


21 


49 


44 


60 


+ 6 ■ 


36 


+ 7 


+22 


164 


49 


46.5 


46 


- 1.5 


2.26 + » 


+12 


108 


81 


46.8 


49 


+ 2.6 


6JM + 9 


+19 


171 


81 


48.5 


44 


- 4.5 


20JU +11 


+11 


121 


121 


48.6 


40.5 


- 8 


64 


+11 


+ 9 


99 


121 


50 


46 


- 4 


16 


+15 


+14 


210 


226 
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TABLE 41 
Cai/CUI^tionb of r fbou the Data op Tabu 40, bt Vabioub MBtboss 
I. Zg ^ IK or 171, according to the direction chosen. . Uw 168. 

R - 1 - e{168)/(2600 - 1) B - .5966 

Uring r - nn I A (i. e., Table 37), r - .806. 

Uidngr - 2 coe | (1 + A) - 1 (i. e., Table 38), r -'.834. 

n. zi^.sm ,-i-S, ,-.848 

Aaniming fonn A for the diBtributioiu, and eo umng Table 30, r — .859. 
m. There are (/-pairs, 1 Hcoiwir, and 40 L-pain. 
By Table 39, f - .832.'^ 

IV. I«y-2468 J^-WH 2b«-4386 r - -— -^^-^ , or - .818 

V. lifltins the x/v ratioa, Uating the v/« tatioa, 

rougUy in oraer of rou^uy in onler <A 

magnitude, we have: magnitude, we have: 

9 negative ratioa 9 neffative ratioa 
9 ratios from to 1 

Y A I A 24 ntioB of 1.25 or over 

i£ ntioa of 1 or over 

The nad z/y ii betwoen ^ and }. Hm mid y/x is between V ■'■^ f * 

lite midz/y'is .487^ Hie mid y/x is 1.127. 

#1 - ■^^, and »» - -J^. Hence, i.,-1.4I^Badt* -.69. 

(Mid a!/y)»i - .706." (Mid |,/*)i^ - .778. 

r - •.706 X .778, or .741; or, ^jpnadmatdy, r - " - t '^^ r " -WL 

Step of the "A's marked" scale. The average of the y values related 
to each value of x is given under Av. y; the sum of the x-y products 
in the case of each array of y's ia got by multiplying the Av. y in 
question by x and then multiplying the product, so obtained, by 
the number of cases in that array; the ISx-y for the entire series 
is got by adding these smaller product-sums, which ore recorded 
under f{xy); the calculation of 2a^ and Xj^ is abbreviated by group- 
ing as shown under /(x*) and/(ff*) ; the other facts and arrangements 
of Table 42 are self-explanatory. 

In general the following procedure is advisable in measuring 
any correlation by the amount methods: 
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1. Keep the measures in as fine a grouping as they originally had. 

2. Tabulate them in a single-entry correlaUon table, letting one 
little line represent one pur, the location of this line, beneath the 
scale for A and opposite the scale for B, representing the two 
measures. 

3. Choose, as an approximate point of reference for the A's, 
that midpoint of a step on the v4-scale or that point just between 
two steps on the <4-scale which is nearest the desired point of 
reference. Do likewise for the £'s. What the desired point of 
reference will be in any case depends upon what theoretical or 
practical question the calculation of the r is to answer, 

4. Enter, in a row at the bottom, the frequencies of each step of 
the ^-scale. Enter, in a column at the right, the frequencies of each 
step of the £-scaIe. 

5. Restate the ^-scale as an x-scale, in divergences from the 
approximate point of reference in units of a step or half-step, 
according as the approximate point of reference is at the middle of a 
step or just between two steps. Do likewise for the £-scale, turning 
it into a y-scale. 

6. Calculate the central tendency of each colunm under each 
step of the scale for the A's, and do not fail, whatever single value 
may be later calculated to represent the general drift of the relation, 
to give with it this list of the central tendencies of the B's related 
to the respective different values of A. 

% 40. Tlie Correction of Correlaiion-Coefficienta for ike ' AtUnuaiion' 
Due to Chance Inaamrades in the Original Paired Meaeurea 
The discussion of measurements of relations so far presupposes 
that the facts related are measured exactiy. There will, however, in 
mental and social measurements commonly be a conaderable error 
in each individual fact of those to be related. For instance, in the 
illustration used in Table 42 the "^'s marked by an individual" is 
a score depending upon only one trial of 60 seconds. With many 
trials on many different occasions, the individuals concerned would 
attain somewhat different measures. So also with the "a-t words 
marked." Let us call rteca. the r which would be obtained 
from accurate measures in both facts for all of the rdated pairs; 
and let us call r^i. m. the r which is in fact calculated from the single 
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measurea. If there b, in reality, any correlation, direct or inverse, 
fun. m. will be farther from than r^^ „. ; for the influence of 
chance inaccuracy in the measures to be related is always to yrodyee '^ 
** zero correlation. If two series of pairs of values are due entirely to 
chance the correlation will be zero, and in so far as they are at all 
due to chance, the correlation will be reduced toward zero. 

The chance variation, which in the long run cuts its own throat 
in the case of averages, can not, in the case of a correlation, be tiius 
rendered innocuous by mere numbers. For instance, the true cor- 
relation between the volume of bodies of water at constant pressure 
and temperature, etc., and their weight is -|- 1.00. Suppose now 
that the true measures for ten pairs were: 



The correlation is evidently + 1.00. 

Suppose the person measiuing them got, instead of these figures, 
certain chance variations from them due to the error of his meas- 
uring. 

If the reader will distribute by chance, among these 20 measures, 
20 errors, say 5 of + 2, 5 of - 2, 4 of + 3, 4 of - 3, 1 of + 4 and 
1 of — 4, and will then calculate again the coefficient, he will find 
it to be less than before. It he will let the chance errors be larger 
e. g., 5 each of + 4 and — 4, 4 each of + 6 and — 6 and 1 each of 
+ 10 and — 10, the coefficient will be stiltmore reduced. The same 
will hold regardless of whether 10 or 10,000 pturs of related values 
are taken. 

To correct for this "attenuation" of the coefficient by chance 
errors in the data, it is necessary to have at least two independent 
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measures of the measures to be related. When these ore at hand 
the procedure is as follows: 

Let A and B be the facts to be related. 

Let j> be a series of exact measures of A. 

Let q be the related series of exact measures of B. 

Let Tpt be the coefficient of correlation of A and B, obtainable 
from the two series p and q. r^fj? thus the required real correlation. 
Let pi and pi be two independent aeries of measures of A. 
Let qi and ^ be two independent series of measures of B. 
Let rp,^ be the correlation when the first measure of A and the first 

measure of B are used. 
Let rp,4, be the correlation when the first measure of A and the 

second measure of B are used. 
Let Tp^ be the correlation when the second measure of A and the 

first measure of B are used. 
Let Tf^f, be the correlation when the second measure of A and the 

second measure of B are used. 
Let r,,,, be the correlation between the two measures of A. . 
Let r^g, be the correhition between the two measures of B. 
It is understood that the pairing is the same in every case. Then 

^ ^ ^(rnft)(*'>ift)(''p,ft)(''>,«i) 
" V' (rp„^)(rftft) 
Labor can be economized, and a very probably better correction 
obtained, by using 

^ ('■ihP.Xi-fte.) 

A second method^ of allowing for the inaccuracy of the original 
measures of the facts to he related is based upon the fact that an 
increase in the number of measures of each of such facts increases 
its accuracy. From the increase in the closeness of the relationship 
as we use the central tendency of 2, 3, 4, 5 . . . trials of each 
individual, we may prophesy what the relationship would be, if we 
hod at hand measures from so many trials of all the individuals as to 
^ve the status of each one exactly. 

* For a further deecripUon of Uiia method and Uie fint method ta well see the 
article in the Am. J. of Psy., for January, 1904, by C. Spearman,' to whom the 
formube are due. 
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Let Tp, be the coefficient of correlation tliat would be found if the 
measures of the related facts, A and B, were perfectly exact. 

Let m be the number of indepeodent measures of A, piptpi, etc. 

Let n be the number of independent measures of B, qiqiQt, etc. 

Let tpr^ be the average of the correlations between each series of 
values obtained for trait A, with each series obtained for tnut B. 

Let Tp*^ be the correlation obtained when piptpi, etc., are com- 
bined to give the measure of trait A, when, that is, each individual 
is represented by his most likely central tendency in trait A, and 
when qiqsqt are simllariy combined to give the measure of trut B. 
Then 

V in.n(rpW(|») — '"p'v 

'" v^„-i ■ 

This second formula has not been accepted as necessarily valid 
and should be used only provisionally, until it has been verified by 
theory or experiment, but it is obvious that some empirical formula 
of the sort could be found to give the expected r from absolutely 
accurate measures on the ba»s of the change in the r as the measures 
approach nearer such absolute accuracy. The first formula is valid 
in so far as the difference between any two of tie original measures 
of the same fact is due to truly random sampling. 

Useful as these formula for correction of attenuation due to inac- 
curate measures are, it is wise not to overwork them by aubstituring 
th^r use for the attainment of reasonably precise original measures. 
The be^ner, at all events, may best secure, in the case of correla- * 
tions, original measures, the Vint-obMBtd' of which is not over 
5 per cent, of their amount. 

§41. Ettimaiing the Correlation that Would Be Found if the 

Original Paired Measures Ctndd Be Freed from 

the Effects cf Irrelevant Factors 

It is obvious that, in order to measure the essential correlation 

between fact A and fact B, we should have a series of pairs of 

amounts related only through the relationship of ^ to fi. But un- ' 

less great care is taken in the selection of the data, other factors 

affecting the relationship of the amounts are sure to enter. Thus in 

* See the next cb^tter for the expUoation of this term. 
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relating mental capacities, if we use children of different ages, the 
factor of age, as well as the intrinsic relationship between the traits,' 
is at woijc. The real correlation between a dty's lighting and its 
expense Tor police protection might be inverse, but actual cor- 
relations of the per capita expense for the two items in American 
cities might show a direct relationship due to the entrance of the 
factor, muniapal expensiveneas as a whole. The influence of 
heredity can not be inferred from fraternal correlation until a 
discount is made for the factor, similar training. * 

Spearman has suggested the terms — Constriction, Dilation 
and Distortion — for the effects of the improper admisaon or ex- 
clusion of factors. I quote his description' and corrective formulse. 

"Now, all such elements in a correlation as are foreign to the 
investigator's explicit or implicit purpose will, like the attenuating 
errors, constitute impurities in it and will quantitatively falsify its 
apparent amount. This will chiefly happen in two ways. 
"4. 'Constriction' and 'Dilation.' 

" Any correlation of either of the con^dered characteristics will 
have been admitted irrelevantiy, if it has supervened irrespectively 
of the original definition of the correspondence to be investigated. 
The variations are thereby illegitimately constrained to follow some 
irrelevant direction so that (as in the case of Attenuation) they no 
longer possess full amplitude of possible correlation in the investi- 
gated direction; the maximun instead of b«ng 1 will be only a 
fraction, and all the lesser degrees of correspondence will be similarly 
affected; such a falsification may be called 'constriction.' Much 
more rarely, the converse or 'dilation' will occur, by correla- 
tions being irrelevantly excluded. The disturbance is measurable 
by the following relation: 



where fp,' = the apparent correlation of p and q, the two vari- 
ables to be compared. 
Tp, = the correlation of one of the above variables with a 
third and irrelevantly admitted variable v, 
"and fpf = the real correlation between p and q, after compensat- 
ing for the ille^timate influence of e. 
• Am. J. oS P»V; 1904. Vol. 15, pp. 94-«, jtairim. 
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"Should any further irrelevant correlation, say r^m, b* 
then 



In the reverse case of ' dilation,' 

fpn = fw'- v^l - fp.* - r,„» ■ • • . 

"Distortion occurs whenever the two series to be compared 
together both correspond to any appreciable degree with the same 
third irrelevant variant. In this case, the relation is given by 

^ ^f' ~ (''i")(''<f»), 
'" " 1/(1 - r^')(l - V')' 

where r^,' = the apparent correlation between p and q, the two 

characteristics to be compared, 
r^ and v = ^^ correlation of p and q with some third and per- 
turbing variable v, 
and Tpi = the required real correlation between p and q, after 
compensating for the illegitimate influence of v." 
Should the common correspondence with o have been irrel- 
evantly excluded instead of admitted, the relation becomes 



fpt = '■j.«'-*^(l-'-p.')(l-r„*) + (rp.){re,) 

§ 42. ^Ae Dependence of the Meaning of a Coe^tdent of Correlation 
upon the Values thai Are Paired 

The facts to be correlated in the mentaJ and social sciences may 
be: (1) the varying conditions of a trait in an individual (to be 
correlated with corresponding conditions in him of some other trait), 
or (2) the varying conditions of a trait found in different individ- 
uals of a group (to be correlated with the conditions found in some 
other trait in the same individuals), or (3) the varying central 
tendencies of a trait found in different subgroups of a larger group 
or collection of groups (to be correlated with the central tendendes 
found in the case of some other trut in the same subgroups), or 
many other series of pairs. 

For example, one may seek (Case 1) the correlation between the 
quickness of perception of an individual at various times and his 
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quickness of movement at coiresponding times. Or one may seek 
(Case 2) the correlation between the quickness of perception in 
general of Jones, Smith, Brown, etc., and the quickness of move- 
ment possessed in general by the same individuals. Or (Case 3) 
one may seek the correlation between the general quickness in per- 
ception of races and their quickness of movement. 

It should be noted that the differences in the three cases have 
nothing to do with the mere number of individuals studied. Tha 
essential differences would remain if we used a million cases to 
determine the correlation of two traits within an individual, only 
a hundred thousand to determine the correlation among individu- 
als and only ten thousand to determine it for races. The essential 
difference is in the questions to be solved. From them it follows 
also that in Case 1, if several individuals are studied, a number of 
pairs of measures for each individual will be used and the coeffident 
of correlation in each individual will be worked out separately. If 
the results from different individuals are then combined they will 
be combined as a group of facts according to the methods of Chapter 
III. In Case 2, on the contrary, a single pair of measures will 
represent the correlation in any one individual and these pairs will 
be combined according to the method of the present chapter. In 
Case 3 a single pfur of figures will represent the correlation in each 
sul^pvup. 

The problem of measurement itself is the same for three cases, 
the difference being in the data used and the consequent meaning of 
the coefiScient of correlation obtained. To any one of the following 
series of related purs the mode of procedure discussed in this chap- 
ter is applicable. 

Rklatbd bt iDEimTT OF CoMsrnoira 

TrMt T and trait. Ti in individual A under conditions Ci 

Traii T &nd trait Ti in individual A under conditions Ci 

l^ait T and trait Tj in individual A undm conditions C| 

Rklatisd bt InKNTFiT or thb Individual 

Trait T and trait Ti in group, ten-year-olds, in individual I\ 

Trait T and trait Ti in group, ten-year«lda, in individual It 

Trait T and trait Ti in group, ten-yeai^Ida, in individual /* 

Related bt iDSNTrrr op tbb Sub-qhoup 
TrMt T and trait Ti in group, all men, in sub-group Cfaineoe. 
Trut T and trut T\ in group, all men, in sub-group N^roes. 
Trait T and trait Ti in group, all men, in sub-group Indiana. 
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It is p^haps needless to point out that the existence of a certain 
relation within an individual does not imply anything about the 
relation within a group of individuals, nor that again about the 
relation within a group of groups. Individuals may be happier 
when they are richer, but licb individuals amongst Americans may 
be no happier than poor individuals, and from neither fact could we 
infer that the American population would be happier or less happy 
than the Chinese or the Negro population. 

For similar reasons the nature and amount of a correlation will 
depend upon the group selected. If, for instance, the correlation 
between knowledge of history and knowledge of English literature 
is measured in the group, high-school graduates, by using the 
deviations of individuals from the high-school graduates' averages in 
the two traits, the correlation will be less close than if we use the 
group, all people. The correlation between height and weight will 
be less close if measured in the group, 18-yeaiM>lds, than if measured 
in all diildren under twenty. Any relation so calculated should 
always be thought of as the correlation of deviations from the 
assigned points of reference in the two traits in the case of the 
individuab of the group in que«tion. To assume that the correlation 
found in any given group holds good also for a different group is 
valid only if the given group is a random selection from the other 
group. 

Problems 

41. Arrange a correlation-table, pairing the two series given 
bdow so that r when calculated will be approximately .8. 

42. Arrange a second correlation table, puring them so that r 
will be approximately .6. 

43. Pair them so that r will be approximately .2. 

Series I.: - 10, -8,-7,-6.-6,-5,-5,-4,-4, - 4, 
-3,-3,-3,-2,-2,-2,-2,-1,-1,-1,-1,-1-1,-1-1, 
+ 1, -I- 1, -h 2, -f- 2, + 2, -I- 2, -I- 3, + 3, -}- 3, -I- 3, -H 4, -I- 4, 
-I- 5, -f- 5, -I- 6. -I- 6, -f- 7, -H 8, -I- 10. 

Series II.: -5,-4,-4,-3,-3,-3,-2,-2,-2,-2, 
-2,-2,-1,-1,-1,-1,-1,-1,-1, 0, 0, 0, 0,-1-1,-1- 1, 
-f 1, -HI, -I- 1, -H 1, + 1, -1- 2, -H 2, -»- 2, -f 2, -I- 2, -I- 3, -I- 3, 
-H 3, -1- 3, -I- 4, -I- 4, -H 5. 
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44. Compute r by all pos^ble methods for the following series of 
pairs, using 115 and 80 as C.T.'s. 

iDdlTldul Si»nlD4 Basra In £ 

a 106 60 

h IM 70 



121 



90 



45. Compute the Pearson coe£Sdents for A with B, A with C, 
and A with D in Table 31 (page 158). 

46. Compute v\., ci, the mid xly ratio, and the mid yjx ratio 
and r by the formula r = v'[{mid a;/y)ri][(mid y/x)tij for the data 
of Table 42. 

To save time, treat ratios with zero in the denominator as 
extreme negatives when the numerator is n^ative, and as extreme 
positives when the numerator is positive. In practice, the mid- 
ratio method would not be used without distributing the zero 
measures. The principle of distribution would be that used for the 
"percentage of like-signed pairs " method. 
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CHAPTER Xn > 

The Reliabiutt op Meabubes 

§ 43. Bependewse upon the Number <^ Separate Meaguren of the Fact 
in Question and upon their Variabiliiy 

When from a limited number of measurements of a fact, say of 
^'3 monthly expenses or B'a ability in perception, we calculate its 
average, the result is not, except by diance, the true average. For, 
obviously, one more measurement will, unless it happens to coiacide 
with the average obtained, change it. For instance, the first 30 
measures of H'a ability in reaction time gave the average .1405; 
the next seven measures being taken into account, the average 
became .1400; with the next seven it became .1406 — ; with the 
next seven, .1406 +. By the true average we mean the average 
that would come from all possible measures of the fact in question. 
The actual average obtained from a limited finite number of these 
measures is, except by chance, only an approximation toward the 
true average. So also with the accuracy of the measure of varia- 
bility obtained. The true variability is that manifested in the entire 
series of measurements of the trait; the actually obtained variability 
is an approximation toward it. The true average and the true 
variability of a group mean similariy the measures obtained from a 
study of all the members of the group. 

It is necessary, then, to know how many trials of an individual, 
how many members of a group, must be measured, to obtain as ac- 
curate knowledge as we need. Or, to speak more properly, it is 
necessary to know how close to the true measure the result obtained 
from a certain finite number of measures will be. 

It is clear that the true average of any set of measures is the ' 
average calculated from aJI of them. If the average we actually . 
obtain is calculated from samples chosen at random, it will prob- 
ably diverge somewhat from the average calculated from all. So 
also with obtiuned and true measures of total distribution, varia- 
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bility, difference and relationship. We measure the imreUability of 
any obtained measure by its probable divergence from the true 
measure. 

It is dear also that the divergence of any measure due to a 
limited number of'measures from the corresponding measure due 
to the entire series, will vary according to what particular samples 
we hit upon, and that if the samples are taken at random this 
variation in the amount of divergence will follow the laws of prob- 
ability. For these laws, based on the algebraic law expressing the 
number of combinations of r things taken n at a time, will account 
for the diiference between the constitution of a total series and the 
constitution of any group of things chosen at random from it, con- 
sequently for the differences between any two measures due respec- 
tively to these two constitutions. 

We have, consequently, to find the distribution of a probable 
divergence (of obtained from true or of true from obtained) and know 
beforehand, in cases of random sampling, that it will have its mode 
at (since all that we do know about the true is that it is more 
likely to be the obtained measure than to be any other one measure). 
What we need to know is its form and variability, to know, that is, 
how often we may expect a divergence of .01, how often one of .02, 
how often one of .03, etc. Suppose our obtained measure to be 
10.4 and the distribution of the probable divergence of its corre- 
sponding true measure from it to be known to be as follows: 



-1.1 to - .9 


1 or 0.1 per cent 


- .9 to - .7 . 


10 or 1 per cent 


- .7 to - .5 


45 or 4.5 per cent 


- .5 to - .3 


120 or 12 per cent. 


- .3 to - .1 


210 or 21 per cent. 


- .1 to + .1 


2S2 or 26 per cent. 


+ .1 to + .3 


210 or 21 percent. 


+ .3to + .5 


120 or 12 per cent. 


+ .6 to + .7 


4Bor 4.6 per cent. 


+ .7 to 4- .9 


10 or 1 percent. 


+ .9 to +1.1 


1 or 0.1 per cent. 



We can say : "The true measure will not rise above 11.3 
(10.4 + .9) in more than one case out of 1,024," or, "The chances 
are over 1,000 to 1 against the measure being over 11.3," or, "The 
chances are nearly 99 to 1 against the true measure being over 11.1," 



Digitized by VjOO'J IC 



188 MENTAL AND SOCIAL MEASUREMENTS 

or, "The chances are about 8 to 1 against the true measure differing 
from 10.4 either above or below by more than .5."*" 

If the form of the distribution of the divergence of the true from 
the obtained measure were known, its variability would be the only 
measure needed. The form will, if it is fairly large, always be fairly 
near to Form A and it is ciistomary to disregard the very slight 
error involved and assume the form to be that of Form A. 

The problem of determining the reliability of any measure duel 
to a limited series of samples is, then, to determine the variability of I 
the fact, divergence of tru€ from cAtained meajmre. 

It is clear that the more nearly the number of samples taken ap- 
proaches the number of things they represent, the closer the ob- 
tained measure will, in general, be to the true measure. In other 
words, the disperaoB of the divergence (ift»i — Mot*.) about zero 
will be less. It is clear also that the less the variability amongst the 
individual samples, the less will be the probable variability of the 
divergence of the obtained from the true measure of central tend- 
ency. For instance, if men range from 4 to 7 feet in height, averag- 
ing 5 feet 8 inches, we can not possibly get an avenge more than 1 
foot 8 inches wrong, while if they range from 2 to 10 feet, we may 
make an error of 3 feet 8 inches. The same holds true for the 
divergence of obtained from true variability. 

The derivation of the formulie expressing the variability of 
the probable divergence of the true from the obtained measure of 
centra] tendency^l^of variability in terms of the number of cases 
and the variability of the obtained distribution need not concern us. 

The fonnulee in common use are given in Section 44. 

§ 44. Formula for the VariabilUy of the Probahle Divergence of a True 

Measure from Ite Correaponding Obtained Measure 
For the unreliability" of an average. 



ffl.«T.-Obt H. — " 



■° It uuy appear strange to t&Ik about the true measure, wluch Is a fixed value, 
"rising above" or "b^ng over," but if the reader will bear in mind that we do not 
know just where it ia fixed, but do know the probabilily of its bong at this or that 
point, he will not misundentand the terms used. They could not well be avtnded 
without much circumlocution. 

" It is customary to speak of the variability of the divergence of a true from 
an obtuned measure as the measure's error. Thus n. .._». ». is called the 
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in which 

't. aT.-«M. ». = the mean square deviation of the probable diver- 
gence of the true from the obtained average." • 
ffdii. = the mean square deviation of the distribution" the 
unreliability of whose average is in question, 
n = the number of measures in the distribution. 
The use of the formula to predict facts will be seen best in a 
concrete case. For instance, let Agta. = the obtained average: let 
iTjit = the variability (mean square or standard deviation) of the 
distribution: let At, = the true average that would be obtained 
from an infinite number of measures. Suppose ^dm. is 20.2, that 
(Tdii. is 4.2, and that nis 300. Then the probable condition of 
the divergence, At. — A^tL, >s to have a mode at zero and a variability 
(ffu-obt.*) about that mode of 4.2/l'^00, or .242. The distribu- 
tion of the probable divergence of the true from the obtained aver- 
age is then as shown in Fig. 91, which is constructed from the 
data: Form of distribution is Form A; mode = zero; <r = .242. 



Pia. 91. 
mean tqaare error of the obtained Average; F.E.t.r_iiM.r. is called tbe proboUe 
error of the obtained coefficient of correlation; h.'D.i. i\a.-,M.aai. is called the 
OKragf error of the obtwied difference. These terms are aoinewhat ill choaen, 
ae there k [«ally no "error," but only a varying degree of probable approidmatiou. 
I shall, therefore, use the word unreltobtJifv throughout. 

"The meaning of the "probable divergenoe" of the true measure (Afi.) 
from that obtained from a seriea of, say, fifty measures {M^ is the oduol 
divergences from Mx. that would be found using all the M<iM.'a of an infinite 
number of siimlar series of fifty measures. That is, if vt. m.-rtt. m, ' 1.5, it meaos 
tliat if a hundred thousand or ao such experiments were to be mode, each ipving 
fifty measures, and if the divergences of the hundred thouaond M^s from Ml 
were computed, they would be found to be distributed around tero as a central 
tendency, with a mean square deviation of 1.5. 

■■ Since, to measure unreliability, we have to measure the variability of a 
divergence and shall need to use terms omilor to those used in measuring the 
variability of things or conditions, it will be well to name the average deviation 
of a distribution of a thing or condition A.D.ui. Similarly, s and P.E. in the 
sense hitherto used will now be called caa. and P J1.4U. 
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From it one can, by proper means," show that the probable 
divergence of At. from 20.2 (the value of Aml) ranges between 
'— .726 and + .726 in about 997 cases out of 1,000, between — .242 
and + .242 in 683 cases out of 1,000, between — .40 and + .40 in 
900 cases out of 1,000. In other words, tie chances are 997 to 3, 
or 332 to 1, that the true average will not deviate from the obtained 
by more than .726; 683 to 317, or over 2 to 1, against a deviation 
of over .242; and 900 to 100, or 9 to 1, against a deviation of over .40. 
In still different words, the chances are 2 to 1 that the true average 
lies between 19.958 and 20.442; 9 to 1 that the true average lies 
between 19.8 and 20.6; 332 to 1 that the true average lies between 
19.474 and 20.926. 

The UnreUability of a Median. — The above formulie, multiplied 
by 1.25331 (or roughly 1J4)j i°fty ^ used for the variability of the 
divergence of the obtained from the true median. That is, 
6 aaiM. 
4 Vn 

The UonlUbUity of a o- and of a Q. — The gross unreliability is 
less for the variability than for the central tendency of the same 
fact, V^ replacing Vn in the denominator. The formula for 
the mean square deviation of the divei^nce of true from obtiuned 
a is: ^ 

"•^'- " S 

For the unreliability of a Q we may use 



ffi. fl-obt « = 



l/2rt 



The Unreliability of a Difference. — The unreliability of a 
measure of a difference (A — B) is measured by the probable 
divergence of the true difference from the obtained difference. 
True difference may mean either one of two things — either the 
difference that would be the central tendency of an infinite number 
of measures of the difference, or the difference that would be found 
between the true measure of A and the true measure of B. 

In the first meaning the unreliability of the difference D is the 

" These means will be made clear in Chiqiter XIII. 
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unreliability of the obtained central tendency of the measures — 
di,di... <£,— each a sample of a certain sort of difference — and is 
to be estimated just as is the unreliability of soy central tendency 
(see p. ISSff). 

In the second meaning, the unreliability is of A^l — Bon. — the 
obt^ned difference between a measure A and a measure B — and 
means the divergence of the probable ^t™ — Bttat from A^t*. — 
Botit- Consider first the distribution of the probable Ai_ — Bf 

The probable true measure At is distributed about Aobt as a 
mode and the probable true measure Bt. is distributed about Bm 
as its mode. The probable true difference — that is. At. — Bt. — 
is a variable with its mode at ^om. — ^bm. and with decrea^ng 
frequencies as we take ^ou. — Baa. + 1. Am. — Bm. + 2, etc., or 
Am. — Bow. — 1. Am, — Bm. — 2, etc. This may be aeen most 
clearly in a concrete case such as follows: 

Suppose that Am. = 50, and that Bm. = 42; that the probable 
divergence of At, from .^om. is ^ given below under I.; and that 
the probiU)le dive^ence of Bt. from B^tL is as ^ven below under II. 

DlTariaDo* t 

-2 to -3 1 1 

-1 to -2 5 6 

to -1 10 10 

to +1 10 10 

+1 to +2 5 6 

+2 to +3 1 1 

To find the probable At. — Bt.. From I. and 11. we get, as 
probable values of ^tm and Acnwi HI- <uid IV. 



4Sto47 1 40to3B 1 

40to4S 5 4Ito40 6' 

EO to 49 10 42 to 41 10 

SO to 61 10 42 to 43 10 

fil (o 52 B 43 to 44 S 

fi2tofi3 1 44to4£ 1 

Using for each distance its midpoint value, the probable Auam 
is as in V., and the probable Bun* is as in VI.: 
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47Jt 1 3».G 1 

48^ fi 40J 5 

«J 10 41 J 10 

SOJ 10 42.6 10 

SI .6 6 43.S S 

&2.5 1 44.5 1 

From these probable values of At„t and Btm we get the following 
probable values of At. — Bt,: 

One 39.6 of Bl with oaa 47.6 of At. givM 1 difFerence of 8 

One 39.S of Bi. with five 48.6b of Al ffvia 6 differencM of 9 

One 39.5 of Bi. with ten 49.68 of At. ^vea 10 diffneacea of 10 

One S9.S of Bi. with toi CO.Ge of Ai. ^vea 10 differenccB of 11 

One 39.5 of fit with five 51.6b of At. gives 6 difTn«ncee of 12 

One 39.6 of Bt. with cme 52.5 of Al ^tm I difFerence of 13 

Five 40.SB of fik with one 47.6 of.4i.Kivee 5 difiennceB of 7 
Five 40.5e of Bl with five 4S.6b of Al ^vee 25 differences of 8 
Five40.6BofBt. with ten 49.68 of ^L gives 60 differences of 9 
five 40.6b of Bt. with ten 60.6e at Al (pvca 60 differences of 10 
five 40.56 of fii. with five 51.Ss of A,, gives 26 differences of 11 
Five 40.5a of Bt. with one 62.5 of Au ipves 6 differencee of 12 
Toi 41.SS of fit. witii one 47^ of Ai. gives 10 differencee of 6 
Ten 41.5s of fit. with five 4S.5« of Al gives 50 differencee of 7 
Ten 41.6b of Bt. with ten 48.6b of At. gives 100 differenccn of S 
Ten 41.6b of Bl with ten 50.Sb of At. gives 100 differences of 9 
Ten 41.GS of Bl with five 51.6s td Al give* 50 differences of 10, 
Ten 4IJa of Bi. with one 63.6 of Al gives 10 differences of ^| ■ 
Ten 42.Gs of fit. with one 47.5 <tf Al gjves 10 differences of 5 
Tm 42.5e of Bl with five 48.5a ot At. gives 50 differences of 6 
Ten 42.6s of fit. with ten 49.6b of Ai. gives 100 differences of 7 
Ten 42.6fl of Bl with ten 50.5> of At. ^ves 100 differences of 8 
Tot 42.6« of fit. with five 51.5s of Al ipvea 60 differotces of 9 
Ten 42.6e of Bt. with one 52.6 of At. pvee 10 diSerenoee of 10 
Five 43.5a of Bl with one 47.5 of Al gives 5 differences of 4 
Five 43.5s of Bl with five 48.Sb of Al gives 25 differences of 5 
Five 43.5a of Bl with ten 49.5a of Al gives 50 differences of 6 
Five 43JSs of Bl with tMi 50.5« of Al ^ves 50 differencee of 7 
Five 43.5« of Bl with five 51 Js of Al ^vee 26 differences of 8 
Five 43 Ja of Bl with one 52.6 of Al gives 5 differences of 9 

One 44.6 of Bl with one 47.5 of Al pves I difference of 3 

One 44.5 of Bl with five 4S.6b of At. pvea 5 differencee of 4 

One 44.6 of fit. with ten 49.6b of Al ^ves 10 differences of 6 

One 44.6 of Bt. with ten 60.6b of Al pves 10 differences of 6 

One 44.6 of fit. with five 61.5e of Al pves 5 differences of 7 

One 44.6 of fiL with one 52.6 <^ Al ^vee 1 difference of 8 
These, being distributed, pve the facta of Table 43. 
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TABLE 43 
DisntiBDTioM OF THE Pbobaslz Au — Bu 



12 10 

18 1 

This ^ves the mode of the probable At. — Bt. ^3 8, which equals 
Am. — B,bL, with decreasii^; frequendea for the aeries: 9 (Am. 

— Bm. + I), 10 C^BW.— Bm. + 2), etc.; and for the series: 7 
(^bt. -Bm - 1), 6 {Am. + Bm.~ 2), etc. 

In general it can be shown that the divergence of the probable 
At_ — Bfc from ^„^ — B„^ is a variable fact, with a mode at zero, 
and B rariabiiity dependent on the variabilities of the divei^nces of 
A^_ from A^^ and of B^^ from B,^. The greater they are, the 
greater it is. It can be shown further that the form of the distribu- 
tion of At, — B^_, and so of the divergence of A^, — B^ from ^ot*. 

— Babi., is approximately of Form A, if the divergences A^_ — A„^ 
and 5^ — B^u*. ft™ approximately of Form A. It can be shown 
further that the variability of the probable divei^nce of A^, — B,^ 
from ^,M. ~ -'^nM. equals the square root of the sum of the squares 
of the probable divergences of A^ from A^^ and of £(. from B,^. 
That is. 



7fte unreliabUity of a difference between A and B equah the equan root 
qf the sum qf the square of the unr eliahUiiy of A and the square of the 
i mrelia bilU y of B . 

The Unreliability of a Coefficient of Correlation. — The probable 
divergence of the true coeffident of correlation from that obtained 
from a limited random selection of the related pairs, is a variable 
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fact with a mode at 0, and a variabUity which serves as the measure 
of the unreliability. 

For r calculated from 

For r calculated from 
l/'[Cinida:/y)»i][(mid y{x)v^, we may » 
For r calculated from 

cos tV, we may use <r,_,_ 
For r calculated from 

2 sin I -p J, we may use Ox. r-M. t - /- ' 

Tntnsmatliig irt-ofet.'B into P.E.t,-au.'B- — So far the variability of a 
divergence of a true from an obtained measure has been expressed 
always as a mean square deviation. Since the distribution of the 
divergence will, if n is fairly large, approximate closely to Form A, 
the Med. Dev. or P.E. of the probable divergence of a true from an 
obtuned measure may be taken as .6745" times the mean square 
deviation (S.D. or <r) of the same divergence. Similarly, the A.D. 
or M.V. of the probable divergence of a true from an obtained 
measure may be taken as .7979 times the mean square deviation of 
the same diveigenoe. 

We have then 

vn 
P.E ._ = .67450.^-), • 

P.E^,_*„= .6745-^, 
etc., etc 
Calculatinf UnreliabilitieB wltiiont Knoiriedge d atk- — In the 
case of distributions, with undistributed measures at dther extreme, 
and in certain other cases, it is impossible to calculate ff^. The 
<• M<m exactly .67449. 
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unreliability of the obtained C.T. and variability in such a case 
may be estimated from the following: 

<^.„.^«.= 1.4826^, P.E.,„.^„»=^, 
Vn Vn 

4\ vn/ ivn 

„_165ft^ pj, ^ i-ilQ^ 



"(t.-xibLaB.A 



= 1.4826 V(Q^.^^y + {Q^.^^r, 



p-E,^-«.«t^-«= V(e^-*^j' + (Q,_^,)». 



Pbobleus 
What is the unreliability of each of the averages and of each fA 
the ff'a in the following cases? 

47. Av.^ = 10. (To^ = 1. JV = 20. 

48. Av.a = 10. ff^fc = 1-5. N=30. 

49. Av.c = 12. a^ = 2.0. JV = 40. 

50. Av.o = 13. ff«^ = 3.0. iV = 40. 

61. Av., = 14. s^ = 3.0. AT = 360. 

What is the unreliability of each of the foUowing differencesf 

62. Av.(j — Av.^ = 2. The data concerning Av.^ and Av.(j 
bdng aa in 47 and 49. 

53. Av.o — Av.^ = 3. The data concerning Av.^ and Av.^ 
bang as in 47 and 50. 

54. Av.a — Av.^ — 4. The data concerning Av., and Av.^ 
being as in 51 and 47. 

56. Av.j — Av.g = 4. The data concerning Av.^ and Av.^ 
bdng aa in 51 and 48. 

56. Av.^ — A.v,c = 2. The data concerning Av.^ and Av.^ 
bdng as in 51 and 49. 

What is the unreliability of r in eadi of the following cases, 

**Q is, by tradition, not used u & name tw a meftnure of unreliabilhy Qi^-.kk. 
would always be practically identical with P J:.i._m. 

" tbe Q in the lubacript b, of course, the Q of the diatributicat In queetioD. 
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supposing r to have been calculated from 

SI. I- - .46. ff - 200. 

58. r - .16. JV - 200. 

59. r - .16. ff - 600. 
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CHAPTER Xm 

The Use of Tables of Frequenct of^the Pbobabiltit Surface 

$45. TMes cf Valveg cf the Normai ProbabUit}/ Integral 
Table 44 gives, for a surface of fiequeDcy of Form A,^ tbe 
proportion of cases included between tbe average, 0, and various 
amounts of deviation tberefrom, tbe latter being expressed as a 
multiple of tbe mean square deviation of tbe distribution. 

Thus, tbe first line of entries of Table 44 reads: Between tbe 
average and + .Olir, tbere are 40/10,000 or 0.4 per cent, of tbe 
cases; between tbe average and + .02<r, tbere are 80/10,000 or .fIR 
per cent, of tbe cases; between tbe average and + .030, tbere are 
120/10,000 or 1.2 per cent, of tbe cases, etc., etc Tbe facts are 
identical for — .Olir, — .02ff and — .03*. 

' The lurftuto of frequency ot Table 44 (wbicli ia that of & qputotHy due to 
the di&ntM oombinaitiaiiB of n cuuee, all equal and independeiit, when n Ib in- 
finitely large) ie, aa has beoi stated elsewhere, the surface cncloaed by tbe nonnal 
pitbability curve, 

(y-p^ «»-■—, 
or Bome spedaliaed form, as 

and tbe abociaaa or base line on which x ia sealed. 

In thia form of distribution the Avoage, Median and Mode ooindde, fcir 
V ia the same for any pven — z as for the aame + x, and is greateat when x — 0. 
Constant relations hold between the different meaauiee of variability, via: 
* -l .25331 A.D. 
«- 1.48256 PJE:. 
A.D.- .7979<r 
A.D.-1.1843 F:E. 
P.E.- .6746<r 
Pi:.- .8453 A.D. 
Between (Av. ~ v) and (Av. + v) are 68.26 per cent, of the casta. 
Between (Av. - A.D.),aQd (Av. + A.D.) are 57.6 per cent, of the cases. 
Between (Av. - P.E.) and (Av. + P.E.) are 50 per cent, of tbe cases. 
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TABLE 44t 

Table or Valusb or thb Nobmai. Pbobabujtt Imteokal CoBKKSPOHDiKa to 

VALimB or z/o-; i. e. thb Fbactiom or tee AbxL of ths Buhtach or 

Fbxqubnct or Fobm A Betwxxm thb Lhotb 

AND +xl,r OB AMD -x/c 

Total ana pf mxfaee aatumtd to 6e 10,000. 100 - 1 ptfr cant. 
x^deviaiion from mean, r— standard dtviaUm. 

■/« M .01 M OS M .OS J» .07 .DS .09 A 

0.0 0000 0040 0080 0120 ' 0160 01B9 0230 0279 0319 0350 30.8 

0.1 0398 0138 0478 0517 0557 0696 0636 0675 0714 0753 39.4 

0.2 0793 0832 0871 0910 094S 0987 1028 1064 1103 1141 38.6 

0.3 1179 1217 1255 1293 1331 1368 1406 1443 1480 1517 37.6 

0.4 1664 1591 1628 1664 1700 1736 1772 1808 1844 1870 XAi 

0.5 1916 1960 19S5 2019 2064 2088 2123 2167 2190 2224 84.2 

0.6 2267 2291 2324 2357 2389 2422 2464 2486 2517 2549 32.2 

0.7 2580 2811 2842 2873 2704 2734 2764 2794 2823 2852 30.0 

0.8 2881 2910 2939 2967 2995 3023 3061 3078 3106 3133 27.7 

0.9 3159 3186 3212 3238 3304 3290 3316 3340 3366 3389 26.3 

1.0 3413 3438 3461 3485 3508 3531 3564 36n 3699 3621 22.9 

1.1 3643 -3665 3686 3708 3729 3749 3770 3790 3810 3830 20.6 

1.2 3849 3869 3S8S 3907 3925 3944 3962 3980 3997 4016 18.2 

1.3 4032 4049 4066 4082 4099 4116 4131 4147 4162 4177 15.0 

1.4 4192 4207 4222 4236 4261 4266 4279 4292 4306 4310 13.8 

1.5 4332 4345 4367 4370 4383 4394 4406 4418 4429 4441 11.9 

1.6 4452 4463 4474 4484 4496 4506 4515 4526 4535 4645 10.1 

1.7 4654 4664 4573 4582 4591 4590 4608 4616 4625 4633 8^ 

1.8 4841 4649 4656 4664 4671 4678 4686 4693 4699 4706 7.1 

1.9 4713 4719 4726 4732 4738 4744 4760 4766 4761 4767 6.9 

2.0 4772 4778 4783 4788 4793 4798 4803 4808 4812 4817 4.8 

2.1 4821 4826 4830 4834 4838 4842 4848 4850 4854 4867 3.9 

2.2 4861 4864 4868 4871 4876 4878 4881 4884 4887 4890 8.1 

2.3 4893 4896 4898 4901 4904 4906 4909 4011 4913 4916 2Jt 

2.4 4918 4920 4022 4926 4927 4929 4931 4932 4934 4038 2J0 

2.5 4938 4940 4941 4943 4945 4946 4948 4049 4951 4952 1£ 

2.6 4953 4966 4056 4067 4050 4960 4961 4962 4963 4964 '1.2 

2.7 4966 4066 4067 4968 4969 RtO 4071 4072 4073 4074 I JO 

2.8 4074 4075 4076 4077 4077 4978 4970 4970 4080 4081 0.7 

2.9 4081 4082 4082 4083 40S4 4084 4985 4085 4986 4^ 0.6 

3.0 4086.5 4986.9 4987.4 4987.8 4988.2 4988.6 4988.0 4080.3 4080.7 4000.0 0.37 

3.1 4000.3 4000.6 4001.0 4901.3 4001.6 4001.8 4992.1 4902.4 4902.6 4902.9 0.27 

3.2 4993.120 0.17 

5.3 4995.166 0.12 

3.4 4906.631 0.10 

3.5 4997.674 0X17 

3.6 4998.400 OM 

3.7 4998.922 OM 

3.8 4909.277 OJB 

3.9 4999.610 
4.0 4999.683 

4.6 4900.066 

6.0 4000.007133 
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Any entry of the table, that is, givea the area bounded by (l) 
the base-line, (2) the boundary-line of the surface of frequency, (3) . 
the vertical erected at the average and (4) the vertical erected at a 
given distance from the average. It gives the area as so many ten 
thousandths of the area of the entire surface. (1), (2).- and (3) 
are the same for all entries. (4) is defined in the table by the 
"distance from the average," this distance being expressed as a 
multiple of a. The table is for distances from the average up to 
5.0ir, only three ten-millionths of the area being beyond that limit. 

The table may be used for "distance pitu from the average" 
or for "distance minus from the average" ^nce the surface of Form 
A is symmetrical. The table has entries corresponding to the 
distances .Oltr, .02ir, .OSir, etc.. Up to 3.20ff, and thereafter entries 
for 3.3(r, 3.4(r, 3.5ff, etc., up to 4.0<t, and for 4.5? and 5.0<t. 

The entries in the column under A give the approximate dif- 
ferences between neighboring entries in the body of the table, so as 
to allow convenient estimates of values corresponding to such 
distances from the average as .036<r, 057ir, 024^ and the like. Thus 
to find the proportion of the total area between the central tendency 
and -|- 1.464ff we take the table entry for 1.46 (which is 4279) and 
add .4 X 13.8 (5.52), getting 4285. 

Table 45 is the same as Table 44, except that (1) the distances 
from the central tendency are in multiples of the F.E. or Q, and 
that (2) the table is not so full, containing entries for only .1 P.E., 
.15 P.E., .20 P.E., .25 P.E., etc. 

Table 46, in which the A.D. is the unit in which the distances 
are expressed, is still more abbreviated, containing entries for only 
.1 A.D., .2 A.D., .3 A.D., etc., and being for thousandths instead of 
ten thousandths of the total area. 

■ This table is arranged from the fuller table ipren by W. F. Sheppard in 
BwmetrOa, Vol. 2, pp. 1S2 S. • 
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TABLE S2 

Tablb of Valuss or tbb Nobual PsoBABiuTr Ikteisrai.. Tbb Fkactioh 

OF THE Abxa of thx Subface of Fbe4)i;xnct of Fobm A bxtwmen 

TBB LOOTB, AND + xlQ OB AND — xlQ 

Tofol area of tuxSaet ossumal lo b« 10,000 

i/Q .00 .OB x/4 .00 .OS 

000 135 ' Za 4785 4802 

.1 269 403 3.1 4S17 4831 

.2 536 670 3.2 4846 4858 



1063 


1193 


3.4 


4891 


4900 


1321 


1447 


ZA 


4909 


4917 


1571 


1695 


Z& 


4924 


4931 


1816 


1935 


3.7 


4d37 


4943 


2063 


2168 


3.8 


4948 


4953 


2291 


2392 


3.9 


4967 


4961 


2500 


2606 


4.0 


4965 


4968 


2709 


2810 


4.1 


4971 


4974 


2908 


3004 


4.2 


4977 


4979 


3007 


3188 


4.3 


4981 


4983 


3276 


3360 


4.4 


4986 


4987 


3441 


3521 


4.5 


4988 


4989 


3507 


3671 


4.6 


4990 


4991 


3742 


3811 


4.7 


4992 


4993 


3896 


3039 


4.8 


4994 


4994.6 


4000 


40S7 


4.9 


4906.2 


4906.7 


4113 


4166 


5.0 


4996JZ 


4996.6 


4217 


4266 


6.1 


4997.1 


4997.4 


4311 


4354 


6Ji 


4987.7 


4908.0 


4396 


4435 


6.3 


W982 


U98.4 


4472 


4608 


6.4 


4998.6 


4098.8 


4641 


4573 


6.6 


4999.0 


4999.1 


4602 


4631 


6.6 


4999.2 


4999:3 


4657 


4682 


6.7 


4999.4 


4999.6 


470B 


4727 


6.8 


4999.66 


4999.6 


4748 


4767 


6.9 


4999.66 


4999.7 




TABLE S3 







Tablb of VaIiTibb of thb Nobiui< Fbobabiutt In^bobal Cobbibpokdimo 10 

Valubb of a;/(A.D.) 

rotdJ ana <4 "^ twjaee of Jrtipieney laketi a» 1,000 

S/A.D. .0 .1 .1 .B .i .1 ,t .1 J .9 

0. 000 032 063 096 125 156 184 212 238 264 

1. 288 310 331 350 368 384 399 413 426 485 

2. 446 463 460 467 472 477 481 484 487 490 

3. 402 403.4 494.6 495.8 496.7 497.4 498.0 498.4 498.7 490.1 

4. 490.3 400.5 499.6 499.7 499.8 499.0 
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TABLE 64 



Ae Average Distanoe fiom the Centr&l Tendency, in Terms of aait^ at 
Any Defined Percentage of Continuous Hanlcs of a Series of Facts Ranked iac 
Relative Porition, the Fonn of Distribution for the Fact in Question in the Series 
in Questioa Being Assumed to Be tliat of the Normal Probability Surface. 

01234567 
1 270 218 196 181 170 160 151 144 
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TABLE 66 










ATABLlTOlMnS 


rDViiM 


OF r raoM AwT Gn«r Viiim 


OF p. 










fi-1 


exD* 

-«(n.-l) 








M 


^105 


M 


5714 


.61 


JS277 


76 


7760 


jia 


sma 


.27 


.2818 


.62 


.5878 


77 


7847 


03 


.0314 


.28 


2922 


.63 


.5479 


78 


7943 


M 


.0410 


.29 


.3026 


.64 


.6660 


79 


8039 


05 


.0624 


.30 


.3120 


.66 


.6680 


.80 


8136 


06 


.Ot^ 


31 


.3232 


.66 


.6781 


SI 


8230 


07 


.0733 


32 


.3335 


.67 


.5881 


.82 


8326 


08 


.0838 


.33 


.3439 


M 


.6981 


.83 


8421 


OS 


.0942 


.34 


.3642 


.69 


.6081 


.84 


8616 


10 


.1047 


.36 


.3646 


.60 


.6180 


.86 


8610 


11 


.1161 


36 


.3748 


.61 


.6280 


.86 


8706 


12 


.1266 


.37 


.3850 


.62 


.6379 


a 


8709 


18 


,1360 


.38 


.3936 


.63 


.6478 


S& 


8893 


14 


.1466 


.39 


.4066 


.64 


.6677 


.88 


8886 


16 


.1569 


.40 


.4158 


.65 


.6676 


00 


0080 


16 


.1674 


.41 


.4261 


.66 


.6776 


91 


0173 


17 


.1778 


.42 


.4363 


.67 


.6878 


02 


0260 


18 


.1SS2 


.43 


.4466 


.68 


.6071 


63 


9360 


19 


.1986 


.44 


.4667 


.69 


.7060 


94 


0461 


M 


.2091 


.46 


.4669 


.70 


.7167 


OS 


0643 


21 


SIW 


.46 


.4771 


.71 


.7265 


96 


9636 


J22 


.2200 


.47 


.4872 


.72 


.7363 


07 


9727 


JH 


.2403 


.48 


.4978 


.73 


.7460 


08 


981S 


M 


.2607 


M 


.6076 


.74 


.7557 


99 


9000 


M 


.aeu 


.60 


.6176. 


.76 


.7664 1 


.00 1 


0000 
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TABLE Sa 

IXWMB TBB VaLCX OP r FBOIC AXT GlTIlK VaLVB OF B, AoOOBDINa 

TO r - an (t/2)A. £ - 1 - (6zG)/(t^ - 1} 



.078 
-OM 



.187 
.203 

J218 
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Aim JN COMPUTATION 



A Tabu to Imtsr thz 



TABLE 57 
Value of r fboh Aitt Qivhn Valcb or R, AocoBDiNa 
- 2 COB ^(1 - «) - 1. B - 1 - -^ 



.209 
.226 
.242 
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228 MENTAL AND SOCIAL MSASVRSMBNTS 

TABLE SB 
Talo>b of r CoBBBSPomiHO to Eack PutdHTAOi or TJtiuKa-nama 

PAIBS. It IBB PSBdHTAOKS ARX TaUN Afl THOU OT THK LlI94iaHM> PaUB, 

ras r'B ASK NwuTTvs r - tbb CoimciwiT op Cobshlatiok, U - isi 
NtiHBKB or Umukb-bionxd Paeu DrrmwD bt thb NmoaB of Lm^niKCD 
AMD Uiruut-uaMED Paibs. 



.00 



:a 



1.0000 



SHOT 
.fl29S 
.9174 
.0044 



.7902 
.7707 
.7504 
.7293 
.7074 



M 



.S84S 

.eei5 

.687S 
.6129 

£368 
.0001 
.4819 
.4542 



2485 
J2180 
.1S73 
.1664 



TABLE 69 

Ths Amoontb or DtrraBurcB (z — v) CoBKESPOMDiNa to Givxm PKHcmTAdcs 

OP JuDOmMTB THAT X > V % r — thk Pbbcbmtaqs or Jcdoukntb 

THAT z > V- A/P.E. — X — V, IK MuunPLxs or 

TBB DtrtSBSNCB 8DCH TEAT % r IB 76 



*' 


air.K. 


*r 


A/P.K. 


tr 


A/F.R. 


tr 


A/P.K. 


*r 


A/P.X 


50 


.000 


60 


.376 


70 


.778 


80 


1.246 


90 


1.900 


61 


.0S7 


61 


.414 


71 


.821 


81 


1.300 


91 


1.987 


K 


.074 


62 


.453 


72 


.866 


82 


1.366 


92 


2.083 


53 


.112 


63 


.492 


73 


.909 


83 


1.412 


93 


2.188 


64 


.149 


64 


.632 


74 


.964 


84 


1.472 


94 


2305 


86 


.186 


65 


.571 


75 


1.000 


86 


1.636 


95 


2.439 


56 


.224 


06 


.612 


76 


1.046 


86 


J. 601 


96 


2.696 


67 


.262 


67 


.653 


77 


1.094 


87 


1.670 


97 


2.790 


68 


.299 


68 


.694 


78 


1.143 


88 


1.742 


98 


8.045 


69 


.337 


60 


■736 


79 


1.194 


89 


1.818 


09 

99.6 
99.7S 


8.460 

3.818 
4.166 
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A. MDLTIPIJOATION TABLE tIP TO 100 X 100. 

The reader's attention has already been called to Crelle's lUch- 
entqfdn, a. multiplication table np to 1000 x 1000. It aaves much 
time, replaces mental work by finger and eye work, and deoreaaes 
errors in calcnlation, Crelle's table, however, makes a book some 9 
by 14 inches, weighing several pounda. The table that follows is a 
mo<Mcation of Crelle's table, but runs only to 100 x 100. For 
work with these smaller nambers and for approximate calculatione, 
it is more rapid than the longer table and is bo arranged as to be 
easier for the eyes. 

Its uses will be apparent npon examination, but the reader shonld 
note that it serves for division as well as for maltiplication. In 
dividing, one of course finds the divisor in the row of figures in heavy 
faced type at the top of the page, hunts for the dividend in the col- 
umn beneath it, and, this being found, obtains the quotient in the 
figure in heavy-faced type at the side of the page. Thus to divide 
684 by 38, one looks nnder 38, finds 684 and opposite it, at the side 
of the page, 18, the answer. Again to divide 1,600 by 38, one looks 
under 38, finds 1596 to be the nearest number, and so the nearest 
two-figure answer to be 42. If one needed greater precnsion, he could 
divide the remtunder 4,0 by 38, getting 0.1, and then the remainder 
.2000, getting .0052, or 42.1052, and bo on to any denred predsion. 
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MENTAL AND SOCIAL MEASUREMENTS. 



W 12 14 16 18 20 



44 55 M 77 88 99 110 

45 60 72 81 96 108 120 
62 65 78 91 104 117 130 
66 70 84 98 112 126 140 

90 106 120 1S6 150 



128 


144 


160 


16 


136 


168 


170 


17 


144 


162 


180 


18 


152 


171 


190 


19 


160 


180 


200 


S» 


168 


189 


210 


21 


m 


198 


220 


23 


184 


207 


230 


23 


193 


216 


240 


» 



48 64 80 96 112 
61 68 86 lOS 119 



67 76 96 U4 133 



63 84 106 126 147 

66 88 110 132 164 

69 92 116 138 161 

72 96 120 144 168 

76 100 J26 150 176 

78 104 130 156 182 208 234 280 

81 108 136 162 189 216 243 270 

84 112 140 ' 168 106 224 2G2 280 

87 116 145 174 203 232 281 290 

go 120 160 180 210 240 270 800 



62 93 124 166 186 217 248 279 310 

64 96 128 160 192 224 256 288 320 

66 99 132 165 198 231 264 297 330 

68 102 136 170 204 238 272 306 S40 

70 105 140 175 210 245 280 316 360 

72 108 144 ISO 216 262 288 824 860 

74 111 148 186 222 269 296 333 370 

76 114 162 190 228 266 304 342 380 

78 117 156 196 234 273 812 361 390 

80 120 160 200240280820300400 



84 126 168 210 252 294 336 378 420 
268 801 844 387 410 
264 808 352 396 440 



86 


129 


172 


216 


88 


132 


176 


220 


90 


135 


180 




92 


138 


184 


230 


94 


141 


188 


235 


96 


144 


192 


240 



319 376 423 470 
240 288 336 384 432 480 
98 147 196 246 294 343 392 441 490 
100 150 200250300350400450500 
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A MULTIPLICATION TABLE. 



102 


153 


204 


256 


306 


867 


408 


459 


510 


61 


104 


166 


208 


260 


312 


364 


410 


468 


520 


62 


106 


169 


212 


286 


318 


871 


424 


477 


630 


53 


106 


182 


216 


270 


824 


378 


432 


486 


640 


64 


110 


166 


220 


276 


830 


386 


440 


496 


650 


6S 


112 


168 


224 


280 


836 


892 


448 


504 


660 


6Q 


114 


171 


228 


286 


842 


399 


466 


613 


670 


67 


116 


174 


232 


290 


348 


406 


464 


622 


680 


68 


118 


177 


236 


295 


354 


413 


472 


631 


690 


69 


1» 


180 


240 


800 


860 


420 


480 


640 


600 


60 


122 


188 


244 


806 


866 


427 


488 


649 


610 


61 


124 


186 


248 


310 


872 


484 


496 


658 


620 


62 


126 


189 


262 


816 


878 


441 


604 


667 


630 


«3 


128 


192 


256 


820 


384 


448 


612 


676 


640 


64 


180 


196 


280 


326 


300 


455 


620 


585 


660 


6S 


132 


198 


264 


380 


396 


462 


628 


694 


660 


66 


134 


201 


268 


835 


403 


469 


636 


603 


670 


67 


136 


204 


272 


340 


408 


476 


644 


612 


680 


68 


138 


207 


276 


346 


414 


483 


662 


621 


890 


69 


140 


210 


280 


350 


42D 


400 


660 


680 


700 


70 


142 


213 


284 


366 


426 


497 


668 


639 


710 


71 


144 


216 


288 


360 


432 


604 


676 


648 


720 


72 


146 


219 


292 


865 


438 


511 


684 


657 


730 


73 


148 


222 


296 


370 


444 


618 


692 


666 


740 


74 


160 


226 


800 


376 


460 


526 


600 


676 


750 


75 



228 804 

154 231 308 385 462 639 616 698 770 

166 234 312 890 468 646 624 702 780 

168 237 316 396 474 658 632 711 790 

160 240320400480660640 720 800 



81 


162 


243 


324 


405 


486 


667 


648 


720 


810 


82 


164 


246 


828 


410 


492 


674 


666 


738 


820 


83 


166 


249 


832 


415 


498 


581 


664 


747 


830 


84 


168 


252 


336 


420 


604 


588 


672 


766 


840 


86 


170 


255 


840 


426 


510 


695 


680 


766 


850 


86 


172 


268 


344 


430 


616 


602 


688 


774 


860 


87 


174 


261 


348 


436 


622 


609 


606 


783 


870 


88 


176 


264 


852 


440 


528 


616 


704 


792 


880 


89 


178 


287 


356 


445 


634 


623 


712 


801 


890 


90 


180 


270 


360 


460 


640 


630 


720 


810 


900 


91 


1S2 


273 


304 


466 


646 


637 


728 


819 


910 


92 


184 


276 


368 


460 


552 


644 


736 


828 


920 


93 


186 


279 


372 


465 


558 


651 


744 


837 


930 


94 


188 


282 


876 


470 


664 


668 


752 


846 


940 


9« 


190 


285 


380 


476 


570 


665 


760 


855 


960 


96 


192 


288 


384 


480 


676 


672 


768 


864 


960 


97 


194 


291 


388 


486 


682 


679 


776 


873 


970 


98 


196 


294 


392 


490 


688 


686 


784 


882 


980 


99 


198 


297 


306 


495 


694 


693 


792 


891 


990 


100 


200 


300 


400 


600 


600 


700 


800 


900 


1000 
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MENTAL AND SOCIAL MEASUREMENTS. 

11 U 13 U 16 16 17 18 19 

11 12 13 14 16 1« 17 18 19 
2321298880 82 343638 



6600ftG7O76 8086909G100 

66 72 78 84 W W 108 108 114 120 

77 84 91 K lOB 112 119 126 133 140 

88 96 104 lis 120 128 136 144 162 100 

W 106 117 126 136 144 163 162 171 180 

110 120 laO 140 160 160 170 180 190 200 



121 182 143 164 165 176 187 198 209 290 

182 144 166 168 180 192 204 216 228 240 

143 166 169 182 196 208 221 234 247 260 

164 168 182 106 210 224 238 SS2 266 280 

166 180 196 210 226 240 266 270 286 800 

176 192 208 224 240 266 272 288 304 320 

187 204 221 288 256 278 889 306 323 340 

106 216 234 262 270 288 806 824 S42 360 

209228 247 266286304323342 361880 
22O24O26O28O3OO32Q34O30O88O4OO 



231 262 873 204 316 336 867 378 SOO 420 

242 284 286 308 330 362 374 390 418 440 

263 276 299 322 345 868 391 414 437 460 

264 288 312 336 360 384 408 432 466 480 
276 300 326 860 376 400 426 460 475 600 
286 812 338 864 390 416 442 468 494 620 
297 324 351 378 406 432 469 486 613 640 
308 336 364 392 420 448 473 604 532 660 
319 348 377 406 436 484 403 622 6Sl 680 
880 360 390 420 460 480 610 640 670 600 

841 872 403 434 466 496 627 668 680 620 

862 884 416 448 480 612 544 67« 608 640 

868 896 429 462 405 628 661 594 «27 060 

874 408 442 476 610 644 678 612 646 680 

886 420 466 490 625 660 596 630 065 700 

398 432 468 604 640 570 612 648 684 720 

407 444 481 618 666 692 629 666 703 740 

418 466 494 532 670 608 646 684 722 760 

429 468 607 546 686 624 663 702 741 780 

440 480 620 660 600 640 680 720 76Q 800 

461 402 633 674 616 666 .697 738 779 820 

468 604 646 688 630 672 714 766 798 840 

478 616 559 602 846 688 731 774 817 660 

484 628 572 616 860 704 748 792 836 880 

495 640 585 630 676 720 766 810 866 900 

606 662 698 644 690 736 782 828 874 920 

617 664 611 668 706 762 799 846 893 940 

628 676 624 672 720 768 816 864 912 960 

689 688 637 886 735 784 833 882 931 980 

660600660 700 750 800860900950 lOOO 

11 la 13 14 16 16 17 IS 19 20 



Digitized by VjOO'J IC 



A MULTIPLICATION TABLE. 

11 13 13 U 19 16 17 18 19 20 

HI 612 6«3 714 766 810 867 618 969 lOaO 

672 624 676 728 780 832 884 9S6 988 1040 

fi83 636 ess 742 795 848 901 OM 1007 1060 

694 648 702 756 810 864 918 972 1026 1080 

605 660 715 770 825 880 036 990 1045 1100 

616 672 7SS 784 840 896 952 1008 1064 1120 

627 684 741 798 865 012 969 1026 1083 1140 

688 696 764 812 870 92S 966 1044 1102 1160 

649 708 767 826 886 944 1003 1062 1121 1180 

660 720 780 840 900 060 1020 1080 1140 1200 



671 782 798 854 915 976 1037 1098 1159 1220 

682 744 806 868 930 992 1054 1116 1178 1240 

693 7S6 819 882 946 1008 1071 1134 1197 1260 

704 768 882 896 900 1024 1088 1152 1216 1280 

716 780 846 910 975 1040 1106 1170 1236 1300 

726 792 858 024 900 1056 1122 1188 1254 1320 

737 804 871 938 1006 1072 1139 1206 1273 1340 

748 816 884 962 1020 1088 1156 1224 1292 1360 

759 828 897 966 1036 1104 1178 1242 1311 1380 

770 840 910 080 1060 1120 1190 1260 1330 1400 

781 852 923 094 1066 1136 1207 1278 1349 1420 

702 864 936 1008 lOBO 1162 1224 1296 1368 1440 

803 676 949 1022 1095 1168 1241 1314 1387 1460 

814 888 962 1036 1110 1184 1268 1332 1406 1480 

625 900 076 1050 1125 1200 1275 1360 1426 1500 

836 912 088 1064 1140 1210 1292 1868 1444 1520 

847 924 1001 1078 11S6 1232 1309 1386 1463 1540 

868 936 1014 1092 1170 1248 1326 1404 1482 1660 

809 948 1027 1106 1185 1264 1343 1422 1501 1580 

880 960 1040 1120 1200 1280 1360 1440 1520 1000 

891 972 1058 1184 1216 1296 1377 1468 1689 1620 

902 984 1066 1148 1230 1312 1394 1476 1568 1640 

913 996 1070 1162 1245 1328 1411 1494 1577 1600 

924 1006 1002 1176 1260 1344 1428 1612 1596 1680 

036 1020 1106 1190 1275 1360 1446 1630 1616 1700 

946 1032 1118 1204 1290 1376 1402 1648 1034 1720 

957 1044 1131 I2I8 1306 1392 1479 1566 1653 1740 

968 1056 1144 1232 1320 1408 1496 1684 1672 1760 

979 1068 1157 1246 1335 1424 1513 1002 1691 1780 

090 1080 1170 1360 1350 1440 1530 1630 1710 1800 

1001 1092 1183 1274 1366 1466 1547 1688 1729 1820 

1012 1104 1196 1288 1380 1472 1504 1056 1748 1840 

1023 1110 1200 1302 1395 1488 1681 1674 1767 I860 

1034 1128 1222 1316 1410 1504 1598 1692 1786 1880 

1045 1140 1235 1830 1426 1520 1615 1710 1806 1900 

1060 1152 1248 1344 1440 1586 1682 1728 1824 1920 

1067 1164 1261 1368 1455 1562 1049 1746 1843 1940 

1078 1176 1274 1372 1470 1668 1666 1764 1862 1960 

1089 11B8 1287 1380 1485 1584 1668 1782 1881 1980 

1100 1200 1300 1400 1600 1600 1700 1800 1900 2000 

11 12 13 U IS 16 17 18 19 30 
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MENTAL AND SOCIAL MEASUItEMBNTS. 

II 12 13 14 18 16 17 18 1» 

11 12 13 14 15 16 17 18 10 



44 48 62 66 60 64 68 72 76 80 

66 60 66 70 76 80 86 90 96 100 

«6 72 78 84 90 96 102 108 114 120 

77 84 91 98 106 112 119 126 133 140 

88 96 104 113 190 1S8 186 144 162 160 

«9 108 117 126 185 144 163 162 171 180 

110 120 190 140 160 160 170 180 190 200 



121 1S2 14S 164 166 176 187 198 209 220 

132 144 156 168 180 192 204 216 228 240 

143 166 169 182 195 208 221 234 247 260 

164 168 182 190 210 224 238 262 266 280 

166 160 196 210 226 240 266 270 286 800 

176 192 208 224 240 256 272 288 804 820 

187 204 221 2S8 265 272 289 800 323 340 

198 216 234 262 270 288 806 324 342 360 

209228 247 266286304323342 361 380 

220240260280300 320 340800880400 



231 262 278 294 816 836 367 378 899 420 

242 264 286 808 330 852 374 396 418 440 

263 276 299 322 346 868 391 414 437 460 

264 288 812 336 360 384 408 432 466 480 
276 300 825 850 875 400 425 450 476 600 
286 812 338 864 890 416 442 468 494 620 
297 324 361 378 406 432 469 486 613 ' 640 
808 836 364 392 420 448 476 604 532 660 
819 348 377 406 435 464 493 622 661 680 
830 360 890 420 460 480 610 640 670 600 



341 372 403 484 466 496 627 668 689 620 

352 884 416 448 480 612 544 576 608 640 

863 396 429 462 496 628 661 694 627 660 

374 408 442 476 610 644 678 612 646 680 

386 420 45G 400 526 660 596 630 665 700 

396 432 468 604 640 676 612 648 684 720 

407 444 481 618 665 692 629 666 708 740 

418 466 404 632 670 608 646 684 722 760 

429 468 507 646 686 624 663 702 741 780 

440 480 620 660 600 640 6S0 720 769 800 

461 492 633 674 615 656 .607 738 770 820 

462 604 646 688 630 672 714 766 798 840 
473 616 659 602 645 688 731 774 817 860 
484 628 672 616 660 704 746 792 836 880 
496 640 686 630 676 720 765 810 865 000 
606 662 698 644 690 736 782 628 874 020 
617 664 611 658 706 762 700 846 893 040 
528 676 624 672 720 768 816 864 912 900 
639 688 637 666 735 784 838 882 031 080 
660 600 650 700 760 800 860 000 060 1000 

11 12 13 14 IS 16 17 18 19 » 
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A MULTIPLICATION TABLE. 

11 12 13 U 15 16 17 18 19 20 

5S1 613 663 714 766 816 867 918 069 1020 

672 624 676 728 780 S32 884 936 988 1040 

663 036 689 742 796 848 901 954 1007 1060 

694 648 702 766 810 864 918 972 1026 1080 

606 660 716 770 826 880 936 990 1046 1100 

616 672 728 784 840 896 962 1008 1064 1130 

627 684 741 798 866 912 969 1026 1083 1140 

638 696 764 812 870 928 986 1044 1102 1160 

649 706 767 826 8B6 944 1003 1062 1121 1180 

660 720 780 640 900 960 1020 1080 1140 1200 

671 732 798 854 916 976 1037 1098 1169 1220 

682 744 806 868 930 992 1064 1116 1178 1240 

693 756 810 882 946 1008 1071 1134 1107 1260 

704 768 832 896 960 1024 1088 11S2 1216 1280 

716 780 846 910 976 1040 1106 1170 1236 1300 

726 792 858 924 990 1066 1122 1188 1254 1320 

737 804 871 S3B 1006 1072 1139 1206 1273 ia40 

748 816 884 962 1020 1088 1156 1224 1292 1360 

759 628 697 066 1036 1104 1173 1242 ISII 1380 

770 840 910 980 1060 1120 1190 1260 1S30 1400 

781 852 923 994 1066 1136 1207 1278 1840 1420 

792 864 936 1008 1080 1152 1224 1296 1366 1440 

808 876 949 1022 1005 1168 1211 1314 1387 1460 

814 888 962 1036 1110 1184 1268 1332 1406 1480 

825 90O 976 1050 1126 1200 1275 1360 1425 1500 

8S6 912 988 1064 1140 1216 1292 1868 1444 1620 

847 924 1001 1078 1166 1232 1309 1386 1463 1640 

858 936 1014 1092 1170 1248 1826 1404 1482 1560 

869 948 1027 1106 1186 1264 1343 1422 1601 1580 

880 000 1040 1120 1200 1280 1360 1440 1620 1600 

801 972 1063 1134 1316 1206 1377 1468 1639 1620 

902 984 1066 1148 1230 1812 1304 1476 1658 1640 

018 906 1070 1162 1246 1328 1411 1404 1677 1660 

924 IOCS 1092 1176 1260 1344 1428 1512 1506 1680 

935 1020 1106 1190 1276 1360 1445 1530 1616 1700 

946 1032 1118 1204 1290 1376 1462 1648 1634 1720 

967 1044 1131 1218 1306 1392 1479 1666 1653 1740 

968 1066 1144 1232 1320 1408 1496 1584 1672 1760 
979 1068 1167 1246 1336 1424 1613 1602 1691 1780 
990 1080 1170 1260 1360 1440 1680 1630 1710 1800 

1001 1002 1183 1274 1365 1456 1547 16SS 1720 1820 

1012 1104 1196 1288 1380 1472 1664 1666 1748 1840 

1023 1116 1200 1302 1896 1488 1581 1674 1767 1860 

1034 1123 1222 1316 1410 1604 1698 1692 1786 1880 

lOlS II40 1236 1S30 1425 1620 1616 1710 1805 1000 

1056 1162 1248 1844 1440 1686 1632 1728 1824 1020 

1067 1164 1261 1368 1466 1652 1649 1746 1843 1940 

1078 1176 1274 1372 1470 1568 1666 1764 1862 1060 

1080 1188 1287 1386 1486 1584 1683 1782 1881 1980 

1100 1200 1300 1400 1600 1600 1700 1800 1900 8000 

11 13 13 U 15 16 17 18 19 20 
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MENTAL AND SOCIAL MEASUBEMENTS. 



89 72 75 78 81 84 S7 W 

92 96 100 lOi 106 112 116 120 

lis laO 12S ISO 136 140 146 160 

138 144 160 166 162 168 ' 174 ISO 

161 168 176 182 189 196 208 210 

184 102 200 208 216 224 282 240 

207 216 22S . 234 243 262 261 270 

280240260260 270 280290800 



231 243 263 264 276 286 207 SOB 319 380 

252 264 2TS 268 800 812 324 836 843 860 

273 286 290 812 826 338 361 864 877 300 

294 808 822 336 360 364 876 892 406 420 

315 830 S4fi 360 376 30O 406 420 436 460 

336 862 S68 384 400 416 432 448 464 480 

367 374 391 408 426 442 469 476 408 610 

378 396 414 482 460 468 486 604 622 640 

399 418 437 466 476 404 613 682 661 570 

420440460430600 620 640660680000 



441 462 483 604 626 646 667 668 600 630 

462 484 606 628 660 672 694 616 638 660 

483 eOB 529 652 67G 606 621 644 667 690 

604 628 662 676 600 624 648 672 696 720 

625 660 676 600 626 660 676 700 726 760 

646 672 698 624 650 676 702 728 764 780 

667 694 621 648 676 702 720 756 783 810 

688 616 644 672 700 728 766 784 612 840 

609 638 667 696 726 764 783 812 811 870 

630 060 690 720 760 780 810 640 670 900 

661 682 713 744 776 806 837 868 690 930 

800 832 864 896 028 900 

626 666 601 924 967 990 

714 748 7S2 816 860 684 918 062 966 1020 

735 770 805 840 876 910 946 980 1016 1060 

766 792 828 864 900 986 972 1006 1044 1080 

777 814 861 886 026 962 999 1086 1078 1110 

798 636 874 912 950 968 102S 1064 1102 1140 

819 868 8S7 93S 976 1014 1068 1002 1131 1170 

840 680 020 960 1000 1040 1060 1120 1160 1200 

861 902 943 984 1026 1066 1107 1148 1189 1230 

882 924 966 1008 1050 1092 1134 1176 1218 1260 

903 016 989 1032 10T6 1118 1161 1204 1247 1290 

024 966 1012 1066 1100 1144 1168 1232 1276 1320 

946 990 1036 1080 1126 1170 1215 1260 1305 1360 

966 1012 1056 1104 1160 1196 1242 1288 1334 1860 

987 1034 1081 1126 1176 1222 1260 1316 1383 1410 

1006 1056 1104 1152 1200 1248 1296 1344 1302 1440 

1029 1076 1127 1176 1226 JS74 1323 1372 1421 1470 

1060 1100 1160 1200 1260 1300 1350 1400 1460 1600 

91223324269627282930 



Digitized by VjOO'J IC 



A MULTIPLICATION TABLE. 

2ia223U2526 27 28»30 

1071 1122 1173 1224 127S IS28 1377 1428 1479 1630 

1002 1144 1196 1248 1300 1362 1404 1456 1608 1660 

1118 1166 1219 1272 1326 1378 1431 1484 1637 1690 

1134 1188 1242 1296 1860 1404 1468 1612 1566 1620 

1166 1210 1266 1320 1375 1430 1486 1640 1696 1660 

117S 1282 1288 1344 1400 1466 1512 1568 1624 1680 

1107 1254 1311 1368 1426 14S2 1539 1596 1668 1710 

1218 1276 1334 1392 1460 1608 1666 1624 1682 1740 

1239 1298 1367 1416 1476 1634 1593 1652 1711 1770 

laeO 1320 1880 1440 1600 1660 1620 1680 1740 1800 



1281 1342 1403 1464 1626 1686 1647 1708 I7S0 1830 

1302 1364 1426 1488 1550 1612 1674 1736 1798 1860 

1323 1386 1449 1612 1676 1638 1701 1764 1S27 1890 

1844 1408 1472 1636 1600 1664 1728 1792 1866 1920 

1366 1430 1496 1660 1625 1690 1756 1820 I8S6 1950 

1866 1462 1618 1584 1650 1716 1782 1848 1914 1980 

1407 1474 1641 1608 1676 1742 1800 1676 1943 2010 

1428 1496 1664 1632 1700 1768 1636 1904 1972 2040 

1449 1618 1687 1656 1726 1794 1863 1932 2001 2070 

1470 1640 1610 1680 1750 1820 1890 1960 2030 2100 

1401 1662 1633 1704 1776 1646 1917 1988 2060 2130 

1512 1584 1666 1728 1800 1672 1944 2016 2088 2160 

1638 1606 1679 1762 1825 1898 1971 2044 2117 2190 

1664 1628 1702 1776 1860 1924 1998 2072 2146 2220 

1575 1660 1725 1800 1875 1960 2026 2100 2175 2250 

1696 1672 1748 1824 1900 1976 2052 2128 2204 2280 

1617 1694 1771 1848 1926 2002 2079 2156 2233 2310 

1638 1716 1794 1872 1950 2028 2106 2184 2262 2340 

1669 1738 1817 1896 1975 2064 2133 2212 2291 2370 

1680 1760 1S40 1920 2000 2080 2160 2240 2320 2400 



1701 1782 1863 1944 2026 2106 2187 2268 2349 2430 

1722 1804 1886 1968 2060 2132 2214 2296 2378 2460 

1743 1826 1900 1992 2075 2158 2241 2324 2407 2490 

1764 1848 1932 2016 2100 2184 2268 2362 2436 2520 

1786 1870 1966 2040 2125 2210 2296 2380 2466 2660 

1806 1892 1978 2061 2160 2236 2322 2408 2494 2580 

1827 1914 2001 2088 2175 2262 2349 2436 2623 2610 

1848 1936 2024 2112 2200 2288 2376 2464 2552 2640 

1869 1958 2047 2136 2225 2314 2403 2492 2681 2670 

1800 1980 2070 2160 2260 2340 2430 2520 2610 2700 



1911 2002 2093 2184 2275 2366 2467 2648 2639 2730 

1932 2024 2116 2208 2300 2392 2484 2576 2668 2760 

1963 2046 2139 2232 2326 2418 2511 2604 2697 2790 

1974 2068 2162 2256 2350 2444 2638 2632 2726 2820 

1996 2090 2186 2280 2375 2470 2566 2860 2755 2850 

2016 2112 2208 2304 2400 2496 2592 2688 2784 2880 

2037 2134 2231 2328 2426 2522 2619 2716 2813 2910 

2068 2166 2254 2352 2460 2548 2646 2744 2842 2940 

2079 2178 2277 2376 2476 2574 2873 2772 2871 2970 

2100 2200 2300 2400 2500 2600 2700 2800 2900 3000 

21 22 23 21 36 36 27 28 29 SO 



Digitized by VjOO'J IC 



MENTAL AND SOCIAL MEASTJREMESTS. 



9S W W 102 lOS 108 111 114 117 IZO 

124 128 132 136 140 144 148 152 156 160 

les 160 166 170 175 180 ISS 190 195 200 

186 192 198 2M 210 216 222 228 2M 240 

217 224 231 236 245 252 26S 266 273 280 

248 264 264 272 280 288 296 S04 312 S20 

279 288 297 806 816 324 S33 342 361 360 

310 320 330 840 850 S60 370 S80 390 400 



841 362 363 S74 S8B 396 407 416 429 440 

872S84SH408 420 432444466468460 

403 416 429 442 4d6 468 481 494 507 520 

434 448 462 476 490 604 618 582 546 660 

466 480 496 610 S25 640 666 670 S86 600 

496 612 62S 644 660 576 592 608 624 640 

627 644 661 678 695 612 029 646 663 680 

666 670 694 612 030 648 666 684 703 720 

689 008 627 646 665 684 703 722 741 760 

620 640 660 680 700 720 740 760 780 800 



651 672 698 714 736 766 777 798 610 840 

682 704 726 748 770 792 814 836 658 880 

713 736 759 782 806 828 861 874 807 920 

744 768 792 816 840 864 888 912 036 960 

776 800 826 850 876 900 9S6 960 976 1000 

806 832 868 884 910 936 962 988 1014 1040 

837 864 891 918 946 972 999 1026 1053 1080 

868 896 924 962 080 1008 1036 1064 1092 1120 

899 928 967 986 lOlS 1044 1073 1102 1131 1160 

930 960 900 1020 1060 1080 1110 1140 1170 1200 



961 99S 1023 1054 1086 1116 1147 1178 1209 1240 

992 1024 1066 1088 1120 1162 1184 1216 1248 1280 

1028 1066 1089 1122 1156 1188 1221 1264 1287 1320 

1064 1088 1122 1166 1190 1224 1258 1292 1326 1360 

1086 1120 1155 1190 1226 1260 1295 1330 1366 1400 

1116 1152 1138 1224 1260 1296 1332 1368 1404 1440 

1147 1184 1221 1258 1296 1332 1369 1406 1443 1480 

1178 1216 1254 1292 1330 1368 1406 1444 1482 1620 

1209 1248 1287 1326 1365 1404 1443 1482 1521 1660 

1240 1280 1320 1360 1400 1440 1480 1620 1660 1600 



I27I 1312 1353 1394 1436 1476 1517 1668 1599 1640 

1302 1344 1386 1428 1470 1512 1654 1596 1638 1680 

1333 1376 1419 1462 1605 1648 1691 1634 1677 1720 

1364 1408 1452 1496 1640 1684 1628 1672 1716 1760 

1305 1440 1486 1530 1576 1620 1666 1710 1766 1800 

1426 1472 1518 1564 1610 1666 1702 1748 1794 1840 

1457 1604 1651 1698 1646 1692 1730 1786 1833 1880 

1488 1536 1684 1632 1680 1728 1776 1824 1872 1920 

1519 1668 1617 1666 1716 1764 1813 1862 1911 1960 

1660 1600 1660 1700 1760 1800 1850 1900 1950 2000 



31 32 33 34 36 36 37 



Digitized by VjOO'J IC 



A MULTIPLICATION TABLK 287 

31 82 33 34 35 36 37 C3 39 40 

61 ISSl 1S3S 16S3 1731 1785 1836 1887 1»3S 1089 2040 51 
tj% 1612 1664 1716 1768 1830 1872 1924 1076 202S 2080 52 
S3 164S 1606 17W 1802 I8U 1008 1061 2014 2067 2120 63 
M 1674 1728 1782 1836 1800 1044 1998 2052 2106 2160 64 
66 1706 1760 1815 1870 192& 1080 20SG 2090 2146 2200 68 
68 1786 1702 1848 1904 1060 2016 2072 2128 21B4 2240 66 

87 1767 1624 1881 1938 1995 2062 2109 2166 2223 2280 67 
68 1798 1866 1914 1972 2080 20BS 2146 2204 2262 2320 88 

80 1829 1888 1947 2006 2066 2124 2183 2342 2301 2360 69 
60 1860 1920 1980 2040 2100 2160 2220 2280 2340 2400 60 

SI 1891 1962 2013 2074 3135 2190 2267 2318 2379 2440 61 

62 1922 1984 2046 2108 2170 2232 2294 2366 2418 2480 62 

63 1963 2016 2079 2142 2206 2268 2331 2394 2467 2530 63 

64 1984 2048 2112 2176 2240 2304 2368 2432 2496 2660 64 
66 2016 2080 2146 2210 2276 2340 2406 2470 2536 2600 66 

66 2046 2112 2178 2244 2310 2376 2442 2608 2674 2640 66 

67 2077 2144 2211 2278 2346 2412 2479 2646 2613 2660 67 

68 2108 217S 2244 231S 2380 2448 2&1S 2684 2662 2720 66 

69 2139 2208 2277 2346 2416 2484 2)63 2622 2691 2760 69 

70 2170 2240 2310 2880 2460 2620 2&90 2S60 2730 2800 70 

71 2201 2272 2343 2414 2486 2666 2827 2698 2760 2840 71 

72 2232 2304 2376 2448 2620 2592 2864 2736 2808 2880 72 

73 2263 2336 2409 2482 2666 2628 2701 2774 2847 2920 73 

74 2294 2368 2442 2616 2690 2664 2738 2812 2886 2960 74 

76 2326 2400 2476 2560 2625 270O 2775 2860 2026 8000 76 
78 2366 2432 2508 2684 2660 2736 2812 2888 2964 S040 76 

77 2387 2404 2S41 2618 2696 2772 2849 2026 8003 8080 77 

78 2418 2496 2574 2663 2780 8806 2836 2064 3042 3120 78 

79 2449 2628 2807 2686 2765 2844 2923 8002 3081 3160 79 
60 2480 2660 2640 2720 2800 2880 2960 8010 8120 8200 80 

81 8511 2502 2673 2764 2835 3916 2097 8078 3159 3240 81 

82 2542 2624 2706 27S8 2870 2962 8031 3116 8108 3280 82 

83 2673 2666 2739 282S 2905 2988 8071 8164 8237 S380 83 

84 2604 2688 2772 2856 2940 8024 8108 8198 3276 3360 84 

88 2636 2720 2806 2890 2976 3060 3115 3230 8815 3400 86 

86 2666 2752 2838 2924 3010 8096 8182 8266 8361 8410 86 

87 2697 2781 2871 8968 8046 3138 8219 8306 3393 3480 87 

88 2728 2816 2004 2992 8080 3168 8256 8344 3432 3520 88 

89 2769 2846 2937 3026 3115 8204 8293 8382 8471 3660 89 

00 2790 2880 2970 8060 3160 8240 8330 3420 3610 3600 00 

01 2821 2912 3003 3094 3185 8276 8367 3468 8649 3640 91 

92 2862 2944 3036 3128 8220 3312 3401 8496 8588 3GS0 92 

93 2883 2976 3069 8168 3265 3348 3441 3634 3627 3720 93 

94 2914 3008 3102 3190 3290 3384 3178 3572 8666 37S0 94 
96 2946 3040 3135 3230 8325 8420 3516 3610 8705 8800 95 

96 2976 3072 3168 3264 3360 3466 3662 3648 3744 3840 96 

97 3007 3104 3201 3298 3396 3492 8689 8686 8783 SSSO 97 

98 8038 3136 3234 3332 3430 3628 3626 3724 8822 3920 98 

99 3069 8163 3267 3366 8465 3564 3663 3762 3861 3960 09 
100 3100 8200 3300 8400 3500 3600 370O 3800 3000 4000 100 

313233343636 37 333040 

Digitized by VjOO'J IC 



MENTAL. AND SOCIAL MEASVREUBN-m. 
42434446<e47 48 40 



123 126 129 132 135 1S8 Ul 144 147 150 

104 168 172 176 180 184 188 192 196 200 

206 210 215 220 225 230 235 S40 246 260 

246 262 258 aS4 270 276 282 288 294 3«0 

287 2M 301 308 816 322 329 336 343 350 

328 336 344 352 360 368 .376 384 392 400 

369 378 387 396 405 414 423 432 441 450 

410 420 430 440 450 460 470 480 490 600 



461 462 473 484 496 SOS 517 628 539 550 
492 504 616 528 540 562 664 676 686 600 
533 546 569 672 686 698 611 624 687 660 



602 


616 


630 


644 


658 


672 


686 


700 


U 


646 


660 


676 


690 


705 


720 


735 


750 


16 


688 


704 


720 


736 


752 


768 


784 


800 


le 


731 


748 


765 


782 


799 


816 


833 


860 


17 


774 


792 


810 


828 


846 


864 


882 


900 


18 


817 


836 


865 


874 


893 


912 


931 


050 


19 


860 


880 


900 


920 


940 


960 


980 


1000 


20 



861 862 903 924 945 966 987 1008 1029 1060 

902 924 946 968 990 1012 1034 1066 1078 1100 

943 906 989 1012 1035 1068 1081 1104 1127 1160 

984 1008 1032 1056 lOSO IIM 1128 1152 1176 1200 

1026 1060 1075 1100 1125 1150 1175 1200 1226 1260 

1066 1092 1118 1144 1170 1196 1222 1248 1274 1300 

1107 1134 1161 1188 1216 1242 1269 1296 1323 1350 

1148 1176 1204 1232 1280 1288 1316 1344 1372 1400 

1189 1218 1247 1276 1306 1334 1363 1302 1421 1450 

1230 1260 1290 1320 1350 1380 1410 1440 1470 1500 



1271 1302 1333 1S64 1395 1426 1457 1488 1610 1550 

1312 1344 1376 1408 1440 1472 1604 1636 1568 1600 

1358 1886 1419 1452 1485 1618 1551 1684 1617 1650 

1394 1428 1462 1496 1530 1664 1598 1632 1666 1700 

1436 1470 1506 1640 1576 1610 1646 1680 1716 1750 

1476 1512 1548 1584 1620 1656 1692 1728 1764 1800 

1617 1664 1691 1628 1665 1702 1739 1776 1813 1860 

1668 1696 1634 1672 1710 1748 1786 1824 1862 1900 

1699 1638 1677 1716 1765 1704 1833 1872 1911 1950 

1640 1680 1730 1760 1800 1840 1880 1920 1960 2000 



1681 1722 1763 1804 1845 1886 1927 1968 2009 2060 

1722 1764 1806 1848 1800 1032 1974 2016 2068 2100 

1763 1806 1849 1892 1935 1978 2021 2064 2107 2160 

1804 1848 1892 1936 1080 2024 2068 2112 2166 2200 

1846 1890 1935 1980 2026 2070 2115 2160 2206 2250 

1886 1932 1978 2024 2070 2116 2162 2208 2264 2300 

1027 1974 2021 2i>6e 2116 2162 2209 2266 2303 2360 

1968 2016 2064 2112 2160 2208 2256 2304 2362 2400 

2009 2058 2107 2156 2205 2264 2303 2362 2401 2460 

2060 2100 2150 2300 2260 2300 2360 2400 2450 2500 

11 ti 43 U 4« 46 47 48 49 W 



Digitized by VjOO'J IC 



A MULTIPLICATION TABLE. 

41U43444S46 47 48UW 

2091 2142 2193 2244 2296 2346 2887 2448 2499 2660 

2132 2184 2236 2288 2840 2392 2444 249e 2548 2600 

2173 2226 2279 2332 2886 2438 2491 2644 2597 »60 

2214 2268 2322 2376 2430 2484 2638 2592 2646 2700 

2266 2310 2865 2420 2475 2530 2685 2640 2695 2760 

22ai 2362 2408 2464 2620 2576 2632 2688 2744 2800 

^ 2394 2451 2608 2566 2622 2679 2736 2798 2860 

2378 2436 2494 2652 2610 2668 2726 2784 2842 2900 

2419 2478 2637 2696 2656 2714 2773 2832 2891 2950 

2460 2620 2580 2640 2700 2760 2820 2880 2940 3000 

2601 2562 2623 2684 2745 2806 2867 2928 2989 3060 

2542 2604 2866 2728 2790 2852 2914 2976 8038 8100 

2683 2646 2709 2772 2836 2898 2961 3024 8087 3160 

2624 2688 2752 2816 2880 2944 8008 3072 3136 3200 

2685 2730 2796 2860 2926 2990 3055 3120 8185 3260 

2706 2772 2888 2904 2970 8036 8102 3168 3234 8300 

2747 2814 2881 2948 3016 3082 3149 3216 3288 3360 

2788 2856 2924 2992 3060 3128 8196 3264 8332 3400 

2829 2898 2967 3036 3106 8174 ' 3243 8312 8381 3450 

2870 2940 8010 3080 8150 8220 3290 3360 3430 3600 



2911 2982 8063 8124 8196 8266 8337 8408 3479 3660 

2952 8024 8006 8168 8240 3312 8384 3466 8628 8600 

2998 8066 8189 3212 3286 8358 8431 3504 3577 8660 

8034 3108 8182 8256 3330 8404 8478 3652 3626 3700 

8076 8160 8225 3300 3376 8460 8626 3600 3675 3760 

8116 3192 3268 8344 3420 8496 8672 3648 3724 8800 

8167 3234 8311 3388 3466 8642 8619 8696 3773 8860 

3198 8276 3364 8432 3510 8688 8666 3744 3822 8900 

3239 3318 8397 3476 3666 8684 3718 8792 8871 8960 

3280 3360 3440 8620 3600 8680 3760 3840 8920 4000 

8321 3402 8488 3664 3645 3726 3807 3888 8969 4060 

8362 3444 8526 3608 3690 3772 3864 3936 4018 4100 

8408 3488 3669 3662 3736 8818 3901 8984 4067 4150 

8444 3528 8612 3696 8780 3864 3948 4032 4116 4200 

3486 3670 3666 3740 3826 8910 3995 4080 4166 4260 

3526 3612 3698 3784 8870 3966 4042 4128 4214 4300 

8667 3664 3741 3828 3916 4002 4089 4178 4263 4360 

8608 3696 8784 3872 8960 4048 4186 4224 4312 4400 

8649 3738 3827 3916 4005 4094 4183 4272 4361 4460 

8690 3780 8870 8960 4060 4140 4230 4820 4410 4500 



3731 8822 3913 40O4 4096 4186 4277 4368 4459 4650 

8772 3864 3966 4048 4140 4232 4324 4416 4608 4600 

8813 3906 3999 4092 4185 4276 4371 4464 4557 4660 

3864 3948 4042 4136 4230 4324 4418 4512 4606 4700 

3896 8990 4085 4180 4276 4370 4465 4560 4666 4760 

3986 4032 4128 4224 4320 4416 4512 4608 4704 4800 

3977 4074 4171 4268 4366 4462 4669 4666 4763 4860 

4018 4116 4214 4312 4410 4608 4606 4704 4802 4900 

4059 4168 4257 4356 4466 4664 4663 4762 4851 4960 

4100 4200 4300 4400 4600 4600 4700 4800 4900 5000 

41^43UU46 47 484ft80 



Digitized by VjOO'J IC 



MENTAL AND SOCIAL MBASVBEMEJfTS. 



SI 52 63 M 5G fiS S7 fiS fi9 60 

108 lOi 106 108 no 112 114 116 118 iSO 

IfiS 166 169 162 166 168 171 174 177 180 

£04 206 212 216 220 224 S2S 23S 236 240 

2SG2602e6 2r0 276 2802862902IW800 

806 S12 818 S24 830 SS6 S42 848 SM 860 

867 804 S7t S78 886 392 S&9 406 418 420 

408 416 424 432 440 448 466 464 472 480 

469 468 477 4S6 496 S04 618 622 631 640 

610 620 6S0 640 660 660 670 680 690 600 

661 672 683 694 606 610 627 6SS 649 660 

612 624 636 648 660 672 684 690 708 720 

668 676 689 702 716 728 741 764 767 780 

714 728 742 756 770 784 798 812 828 840 

766 780 796 810 826 840 866 670 886 900 

816 SS2 84S 864 880 896 912 928 044 960 

867 884 901 918 936 962 968 966 1003 1020 

918 936 964 972 990 1008 1026 1044 1063 1060 

969 988 1007 1026 1046 1064 1088 1102 1121 1140 

1020 1040 1060 1080 1100 1120 1140 1160 1180 1200 

1071 1092 1113 1134 1166 1176 1197 1218 1239 1260 

1122 1144 1166 118B 1210 1232 1264 1276 1298 1320 

1173 1196 1319 1212 1266 1288 1811 1334 1367 1380 

1224 1248 1272 1206 1320 1844 1368 18S2 1416 1440 

1276 1300 1326 1360 1376 1400 1426 14S0 1476 1500 

1826 1362 1378 1404 1430 1466 1482 1608 1634 1660 

1377 1404 1431 1458 1486 1612 1639 1566 16S3 1620 

1428 1456 1484 1613 1640 1668 1506 1624 1662 1680 

1479 1608 1637 1666 169S 1624 1663 1682 1711 1740 

1630 1660 1600 1620 1650 1680 1710 1740 1770 1800 



1581 1612 1648 1674 1706 1786 1767 1798 1829 1860 

1632 1664 1696 1728 1760 1792 1824 1866 1888 1920 

1683 1716 1749 1783 1815 1848 1881 1914 1947 1980 

1734 1768 1802 1836 1870 1904 1938 1972 2006 2040 

1786 1820 1866 1690 1926 1960 1006 2030 2066 2100 

1636 1872 1008 1044 1980 2016 2052 2088 2124 2160 

1887 1924 1961 1998 2036 2072 2109 2146 2183 2220 

1938 1976 2014 2052 2090 2128 2166 2204 2242 2380 

1989 2028 2067 2106 2146 21S4 2223 2262 2801 2340 

2040 2080 2130 2160 2200 2240 2280 2320 2360 2400 



2091 2182 2173 2214 2255 2296 2337 2378 2419 2460 

2142 2184 2238 3268 3310 3362 2304 2436 2478 2620 

2193 2236 3279 2322 2366 2408 2451 2494 2537 2680 

2244 2286 2332 2376 2420 2464 2608 2563 2696 2640 

2296 2340 2386 2480 2476 2620 2565 2610 2656 2700 

2346 2392 24S8 2484 2530 2576 2832 2868 3714 2760 

2397 3444 2491 3538 2586 2632 2679 2726 2773 2820 

2448 2496 2544 2592 2640 2668 2736 2784 2B32 2880 

2499 2648 2507 2646 2695 2744 2793 2842 2891 2940 

2560 2800 2650 2700 2760 2800 2860 2900 2950 3000 

515263M55M67SS6960 



Digitized by VjOO'J IC 



A ItVLTTPLICATtON TABLE. 241 

61 B2 53 64 S5 S6 67 68 63 60 

3601 a»2 270S 2754 2S06 S8H S907 296B 3000 SOSO 61 

S662 2701 2756 2808 28«0 2912 2994 8016 3068 S120 62 

2703 2766 2809 2862 2916 2968 S021 8074 S127 S180 63 

2754 2808 28S2 2916 297D 8021 8078 8132 8166 8240 64 

S606 2860 291C 2970 3025 3060 3186 8190 324fi 8300 65 

2866 2912 2968 8024 3080 3136 3192 8248 8804 8360 66 

2907 2964 3021 3078 3135 3192 3249 8306 3368 8420 67 

2968 8016 8074 8132 8190 8248 3306 3364 8422 8480 66 

8009 3068 3127 3186 3245 8804 3363 3422 8481 8640 6S 

3060 3120 81S0 8240 3300 8360 8420 8180 3640 3600 60 

8111 3172 8233 3294 3365 3416 3177 3638 8699 8660 61 

3162 3221 3286 3348 3410 8472 S634 3696 8668 872it 62 

8218 3276 3339 8402 3166 8628 3991 8664 3717 8780 63 

8264 3328 3392 3456 3620 8684 8648 3712 8776 3810 64 

3315 3380 3145 3510 3575 3640 3705 3770 3836 3900 86 

3366 8432 3498 3564 3630 3696 3762 3828 3894 3960 66 

3417 3484 8561 3618 3685 3752 3819 3886 3953 4030 67 

3468 3636 3604 3672 3740 3808 3876 8944 4012 4080 68 

3610 8588 3657 3726 3795 3864 3933 4002 4071 4140 69 

3570 8640 S710 3780 3860 8920 3990 4060 4130 4200 70 

3621 8692 376S 3S34 8905 3976 4047 4118 4189 4260 71 

3672 3711 3816 3888 3960 4032 4104 4176 4248 4320 72 

8728 3796 3860 3942 4015 4088 4161 4231 4307 4380 73 

3774 3848 3922 3996 4070 4144 4218 4292 4366 4440 74 

3826 3900 3976 4060 4125 4200 4276 4350 4425 4500 78 

3876 3962 4028 4104 4180 4256 4332 4108 4181 4560 76 

3927 4004 4081 4168 4235 4312 4389 4466 4543 4620 77 

8978 4066 4134 4212 4290 4368 4446 4524 4602 4680 76 

4029 4108 4187 4266 4345 4424 4608 4682 4661 4710 79 

4080 4160 4240 4320 4400 4480 4560 4640 4720 4SO0 80 

4131 4212 4293 4374 4156 4636 4617 4698 4779 4860 81 

4182 4264 4346 4428 4610 4692 4674 4750 4S38 4920 82 

4233 4316 4399 4482 4665 4648 4731 4814 4897 4980 83 

4284 4368 4452 1536 4620 4704 4788 4872 49S6 6040 84 

4336 4420 4505 4690 4675 4760 4845 4930 5015 5100 85 

4386 4472 4558 4644 4730 4816 4902 4988 5074 6160 86 

4437 4524 4611 4698 4785 4872 4959 6046 5133 5220 87 

4488 4576 4664 4752 4840 4928 5016 6101 5192 5280 88 

4539 1628 4717 4806 4895 4084 5073 6162 6251 6340 89 

4690 1680 4770 4860 4960 6040 6130 5220 6310 6400 90 



4641 -4782 4823 4914 6005 S096 5187 5278 5369 5460 

4692 4784 4876 4968 5060 6152 6214 5336 6128 6620 

4743 4836 4929 5022 5116 5208 5801.6304 6467 5680 

4794 4888 1982 5076 6170 5264 6368 5162 6610 5610 

4845 4940 6035 6130 6225 5820 5415 5510 5605 5700 

1896 4992 6088 6184 5280 5370 5172 5568 5661 5760 

4917 5044 5141 5238 6335 5432 6529 6626 6723 6820 

1998 6096 6191 5292 6390 5188 5586 5684 5782 6880 

6049 6148 6247 6316 6115 6544 6643 5742 5841 6940 

5100 6200 5300 5400 6500 5600 5700 5800 5900 6000 

61StS36i656e67 6869eO 



Digitized by VjOO'J IC 



VESTAL AND SOCIAL XEASUSEUENJS. 
ei 92 83 64 W 66 67 68 69 7Q 



128 124 136 128 130 132 134 18S 138 140 

183 188 169 lOS 196 198 201 204 207 210 

244248S53S66260284M8272 276 280 

306 310 31S 320 326 330 336 340 345 350 

360 372 876 884 390 396 402 406 414 420 

427 434 441 448 466 482 469 478 483 490 

488 498 604 612 620 628 538 644 552 660 

640 668 667 670 686 594 603 ei3 021 630 

610 620630640650660670680690700 



671 682 603 704 716 726 737 748 759 770 

732 744 756 768 780 792 804 816 628 840 

793 806 819 833 646 858 871 884 807 910 

864868862896 010 024938962966980 

916 930 945 960 976 090 1006 1020 103S 1050 

076 993 1008 1034 1040 1056 1073 1088 1104 1120 

1037 1064 1071 1068 1106 1122 1139 1166 1173 1190 

1096 1116 1134 1162 1170 1188 1206 1224 1242 1280 

1160 1178 1197 1216 1235 1254 1373 1393 1311 1330 

1220 1240 1280 1260 1300 1320 1340 1360 1360 1400 



1281 1302 1333 1344 1365 1386 1407 1438 1449 1470 

1342 1364 1386 1408 14») 1452 1474 1406 1616 1540 

1403 1428 1449 1473 1496 1618 1641 1664 1587 1610 

1464 1486 1613 1636 1560 1684 1808 1632 1656 1680 

1635 1550 1675 1600 1626 1660 1675 1700 1726 1760 

1688 16IS 1636 1604 1690 1716 1743 1768 1794 1620 

1647 1674 1701 1728 1766 1762 1809 1638 1663 1600 

170e 1736 1764 1793 1820 1848 1876 1004 1032 1060 

1769 1796 1827 1866 1886 1914 1943 1973 2U0t 2030 

1830 1660 1890 lOSO 1060 1960 2010 3040 2070 2100 

1801 1923 1063 1084 2015 2046 2077 2108 2130 2170 

1953 1964 3016 3U46 3060 2113 2144 2176 23U6 2340 

2013 2046 2070 3113 2146 2178 2211 2244 2277 3310 

2074 3106 3143 3178 3210 3344 2278 2312 2348 2380 

2136 317U 2206 2240 2276 2310 2346 2380 2415 2450 

2196 2232 2268 3304 2340< 3376 2412 2448 2484 3620 

3357 2294 3331 3368 2405 3442 2479 3516 2653 2690 

3316 2366 2394 2432 2470 2608 2646 2664 2623 3660 

2379 2418 3467 2496 2635 2674 2613 2662 2601 2730 

3440 3480 3620 2560 2600 2840 3680 2730 3760 3800 

2501 3643 3563 3634 2666 2706 2747 3766 3820 2870 

3563 3604 2646 3866 3730 3772 2814 2866 3896 3940 

2623 2666 2700 2762 2795 2636 2881 2924 2967 3010 

2664 2738 3773 2816 2860 2904 2948 3993 3036 3080 

2745 2790 2636 3680 3926 2970 3016 3060 3106 3150 

2806 2862 2608 2044 2990 3036 3083 3138 3174 3320 

2867 3914 3961 3006 3056 3102 3149 3196 3243 3290 

3928 2976 3024 3072 3120 3168 8216 3264 3312 3360 

2969 3038 3087 3136 3165 3234 3283 3332 3381 3430 

3060 3100 3150 8300 3360 3300 3350 3400 3460 3500 



61 62 63 64 66 66 67 



Digitized by VjOO'J IC 



A MULTIPLlCATIOIf TABLR 

61 62 63 U 65 66 67 68 69 70 

[8111 SieS 3313 3264 3315 3366 3417 3468 SMS 3670 

8173 3234 3276 3328 33U0 8433 3484 3636 3688 3640 

3S33 32SS 3339 3393 8446 3496 3661 3004 3667 3710 

3294 3348 3403 3466 3610 3564 381S 3673 3736 3780 

3365 3410 8466 36S0 3G76 3630 3686 3740 3796 3660 

3416 8473 3628 3681 3640 3896 3763 3808 3664 3920 

3477 8534 3591 3648 3706 3763 3819 3876 8933 3990 

3638 3596 3664 3713 3770 3828 3886 3844 4003 4060 

3699 3668 3717 3776 3836 3694 3963 4012 4071 4130 

3660 3730 3780 3840 3900 3960 4020 4080 4140 4300 



3721 3782 3843 3904 8966 4026 4087 4148 4309 427D 

37Sd 3844 8906 3968 4030 4093 4164 4216 4378 4340 

3843 3906 3969 4033 4096 4168 43S1 4384 4317 4410 

3904 3868 4033 4006 4160 4224 4288 4362 4416 4480 

3966 4030 4096 4160 4225 4390 4356 4430 4486 4660 

4026 4092 4168 4S31 4290 4350 4422 4488 4661 4630 

4087 4164 4221 4288 4366 4422 4489 4566 4623 4690 

4146 4316 4284 4363 4420 4488 4666 4SS4 4693 4760 

4209 1378 4347 4416 4486 4554 4623 4693 4761 4830 

4370 4340 4410 4480 4660 4620 4690 4760 4830 4900 



4331 4402 4473 4644 4616 4686 4767 4828 4899 4970 

4393 4464 4636 4606 4680 4763 4834 4896 4968 5040 

4453 4636 4688 4873 4745 4618 4891 4864 6037 6110 

4611 4588 4662 4736 4810 4884 4958 6033 S106 6180 

4675 4650 4726 4800 4ST5 4960 6026 5100 6176 6260 

4636 4713 4788 4861 4840 5016 6083 S168 6344 6330 

4697 4774 4B51 4928 5005 5062 6150 5236 5313 5390 

4758 4836 4914 4893 6070 6148 6236 6304 6382 6460 

4810 4898 4877 5056 6136 6214 5393 6372 6461 6630 

4880 4960 6040 6130 6300 6280 6360 5440 5620 5600 

4041 6032 6103 6184 6266 6346 5437 6808 6689 6670 

6003 60B4 6166 6318 6330 6412 6494 6676 6668 6740 

5063 5146 5229 S31S 5396 6478 5661 5644 6727 6810 

5124 5208 6293 6376 6460 6644 6628 6713 6796 6880 

6185 6870 6356 5440 6526 MIO 6696 6780 6866 6960 

5246 6333 6416 6604 6690 6676 6763 6848 6834 6090 

6307 5394 6481 6568 6666 6743 6629 5916 6003 6000 

5368 5466 6644 6633 6730 6806 5886 6934 6073 6160 

6429 5518 5607 5696 5786 6674 6063 6063 6141 6230 

5490 6580 5670 6760 6850 6040 6030 6130 6210 6800 



6551 5643 6733 6834 6016 6006 6097 6188 6379 6370 

6613 5704 6786 6888 684) 6073 6161 6356 6348 6440 ' 

6673 6766 5869 5953 6045 6138 6331 6324 6417 6610 

5734 5828 6933 6<I16 6110 6304 6388 6393 6486 6680 

5796 5890 6985 6080 6175 6270 6365 6460 6666 6650 

6856 5962 6048 6144 6340 6336 6432 6528 6624 S7S0 

69]7 6014 6111 6208 6306 6403 6499 6686 6693 6790 

6878 6076 6174 6272 6370 0466 6666 6664 6762 6860 

6039 6138 6237 6338 6435 6634 6633 6733 6831 6830 

6100 6300 6300 6400 6500 6600 6700 6800 6900 7000 

SI 62 63 S4 65 66 67 68 69 70 



Digitized by VjOO'J IC 



MENTAL AND SOCIAL MEASUBBMESTS. 

71 72 73 74 78 76 77 78 79 80 

71 72 78 74 76 76 77 78 79 80 

142 144 146 148 160 163 164 166 158 160 

213 216 219 283 &26 228 231 234 237 S40 

284 288 292 2H 800 304 308 312 316 320 

366 860 866 370 376 S80 386 890 396 400 

436 432 438 444 460 466 462 468 471 480 

497 604 Sll 618 626 63S 639 646 663 660 

668 678 684 692 600 608 616 624 632 640 

639 648 667 666 676 684 693 702 711 720 

710 720 730 740 760 760 770 780 790 800 



781 7S2 803 814 826 836 847 868 869 880 

862 864 87S 888 BOO 912 924 936 948 960 

923 936 949 962 976 088 1001 1014 1027 1040 

994 1008 1022 1036 1060 1064 1078 1092 1106 IISO 

1066 1080 1096 1110 1126 1140 1166 1170 1186 1200 

1136 1162 1168 1184 1200 1216 1332 1248 1264 1280 

1207 1234 1241 1258 1276 1292 1309 1326 1343 1360 

1278 1296 1314 1332 1350 1368 1386 1404 1422 1440 

1349 1368 1387 1406 1426 1444 1463 1482 1601 ISaO 

1420 1440 1460 1480 1600 1620 1540 1660 1680 1600 

1401 1612 1533 1664 1575 1596 16IT 1638 1658 1680 

1662 1684 1606 1628 1660 1672 1604 1716 1738 1760 

1633 1656 1679 1702 1725 1748 1771 1794 1817 1840 

1704 1728 1762 1770 16U0 1824 1848 1872 1896 1020 

1775 1800 1836 1850 1875 1900 1925 1950 1976 2000 

1846 I8T2 1SB8 1924 1950 1976 2002 2028 2064 2080 

1917 1944 1071 1998 2025 2062 2079 2106 2133 2160 

1988 3016 2044 2072 2100 2128 2166 2184 2212 2240 

2059 2088 2117 2146 8175 2204 2233 2262 2291 23^0 

2130 2160 2190 2220 2260 2280 2310 2340 2370 2400 

2201 2232 2263 2204 2326 2366 2387 2418 2449 2480 

2272 2304 2336 2368 2400 2433 2464 2496 2528 25S0 

2343 2376 2409 2442 2475 2608 2641 2574 2607 2640 

2414 2448 2482 2516 2660 2584 2618 2662 2686 2720 

2486 2520 2556 2590 2626 2660 2695 2730 2766 2800 

2666 2692 2628 2664 2700 2736 2772 2808 2844 2880 

2627 2664 2701 2738 2775 2812 2849 2886 2923 2960 

2698 2736 2774 2812 2860 3888 2936 2984 3002 3040 

2769 2808 2847 2886 2926 2964 8003 8042 3081 8120 

2840 2380 2920 2960 3000 3040 3080 3120 3160 3200 

2911 2952 2998 3034 8075 3116 3157 3198 3239 3280 

2982 3024 3066 3108 3150 3192 3234 3276 3318 3360 

3063 3096 8139 3182 3226 3268 3311 3364 3307 3440 

3124 8168 3212 3256 3300 3344 3388 3432 3476 3520 

3196 3240 8285 8330 3375 3420 3465 3610 3655 3600 

8366 3313 3358 3404 3460 3496 3643 3688 3634 3680 

3337 8384 8431 3478 3625 8572 3619 8666 3713 3760 

3408 3466 3504 8552 3600 3648 8696 8744 3792 3840 

8479 3628 3677 3626 3675 8734 3773 3832 3871 3920 

8550 8600 8650 3700 8750 3800 3850 3900 3960 4000 

71 72 73 74 75 76 77 78 79 80 



Digitized by VjOO'J IC 



A MULTIPLICATION TABLK 

71 72 73 7i 75 76 77 78 79 80 

S621 8673 3733 3774 382S 3876 3927 3&T8 402S 4060 

3692 3744 3796 3840 3900 3962 4001 4066 4106 4160 

8763 3816 3860 3033 3975 4038 40BI 4134 4187 4340 

3834 3888 3043 3906 4060 4104 4168 4213 4266 4320 

3006 3960 4016 4070 4126 4180 4235 4390 4346 4400 

3976 4033 4088 4144 4300 4366 4313 4368 4424 4480 

4047 4104 4161 4218 4275 4332 4389 4446 4603 4660 

4116 4176 4234 4293 4350 4408 4466 4634 4683 44140 

4180 4348 4307 4366 442S 4484 4643 4608 4661 4730 

4360 4320 4380 4440 4600 4660 4630 4660 4740 4800 



4331 4303 4453 4614 4576 4636 4697 47Ti8 4819 4880 

4403 4464 4526 4588 4S50 4712 4774 4836 4898 4960 

4473 4636 4609 4662 4726 4786 4861 4014 4977 6040 

4644 4606 4673 4730 4600 4864 4938 4993 6066 6120 

4615 4680 4745 4810 4876 4940 6005 6070 5135 5300 

4686 4762 4818 4884 4060 6016 6082 6148 6214 6380 

4767 4834 4801 4958 5035 6093 6159 5338 6393 6300 

4828 4896 4964 6033 610O 6168 5236 5304 5373 5440 

4899 4966 5037 5106 5176 6344 6313 5383 5461 6520 

4970 5040 5110 5180 5350 5330 5380 5460 6530 6600 

5041 5113 6183 6354 6336 6396 6467 6538 5600 5680 

5112 6184 6256 6328 6400 6472 6644 6616 6688 6700 

6183 5356 5329 5403 5476 6548 6631 6604 6767 6H40 

5364 5338 5402 5476 6650 6634 6696 6772 C846 5930 

6325 5400 6475 S660 6626 5700 6776 6860 6926 6000 

6306 5472 6648 6634 6700 6776 6853 5938 6004 6080 

5467 5544 5631 5688 5776 6853 5929 6006 6083 6160 

6538 6616 6604 6772 6860 6028 6006 6064 S162 6240 

5609 5688 5767 5846 5935 6004 6083 61S3 6341 6330 

5680 5760 6840 5930 6000 0060 0160 6240 6320 6400 

6751 6833 5^13 6904 6075 6166 6337 6316 6309 6480 

5833 6904 69B6 6066 6160 6233 6314 6396 6478 6560 

5893 5976 6069 6143 6325 6308 6301 6474 6667 6640 

6064 6048 6132 6216 6300 6384 6466 6553 6636 6730 

6036 6130 6306 6390 6376 6460 6546 6630 6715 6800 

6106 6192 6278 6364 6460 6636 6622 6706 6794 6880 

6177 6264 6351 6438 6626 0612 0699 0786 6873 6960 

6348 6336 6434 6613 6600 6688 '6776 6864 6953 7010 

6319 0406 6497 6586 6676 6764 6863 6942 7031 7130 

6390 6480 6570 6660 6760 6840 6930 7020 7110 7200 

6461 0553 6643 6734 6826 6016 7007 7008 71P9 7280 

8532 8634 6718 6808 6B00 6993 7084 7176 7SB8 7360 

6603 6696 6789 6883 6975 7068 7161 7254 7347 7440 

6674 6768 6862 6966 TaW 7144 7338 7333 7436 7530 

6746 8840 6936 7030 7135 7220 7315 7410 7505 7600 

6816 6913 7008 7104 7300 7296 7393 7488 7684 7680 

8887 6984 7081 7178 7275 7373 7469 7668 7663 7760 

6056 7066 7154 7353 7360 7448 7546 7S44 7742 7840 

7020 7128 7227 7326 7425 7524 7623 7733 7831 7930 

710O 7300 7300 7400 7G00 7600 7700 7800 7900 8000 

71 K 73 74 75 76 77 78 79 80 



Digitized by VjOO'J IC 



MENTAL AND SOCIAL MEASUREMENTS. 
8383U8586 87 8889 



162 IM 166 168 170 178 174 176 178 180 

043 S46 349 252 265 2SS 381 364 367 370 

324 328 333 336 340 344 343 3G2 S66 360 

405 410 415 430 426 430 435 440 445 460 

486 493 498 S04 510 616 633 538 634 640 

667 674 681 588 606 603 609 816 633 630 

648666664673680688696704 713 730 

729 738 747 758 786 7T4 7S3 702 801 810 
BlD8a063O84OS6O86O870880ag0000 

891 903 913 934 936 948 967 '988 979 990 

973 984 999 1008 1030 1033 1044 1066 1068 1060 

loss 1088 1079 1003 1106 1118 1131 1144 1157 1170 

1134 1148 1183 1178 1190 1304 131B 1233 1346 1360 

1316 1330 1345 1380 1976 1390 1306 1390 1336 1360 

1396 1312 1338 1344 1360 1378 1383 1408 1434 1440 

1377 1304 1411 1428 1446 1463 1479 1496 1513 1630 

1458 1476 1494 1612 1630 1548 1688 1684 1603 1830 

1639 166S 1677 1696 1816 1634 1663 1672 1691 1710 

1830 1640 1660 1680 1700 1730 1740 1780 1780 1800 

1701 17S3 1743 1764 1785 1806 1837 1848 1869 1890 

1783 1804 1836 1848 1870 1S93 1914 1936 1068 1980 

1863 1888 1909 1933 1966 1978 3001 3034 S047 2070 

1944 1068 1993 3016 3040 3084 3068 3113 2136 3160 

3036 2060 3075 3100 2126 2160 3176 S3O0 2326 3350 

3108 2133 3168 3184 2210 2336 3282 3288 3314 2340 

3187 3314 3341 3988 3396 3333 3349 3376 3403 3430 

2268 3296 2324 3362 2380 3408 2436 3484 3493 3690 

3349 3378 3407 3436 S486 3494 2523 2S63 3681 3810 

3430 3460 3490 3590 3660 3680 3810 3640 3870 9700 

Kill 2642 3673 9604 2635 3666 38S7 3738 3769 3790 

3693 3834 3868 3888 2720 2752 2784 2818 2848 3880 

3673 3706 3739 3773 3805 3888 9871 90n4 3037 3970 

3764 3788 3833 2858 2890 2994 2068 2993 3036 3080 

3835 3870 3906 3940 3075 3010 3046 3080 3115 3160 

2016 2052 2988 3024 3060 3098 3133 3168 3304 3340 

2097 3034 3071 3108 3145 3183 3310 3366 3393 3330 

3078 3116 3164 3193 3330 3368 3308 3344 3383 3430 

3169 3198 3337 3276 3315 3364 3393 3433 3471 3610 

3340 3980 3330 3360 3400 3440 3480 3530 3660 3600 

3331 3363 3403 3444 3486 3538 ^67 3608 3849 3890 

3403 3444 3488 3638 3670 3613 3654 3696 3738 3780 

3483 8628 3589 3613 3655 3896 3741 3784 3837 3870 

3584 3608 3853 3896 3740 3784 3828 3873 3918 3980 

3A46 3890 3736 3780 3836 3870 3916 3960 4006 4U60 

8738 3773 3818 3864 3910 3966 4003 4048 4094 4140 

3807 3854 S901 3948 3995 4043 4089 4136 4183 4230 

3888 3036 3984 4032 4080 4128 4178 4334 4373 4390 

3969 4018 4067 4118 4165 4314 4383 4313 4361 4410 

406O 4100 4160 4300 4250 4300 4350 4400 4460 4500 

818283848586 87 888990 



.y Google 



A MULTIPLICATION TABLE. 247 
818283U8S8887888990 

4131 4182 4333 4384 4336 4388 4437 4488 4S30 4590 81 

4313 4264 4316 4368 4420 4472 4524 4676 4628 4680 62 

4293 4346 43BB 4462 4505 4568 4811 4664 4717 4770 63 

4374 4428 4483 4636 4690 4644 4608 4752 4806 4860 64 

4466 4510 4565 4620 4676 4730 4786 4840 4896 4960 65 

4536 4599 4648 4704 4760 4816 4873 4928 4964 6040 66 

4617 4674 4731 4788 4846 4902 4969 6016 6073 5130 67 

4698 4756 4S14 4872 4930 4988 5046 6104 5163 ^20 68 

4779 4838 4897 4966 6015 5074 5133 6193 6261 6310 ' 69 

4860 4930 4960 6040 6100 6180 6320 6380 6310 5400 60 

4S41 6003 6063 S134 6186 6348 6307 6368 6438 6490 61 

6033 6084 6146 6306 6370 6333 6394 6466 6618 6680 62 

6103 6166 6339 6293 6366 6418 6481 6S44 5607 6670 63 

6184 5348 6312 6376 6440 6604 6568 6633 5696 6760 64 

5365 6330 6396 6460 6636 Bfm 6666 6730 6T86 6860 66 

5346 6413 5478 6644 5610 6676 6743 6808 6874 6040 66 

5437 6494 5661 5628 5606 6763 6839 6696 6063 6030 67 

6608 6576 5644 6713 6780 6646 6916 6984 6063 6190 68 

6589 5656 6737 6796 6866 6934 6003 6073 6141 6310 89 

6670 6740 6810 6680 6950 6090 6U00 6100 6230 6300 70 

6761 6832 6893 6064 6036 6106 6177 6248 6319 6390 71 

6832 6904 6976 6048 6120 6193 820* 6336 6408 ^480 72 

5013 6966 6059 6133 6206 6378 6361 6494 8497 6670 73 

6994 6068 6143 6316 6390 6364 6438 6613 6686 6660 74 

6076 6150 6236 6300 6375 6450 6526 6600 6678 6760 76 

6166 6233 6308 6384 6460 6636 6613 6668 6764 6840 76 

6337 6314 6391 6468 6645 6622 6699 6776 6863 6030 77 

6318 6396 6474 6662 6630 6706 6786 6864 6943 7030 78 

6399 6478 6667 6636 6716 6794 6873 6963 7031 7110 79 

6480 6560 6640 6730 6800 6880 6960 7040 7120 7200 80 

6661 6643 6723 6804 6886 6966 7047 7136 7309 7290 81 

6642 6724 6606 6888 6870 7063 7134 7316 7206 7380 82 

6733 6806 6889 6973 7055 7138 7321 7304 7387 7470 83 

6804 6888 6973 7066 7140 7934 7306 7393 7476 7660 84 

6886 6970 7066 7140 7226 7310 7396 7480 7666 7660 86 

6966 7053 7138 7224 7310 7306 7483 7668 7664 7740 86 

7047 7134 7221 7306 7306 7483 7569 7656 7743 7830 87 

7128 7216 7304 7393 7480 7668 7656 7744 7833 7930 88 

7309 7208 7387 7476 7566 7654 7743 7832 7921 8010 89 

7S90 7380 7470 7660 7660 7740 7830 7920 8010 8100 90 

7371 7462 7563 7644 7736 7836 7917 8006 8009 8190 91 

7462 7644 7636 7738 7820 7013 8004 8U96 8J88 8280 92 

7533 7636 7719 7813 7906 7996 8091 8184 8277 8370 93 

T6I4 7706 7802 7896 7990 8084 8178 8379 8368 8460 94 

7696 7790 7885 7980 8076 8170 8266 8360 8456 8650 96 

7776 7872 7968 6064 6160 8366 8353 8448 8644 8640 96 

7867 7954 8061 8148 8S46 8343 8439 8636 8633 8730 97 

7038 8036 8134 8232 8330 8428 8626 8624 8723 8820 98 

8019 8118 8317 8318 8416 8614 8613 6713 8811 8910 99 

8100 8200 8300 8400 8500 8600 8700 9800 89O0 9000 100 

818283848688 87888990 

Digitized by VjOO'J IC 



MESIAL AND SOCIAL MEASUREMENTS. 

91 92 939i 95 96 97 9899100 

91S393HS59S97De9»100 
lai 164 186 188 190 193 IH 196 198 SOO 
S73S783T9 98-J386288S912M2973U0 
3643e8373»T6 39038438e39239S4(W 
466 460 466 4TO 476 480 486 490 49& 500 
546 GS3 668 fiS4 670 676 583 688 691 6D0 
637 644 661668666073679686693700 
728 736 744 752 760 768 778 784 792 800 
819 828 837 S4S 865 864 673 882 8«t 900 
910 920 030 940 966 960 970 980 990 1000 



1001 1019 1033 1034 1046 1066 1067 1078 1089 1100 

1U02 1104 Ills 1128 1140 1152 1164 1176 1188 1200 

1183 1196 1209 1322 1336 1248 1261 1374 1287 1300 

1374 1386 1303 1316 1330 1344 1368 1373 1386 1400 

136S 1380 1395 1410 1426 1440 1466 1470 1485 lEOO 

1466 1472 1488 1604 1620 1536 1653 1668 1664 1600 

1647 1664 1581 1696 1616 1633 1640 1666 1683 1700 

1638 1666 1674 1692 1710 1738 1746 1764 1763 1800 

1720 1748 1767 1786 1805 1824 1843 1863 1881 1900 

1820 1640 1660 1880 1900 1920 1940 1960 1960 2000 



21 1911 1933 1963 1974 1996 3u16 2037 2066 3079 310O 

23 2003 2024 9046 2068 2090 3112 2134 2166 2178 2200 

23 3093 2116 3139 2162 2186 S206 2331 3354 3277 2300 

21 2184 2308 2233 2266 2280 2304 2328 2352 2376 34oo 

25 2375 2300 3325 3350 3375 3400 2435 2460 2475 2600 

26 3366 3303 2416 2444 3470 3496 2533 3548 3574 2600 
2? 2467 2484 2611 2638 2666 2692 2619 2646 2673 3TII0 
38 3546 SS7S 3604 3633 3660 3886 2716 3744 3773 3800 

29 2630 3668 2697 2736 2756 3784 2613 2842 2671 2900 

30 2730 3760 3790 2830 3860 3880 3010 3940 3070 3000 

31 2821 2862 3883 2914 2046 3976 3007 3038 3060 SlOO 

32 291^ 2944 3976 3006 3040 3073 3104 3138 3168 3300 
S3 3003 3036 3069 3103 3136 3168 3201 3334 3367 3300 
34 3094 3138 3163 3196 3330 3364 3298 3333 3366 3400 
36 3iee 3330 3%6 3290 3335 3360 3305 3430 34S5 3500 

36 3376 3313 3348 3384 3420 3456 3493 3538 3564 3600 

37 3367 3404 3441 3473 3616 3663 3589 3636 3663 3700 

38 3466 3496 3634 3572 3810 3048 3668 3734 3763 3800 

39 3649 3688 3627 3666 3T06 3744 3783 3823 3861 3900 

40 3640 3680 3720 3780 3800 3840 3880 3920 3960 4000 

41 3731 3772 3813 3854 3S95 3936 3977 4016 4059 4100 

42 3622 3864 3906 3946 3900 4033 4074 4116 4IG6 4200 

43 3913 3856 3999 4042 4065 4128 4171 4314 4357 4300 

44 4004 4048 4093 4136 4IS0 4224 4268 4312 4366 4400 
49 4096 4140 4165 4230 4375 4320 4365 4410 4456 4500 

46 4186 4233 4378 4324 4370 4416 4482 4506 4664 4600 

47 4377 4324 4371 4418 4465 4513 4669 4606 4663 4700 

48 4368 4416 4464 4613 4660 4608 4856 4704 4753 4800 

49 4459 4608 4667 4606 4655 4704 4763 4803 4851 4900 
60 4650 4800 4650 4700 4750 4800 4650 4900 4950 6000 

91 92 93 94 9S 96 97 98 09 100 
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A MVLTIPLICATION TABLE. 



919293M9fi96 97 9899100 

4M\ 4893 4743 4794 4846 4896 4947 4998 5049 5100 

4733 4784 483S 4888 4940 4903 6044 6096 5148 5200 

4823 4876 4039 4063 5036 5068 6141 6194 5347 6300 

4014 4068 5033 5078 5130 5184 6238 S292 6346 6400 

5005 SoeO 5116 6170 6326 6280 6336 6390 5446 6B00 

6096 5163 5308 5364 5320 6376 6432 6488 6644 6600 

6187 6344 6301 6368 641S 6473 6639 6686 5A43 5700 

6378 6336 6304 6453 6610 6568 6626 B684 5743 5800 

5369 6428 6487 6546 5606 6664 6723 6782 6841 6900 

6460 5620 6580 5640 5700 6760 6820 6880 6940 6000 



6661 6613 6673 6734 6795 6866 6917 5978 6039 6100 

6643 6704 6766 5828 6890 6052 6014 6076 6138 6300 

6733 6706 6869 6933 6986 6048 6111 6174 6337 6300 

6834 6888 6963 6010 6080 6144 6308 6373 6336 6400 

6015 6960 6046 6110 6175 G240 6305 6370 6436 6500 

6006 6073 6138 6304 6270 6336 6402 6468 6534 6600 

6097 6164 6231 6306 6365 8432 6499 6566 6633 6700 

6188 6256 6324 6303 6460 6638 6696 6664 6732 6800 

K70 6348 0417 6486 6565 6634 6693 6763 6831 6900 

6370 6440 6610 6580 6660 6730 6790 6860 6930 7000 

6461 6532 6603 6674 8745 6816, 6887 6058 7039 7100 

6552 6644 6696 6768 6840 6012 6064 7056 7128 7200 

6643 6716 6780 6862 6935 7006 7061 7154 7327 7300 

8734 6808 6883 6956 7030 7104 7178 7S63 7326 7400 

8825 6000 6975 7U50 7126 7200 7375 ' 7360 7426 7500 

6916 6903 7068 7144 7330 7396 7372 7448 7534 7600 

7007 7084 7181 7238 7315 7392 7460 7646 7623 7700 

7008 7176 7254 7332 7410 7488 7566 7644 7723 7800 
7180 7368 7347 7436 7505 7584 7663 7743 7831 7900 
1380 7360 7440 7520 7600 7680 7760 7840 7020 8000 

7371 7453 7533 7614 7605 7776 7857 7938 8019 8100 

7463 7644 7628 7706 7700 7873 7954 8036 8118 8300 

7553 7636 7719 7603 7885 7968 8051 8134 8217 8300 

7644 7728 7813 7806 7980 8064 8148 8233 8316 8400 

T735 7820 7006 7900 8076 8160 8345 8330 8415 6600 

7826 7013 7098 8064 8170 8356 8343 8428 8514 66O0 

7917 6004 8091 817S 6365 6353 6439 8596 8613 8700 

6006 6098 6184 8372 8360 8448 8536 6634 6713 8800 

8090 B188 8377 8366 8455 8544 8633 8723 8811 6000 

8100 8380 6370 8480 6550 8640 8730 8820 8010 9000 



6281 6373 8463 8664 8846 8736 6837 8916 9009 9100 

6372 8464 8556 8646 8740 8833 8924 9016 »im 9200 

8463 8666 8649 8743 8636 6938 0021 9114 9207 9300 

8654 8648 8743 8836 8930 9024 9118 0-212 9306 9400 

8646 8740 8635 8930 9035 9130 0215 9310 9406 9500 

8736 8833 8036 9<iS4 9130 9318 9313 9406 9604 9600 

6837 8924 0021 9118 9215 0313 OlOO 9506 9603 9700 

8918 9016 9114 9212 0310 0408 0608 9604 9703 9800 

0000 0108 9207 9306 9405 0604 9603 9702 9801 9000 

9100 9300 93U0 0400 9500 9600 9700 9800 0900 10000 

91 92 93 M 96 96 97 98 M 100 
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TABLE 61 

A inTLTIPUCATION TABUI 



Giving the Products of 1», 2* . . . (12)» Times 1, 2, 3 ... 100 
and the Products of (13)* . . . (21)* Times 1, 2. 3 ... 50. 
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A MULTIPLICATION TABLB 

Producta (1 to 50} x 2*, 8>, 4* etc. 

y3>4*5> V P V . V (11)' (12)' 

4 9 le 2S 36 49 M 81 121 144 

8 IS 32 SO 72 98 128 162 242 288 

12 27 48 76 108 147 192 243 363 432 

16 36 64 100 144 196 2&e 324 484 676 

204580125 180 246320405605 720 

24 54 96 160 216 294 384 486 726 861 



28 


63 


112 


175 


252 


343 


448 


567 


847 


1008 


32 


72 


128 


200 


288 


392 


512 


648 


968 


1152 


86 


81 


144 


225 


324 


441 


576 


729 


10S9 


1296 


40 


90 


160 


260 


360 


490 


640 


810 


1210 


1440 


44 


99 


176 


276 


896 


£39 


704 


801 


1381 


1084 


48 


lOS 


192 


aoo 


4SS 


688 


768 


972 


1463 


1738 


62 


117 


208 


326 


468 


687 


833 


1068 


1673 


1873 


66 


126 


224 


360 


604 


686 


800 


UM 


1804 


3016 


60 


186 


240 


375 


640 


736 


960 


1216 


1815 


2160 


64 


144 


256 


400 


576 


784 


1024 


1296 


1936 


2304 


68 


153 


272 


425 


613 


888 


1088 


1877 


3067 


3448 


72 


162 


288 


4fir 


648 


882 


1162 


1468 


2178 


3692 


76 


171 


304 


471 


684 


981 


1216 


1689 


32BB 


3786 


80 


180 


320 


600 


720 


980 


1280 


1620 


2420 


2880 


84 


189 


336 


626 


756 


1029 


1344 


1701 


2641 


3024 


88 


IDS 


352 


560 


792 


1078 


1408 


1782 


2862 


3168 


92 


207 


368 


575 


828 


1127 


1472 


1863 


2783 


3312 


96 


216 


384 


600 


864 


1176 


1536 


1944 


2904 


3466 


100 


225 


400 


625 


900 


1226 


1600 


2025 


3025 


3600 


104 


234 


416 


650 


936 


1274 


1664 


2106 


3146 


3744 


108 


243 


432 


675 


972 


1323 


1728 


2187 


3267 


3888 


112 


252 


448 


700 


1008 


1372 


1792 


2268 




4032 


116 


261 


464 


725 


1044 


1421 


J856 


2349 


3609 


4176 


120 


270 


480 


760 


1080 


1470 


1920 


2430 


3630 


4820 


124 


279 


496 


776 


1116 


1619 


1984 


2611 


3751 


4464 


128 


288 


612 


800 


1162 


1568 


2048 


2592 


3872 


4608 


132 


297 


628 


826 


1188 


1617 


2112 


2878 


3993 


4762 


136 


306 


544 


860 


1224 


1666 


2176 


2764 


4114 


4896 


140 


316 


660 


876 


1260 


1715 


2240 


2835 


4236 


6040 


144 


324 


676 


900 


1296 


1764 


2304 


2916 


4366 


6184 


148 


333 


692 


925 


1332 


1813 


2368 


2997 


4477 


6328 


162 


342 


608 


950 


1368 


1862 


2432 


3078 


4598 


6472 


156 


351 


624 


975 


1404 


1911 


2496 


8169 


4719 


6618 



160 360 640 1000 1440 1960 2560 3240 4840 6760 

164 369 666 1026 1476 3009 2^4 3321 4961 6904 

168 ^8 672 1060 1612 2058- 2688 3402 6082 6048 

172 387 688 1076 1648 2107 2762 3483 6203 6192 

176 396 704 1100 1684 2156 2816 3564 5324 6336 

180 405 720 1125 1620 2206 2880 3645 6445 6480 

184 414 736 1150 1666 2254 2944 3728 5566 6624 

188 423 762 1176 1692 2303 3008 3807 5687 6768 

102 432 768 1200 1728 2352 3072 3888 5808 6912 

196 441 784 1226 1764 2401 3136 3969 5929 7066 

200 460 800 1260 1800 2460 3200 4050 6050 7200 

2«3»4«5* 6» 7« 9 V (11)' (I2)» 
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Products (SI to 100) X 2*, 3*, 4*, etc. 

P 3' V 9. V 7* » V (II)* • (12)* 

204 459 816 1276 1836 2490 3264 4131 6171 7344 

208 468 832 1300 1872 2648 3328 4212 6292 7488 

212 477 848 1326 1908 2607 3302 4293 6413 7632 

216 486 864 1350 1944 2646 3456 4374 6534 7776 

220 495 880 1375 1980 2695 3520 4455 6655 7920 

224 504 896 1400 2016 2744 3584 4£3A 6776 8064 

228 513 912 1425 2052 2793 3648 4617 6897 8208 

232 622 928 1460 208B 28ti 8713 4698 7018 8352 

236 631 944 1476 2124 3S«1 S77« 4779 7139 8496 

240 540 960 1500 2160 3040 3840 4880 7260 8640 

244 649 076 1625 2196 3069 SOOi 4941 7381 8784 

248 668 092 1660 2232 3038 3068 6023 7502 8028 

252 567 1008 1575 2268 3087 4032 6108 7623 9072 

256 576 1024 1600 2304 8188 4006 6184 7744 0216 

260 585 1040 1625 2340 3186 4100 6266 7866 9300 

264 594 1056 1650 2376 3234^1334 6346 7986 0604 

268 603 1072 1675 2412 8288 4388 6437 8107 0648 

272 612 I0S8 1700 2448 8333 4362 6608 8228 9702 

276 621 1104 1725 2484 8381 4416 6680 8340 9936 

280 630 1120 1750 2620 3430 4480 6870 8470 10080 

284 .639 113A 1775 2666 UTO 4644 6761 8501 10224 

288 648 1162 1800 2592 8628 4608 6832 8712 10368 

292 657 1168 1826 2628 8677 4673 6013 8833 10612 

206 666 1184 1850 2664 8638 4730 6004 8064 10656 

300 675 1200 1875 2700 3676 4801 6076 9076 10800 

304 684 1216 1900 2736 Sm'TW^ 6166 9196 10944 

308 693 1232 1026 2772 3773 4038 6237 0317 11088 

312 702 1248 1950 2808 8833 4003 8318 9438 11232 

316 711 1264 1076 2844 3871 6066 6300 0650 11376 

320 720 1280 2000 2880 3030 5130 6480 9680 II620 

324 729 1296 2025 2916 8960 61S4 0001 0801 11664 

328 738 1312 2060 2062 4018 6248 6643 0022 11808 

332 747 1328 2075 2088 4067 6313 6733 10043 11062 

336 756 1344 2100 3024 4116 S376 6804 10164 12006 

340 766 1360 2125 3060 4165 6440 6886 10285 12240 

344 774 1376 2150 3096 4214 5504 6966 10406 12384 

348 763 1392 2175 3132 4263 5568 7047 10627 12528 

352 792 1408 2200 3108 4312 6632 7128 10S48 12672 

356 801 1424 2225 3204 4361 6696 7209 10769 12816 

360 810 1440 2260 3240 4410 6760 7290 10800 12960 

364 810 1456 2275 3276 4460 6824 7371 11011 13104 

368 828 1472 2300 3312 4508 5888 7452 11132 13248 

372 837 1488 2325 3348 4557 6952 7633 11253 13302 

376 846 1504 2350 3384 4606 6016 7614 11374 13636 

380 855 1620 2375 3420 4655 6080 7695 11495 13680 

334 864 1536 2400 3466 4704 6144 7776 11616 13824 

388 878 1662 2425 3402 4753 6208 7SSr 11727 13968 

392 882 1568 2450 3628 4802 6272 7938 I1S58 14112 

396 891 1584 2476 3664 4861 6336 8019 11970 14266 

400 000 1600 2500 3600 4900 6400 8100 12100. 14440 

2«3«4»S««'7'«»9« (II)« (12)* 
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A SiVlTlPLlCATWN TABLE 

{1 to 60) X C13)', CJ*)', (16)*, etc 
(IS)' (!«)• (17)> (18)' {19)' (2I)« 



607 688 676 76S 867 972 1083 1823 
676 784 900 1024 1166 I2Q6 1444 1764 
845 980 1126 1280 1445 1620 1805 



1014 


1176 


1350 


1536 


1734 


1944 


2166 


2646 


1183 


1372 


1575 


1792 


2023 


2268 


2627 


3087 


1362 


1568 


1800 


2048 


2312 


2592 


2888 


3528 


1621 


1764 


2025 


2304 


2801 


2916 


3249 


3969 


1690 


1960 


2250 


2660 


2890 


8240 


3610 


4410 


1859 


2156 


2475 


2816 


3179 


3564 


3971 


4851 


2028 


2352 


2700 


3072 


3468 


3888 


4332 


6292 


2197 


2648 


2926 


3328 


8767 


4212 


4693 


6733 


2366 


2744 


3150 


3584 


4046 


4536 


6054 


6174 


2636 


2940 


3375 


3840 


4336 


4880 


6416 


6615 


2704 


3136 


3600 


4096 


4624 


6184 


5776 


7066 


2873 


3332 


3825 


4352 


4913 


6608 


6137 


7«7 


3042 


3528 


4050 


4608 


5202 


5832 


6498 


7038 


3211 


3724 


4276 


4864 


5491 


6166 


6850 


8379 


3380 


3920 


4600 


6120 


6780 


6480 


7220 


8820 


3549 


4116 


4726 


6376 


6069 


6801 


7681 


9261 


3718 


4312 


4960 


5632 


6368 


7128 


7942 


9702 


8887 


4508 


6175 


6888 


6647 


7462 


8303 


10143 


4066 


4704 


6400 


6144 


6936 


7776 


8664 


10684 


4225 


4900 


5626 


6400 


7226 


8100 


9026 


11026 


4394 


6096 


6850 


6656 


7514 


8424 


9386 


11486 


4663 


6292 


.6075 


6012 


7803 


8748 


9747 


11907 


4732 


6488 


6300 


7168 


8092 


9072 


10108 


12348 


4901 


5684 


6625 


7424 


8381 


9396 


10469 


12789 


5070 


6880 


6760 


7680 


8670 


9720 


10830 


13230 


6238 


6076 


6978 


7936 


8959 


10044 


11191 


13671 


5408 


6272 


7200 


8192 


9248 


10368 


11552 


14112 


5577 


6468 


7426 


8448 


9637 


10692 


11013 


14663 


6746 


6604 


7650 


8704 


9826 


11016 


12274 


14994 


6916 


6860 


7876 


8960 


10116 


11340 


12636 


16436 


6084 


7066 


8100 


9216 


10404 


11664 


12996 


16876 


6263 


7252 


8325 


9472 


10693 


11088 


13367 


16317 


6422 


7448. 


8660 


9728 


100S2 


12312 


13718 


16758 


6591 


7644 


8776 


9984 


11271 


12636 


14079 


17199 


6760 


7840 


9000 


10240 


1)560 


12960 


14440 


17640 



6929 8036 9226 10406 11849 132S4 14801 18081 

7098 8232 9460 10762 12138 13608 15162 18622 

7267 8428 9675 11008 12427 13932 15523 18963 

7436 8624 9900 11284 12716 14266 16884 19404 

7606 8820 10126 11620 13006 14580 16246 19845 

7774 9016 10350 11776 13294 14004 16606 20286 

7943 9212 10675 12032 13683 15228 16967 20727 

8112 9408 10800 12288 13872 16552 17328 21168 

8281 9604 11025 12544 14161 16876 17689 21B09 

8450 9800 11260 12800 14450 18200 18050 22060 

(13)' (14)' (1S)« (W)» (17)* (18)' (»)' (2l)» 
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A, TABLE OP THE SQUARES AND SQUARE ROOTB OF THE 
NUMBEBS FROM 1 TO 1000. 

This table is a modificatioD of the first part of BarloVs Tables. 
the advantage of this abridged table beyoad its more oonvenieDt 
siee, is that tbroogh the omisBioD of cubes, cube roota and reciprocals, 
the table allows more rapid oee aod caoses much less strain on the 
eyes. The latter result is furthered by giving square roots only to 
the third dedmal instead of to the seventh. 
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TABLE OF SQUARES ASD SQUARE ROOTS. 



1 


1.000 


4 


1.414 


9 


1.782 


16 


2.000 


26 


2.236 


36 


2.449 


49 


2.646 


«4 


2.828 


81 


3.000 


100 


a 162 


121 


8.317 


144 


S.464 


169 


3.606 


196 


a742 


226 


asTS 


S66 


4000 


289 


4128 


824 


4.24S 


381 


4S69 


400 


4.473 


441 


4SS8 


464 


4600 


^29 


4796 


6 76 


4899 


626 


S.000 


676 


5.099 


729 


6.196 


784 


5.29S 


841 


6.386 


900 


6.477 


961 


6.668 


1024 


6.667 


1089 


5.746 


lies 


6.831 


1226 


6.916 


1296 


6.000 


1369 


aoea 


14 44 


6.164 


1621 


6.246 


16 00 


6.326 


16 81 


6.408 


17 64 


6.481 


1848 


6.667 


19 36 


8.633 


2026 


6.708 


21 IS 


6.782 


2209 


6.866 


2304 


6.928 


2401 


7.000 


2600 


7.071 



2801 


7.141 


2704 


7.211 


2809 


7.280 


2916 


7.348 


3025 


7.416 


3136 


7.483 


32 49 


7.660 


33 64 


7.616 


84 81 


7.681 


3600 


7.746 


37 21 


7.810 


38 44 


7.874 


39 69 


7.937 


4096 


8.000 


4226 


8.062 


4366 


8.124 


4489 


8.186 


46 24 


8.246 


47 61 


8.307 


4000 


8.867 


6041 


a42« 


6184 


a436 


6329 


a544 


6476 


8.602 


6626 


8.660 


6776 


a 718 


6929 


a 776 


6084 


8.832 


6241 


assB 


6400 


a944 


6661 


9.000 


67 24 


9.066 


6889 


9.110 


7066 


9.165 


1225 


9.220 


7396 


9.274 


75 69 


9.327 


77 44 


9.381 


79 21 


9.434 


81 m 


9.487 


82 81 


9.639 


84 64 


9.592 


86 49 


9.644 


88 86 


9.696 


9026 


9.747 


9216 


9.798 


9409 


9.849 


96 04 


9.899 


9801 


9.960 


10000 


10.000 
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8qux>. 


Bqo.Boot 


lOSOt 


10.050 


10404 


10.100 


106 09 


10.149 


10616 


laiee 


11036 


10.347 


11238 


10.296 


1U49 


10.344 


11664 


ia392 


118 at 


10.440 


13100 


10.488 


193»1 


10.630 


12S44 


ia683 


13769 


10.630 


18996 


loen 


13325 


10.734 


134 S6 


10.770 


13689 


10.817 


13934 


10.863 


14161 


10.909 


14400 


10.061 


14841 


11.000 


14684 


11.046 


16139 


11.091 


15378 


11.138 


1H2S 


11.180 


15876 


11.226 


16129 


11.369 


16384 


U.3U 


19641 


11.368 


16900 


11.403 


17161 


U.44e 


17424 


11.489 


17689 


11.533 


17968 


11.576 


18226 


11.610 


18496 


11.663 


18769 


11.705 


190 44 


11.747 


19331 


11.780 


19600 


11.832 


19881 


11.874 


30164 


11.916 


204 49 


11.968 


3ffr36 


13.000 


31026 


13.043 


21316 


13.083 


31609 


13.134 


21904 


13.168 


32301 


13.207 


33600 


12.347 



2 38 01 


12.388 


23104 


13.389 


234 09 


12.300 


23716 


13.410 


34036 


13.460 


24336 


13:490 


34S49 


12.630 


349 64 


13.570 


3 63 81 


13.810 


26800 


13.849 


35031 


13.889 


36344 


13.738 


36669 


12.787 


26896 


13.806 


373 3S 


13.846 


27666 


12.884 


278 8S 


13.933 


38934 


12.961 


28561 


13.000 


28900 


13.038 


29341 


130T7 


39684 


13.116 


39929 


13.163 


30376 


13.191 


39896 


13.829 


30976 


13.366 


31339 


13.304 


31684 


13.343 


33041 


13.379 


33400 


13.416 


32781 


13.464 


33134 


13.401 


334 S9 


13.628 


33866 


13.666 


34336 


13.601 


34696 


13.638 


34969 


13.676 


35344 


13.711 


3S721 


13.748 


36100 


13.784 


36481 


13.B90 


38884 


13.6B6 


37249 


13.803 


37636 


13.928 


36036 


13.964 


38416 


14.000 


86809 


14.038 


39204 


14.071 


39601 


14.107 


40000 


I4.i«i 
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TABLE OF SQVAItES AND SQUARE BOOTS. 



Sqiui*. 


SvLBoot. 


404 01 


14.177 


40604 


14.313 


41309 


14.348 


41616 


14.388 


490 2S 


14.818 


42438 


14.353 


4S849 


14.387 


438M 


14.433 


43881 


14.457 


4 4100 


14.491 


44631 


14.636 


44B44 


14.660 


463 6S 


14.698 


46790 


14.629 


46326 


14.663 


46660 


14.697 


4T089 


14.731 


47634 


14.766 


47901 


14.799 


48400 


14.833 


48841 


14.666 


49384 


14.900 


49739 


14.933 


6 0176 


11967 


60SS6 


16.000 


81076 


15.033 


61639 


16.067 


61984 


16.100 


624 41 


16.133 


62900 


16.166 


63361 


18.199 


63834 


16.333 


64989 


16.364 


64766 


16.287 


66336 


16.330 


66696 


16.383 


6 6109 


16.306 


6 6644 


16.437 


57121 


16.460 


67600 


15.493 


680 81 


16.534 


68564 


15.666 


59049 


15.688 


69538 


15.830 


800 35 


16.663 


80516 


16.684 


61009 


15.716 


61501 


16.748 


62001 


16.780 


63600 


16J11 



63001 


15.843 


63504 


16.875 


64009 


16.906 


64518 


16.937 


66036 


1A.960 


66636 


16.000 


69049 


18.031 


66564 


16.063 


670 81 


16.003 


67600 


16.126 


68191 


16.165 


68644 


lal96 


69169 


16.917 


89696 


16.248 


70S9S 


18.279 


70766 


16.310 


712 89 


16.340 


71834 


18.371 


73381 


16.401 


73900 


16.433 


73441 


18.463 


73984 


16.499 


74699 


16823 


75076 


16.663 


76636 


16.683 


78176 


16.613 


76739 


16.643 


77284 


16.ff73 


77841 


16.703 


78400 


16.783 


78961 


18.763 


79634 


16.TO3 


BOO 89 


16.893 


80666 


16.853 


81236 


16.883 


81796 


18.913 


82369 


16.941 


83944 


16.971 


83531 


17.000 


84100 


17.039 


84681 


17.069 


86364 


17.088 


86849 


17.117 


86436 


17.146 


S7036 


17.178 


87616 


17.306 


88309 


17.234 


88804 


17.263 


8 9401 


17.293 


90000 


17.321 
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906 01 


17.349 


91204 


17.878 


918 09 


17.407 


924 IS 


17.4SS 


9S025 


17.464 


98686 


17.498 


94249 


17.621 


94864 


17.500 


9 6481 


17.678 


9 6100 


17.607 


96721 


17.686 


97844 


17.664 


9 79 69 


17.692 


98S96 


17 730 


993 35 


17.748 


99866 


17.776 


100489 


17.804 


101124 


1T.88S 


101761 


17.861 


102400 


17.880 


108041 


17.916 


1086 84 


17.944 


104329 


17.972 


1(1 49 76 


18.000 


10B6 2a 


18.028 


106276 


18.065 


106929 


18.068 


107584 


18.111 


108241 


18.188 


108900 


iai6« 


1090 61 


18.193 


110324 


18.331 


110689 


16.248 


11 IS 56 


18.376 


112825 


18.808 


112606 


18.380 


1135 69 


18.858 


1143 4* 


16.385 


11 49 21 


18.412 


1166 00 


ia439 


116961 


18,466 


1169 64 


16.498 


117649 


18.520 


1168 86 


18.647 


119020 


16.574 


119716 


18.601 


1204 09 


18.626 


121104 


18.655 


121801 


18.«62 


132500 


18.708 



8q™* 


Sv'.Bool 


IS 82 01 


16.785 


133904 


1R763 


124609 


18.788 


126816 


18.615 


136086 


18.841 


136788 


18.868 


19 7440 


18.894 


13 6164 


18.931 


13 88 61 


18.047 


12 96 00 


18.974 


180881 


19.000 


181044 


19.036 


181769 


19.068 


182496 


19.079 


18 8836 


19.100 


18 8956 


19.181 


184689 


19.157 


1854 24 


19.168 


13 61 61 


19.309 


18 69 00 


19.880 


18 7641 


19.881 


188384 


19.887 


189139 


19.818 


1898 76 


19.889 


140625 


19.866 


1418 76 


19.891 


142129 


19.418 


1426 64 


19.443 


143641 


19.468 


144400 


19.404 


146161 


19.519 


1469 24 


19.545 


146689 


19.570 


147456 


10.696 


148325 


19.621 


148996 


19.647 


149769 


19672 


15 05 44 


19.696 


161831 


19.728 


15 2100 


19.748 


152881 


19.774 


10 3664 


19.799 


16 4449 


16,824 


15 6286 


19 649 


15 60 26 


19,875 


16 6816 


19.000 


16 76 09 


19,925 


1564 04 


19 960 


15 9301 


19.975 


160000 


80.000 
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160801 


30.036 


161004 


80.060 


162409 


80.078 


16 8216 


30.100 


164036 


30.136 


16 4886 


30.149 


18 0649 


80.174 


IB 64 64 


20,109 


16 73 81 


20.334 


16 8100^ 


30.248 


16 8931 


80.378 


16B744 


30.398 


1705 69 


80.833 


171896 


30.347 


172385 


30.878 


178060 


80.896 


178889 


90.481 


174734 


30.446 


176561 


30.469 


176400 


90.404 


177941 


90.518 


1780 84 


30.543 


17 88 39 


80.667 


n 07 76 


20.691 


16 06 36 


30.019 


18147S 


90.640 


182839 


30.664 


188184 


80.688 


184041 


30.713 


184900 


30.786 


186761 


30.761 


180634 


30.785 


18 7489 


80.809 


188366 


30.888 


18933S 


30.867 


100090 


30 881 


1909 69 


30.905 


181844 


30.028 


198731 


30.863 


1936 00 


80.076 


194481 


31.000 


19 S3 64 


81.024 


19 6849 


81.048 


197186 


31.071 


19 8036 


81.09B 


108916 


81.119 


109800 


31.143 


300704 


31.166 


301601 


81.190 


8036 00 


31313 



Squn. 


S4ii.'B<Mt. 


808401 


81.387 


304804 


31.360 


805809 


81.384 


306116 


81.807 


307035 


31.881 


907980 


81.854 


808849 


81.878 


309764 


31401 


810681 


31.434 


311600 


31.448 


313531 


31.471 


818444 


31.494 


814869 


31,617 


216390 


31.541 


316335 


81.66* 


817150 


31.667 


318089 


81.010 


319034 


31.688 


319961 


31.666 


330900 


81.679 


3318 41 


31.708 


88 3784 


31. 786 


388780 


31.749 


3346 76 


81.778 


88 56 36 


81.794 


8366 70 


31.817 


33 7639 


31.840 


338484 


31.868 


83 9441 


31.886 


3SO40O 


81.909 


38 18 SI 


81.989 


38 38 34 


31.954 


28 8280 


21,877 


334266 


98.000 


3862 25 


38.038 


28 61 06 


38.045 


38 7189 


38.068 


3S8144 


89.091 


389121 


88.118 


34 0100 


33.136 


341081 


83.169 


342064 


33.181 


84 3040 


83.204 


344086 


33.386 


845036 


33.349 


846016 


33.871 


347008 


32.308 


84 8004 


83.810 


849001 


83.338 


860000 


38.861 



lyGoogIc 
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SSlOOl 


93.383 


asaooi 


39.406 


ssaooB 


32.498 


35 40 18 


33.460 


9S6036 


33.473 


SS6038 


32.404 


367044 


33.617 


96S0M 


33.630 


369081 


99.661 


96 01 00 


33.683 


96 11 SI 


39.006 


363144 


39.^7 


363160 


99JB0 


364106 


SS.ff» 


36 63 36 


89.W4 


360366 


93.716 


367360 


99.738 


388394 


99.760 


369301 


39.789 


»MM 


9S.S04 


»71441 


99.896 


373484 


39.847 


973690 


99.860 


374676 


33.801 


976636 


39.91S 


970676 


3L03S 


377790 


33.960 


978784 


33.978 


979641 


23.000 


980900 


33.033 


9B1901 


23.043 


983094 


33.066 


9840n 


23J«7 


385160 


23.108 


988335 


S3L130 


387396 


33.1BI 


988360 


23.173 


380444 


33.196 


9906 31 


93.916 


301600 


33.338 


903681 


23:960 


20 3764 


33.981 


20 48 40 


23.303 


9069 36 


23.334 


207036 


S3.346 


398116 


S3.3ffr 


390209 


33.388 


30 03 04 


23.400 


301401 


33.431 


303600 


33.453 



Biun. 


BqtLBoot. 


303601 


33.473 


304704 


33L48K 


306800 


33.616 


806016 


S3.637 


308036 


3X668 


300196 


33L680 


31CS40 


sxaoi 


311304 


33.631 


319481 


33.S4S 


313600 


33.684 


314731 


SS68S 


816844 


23.707 


310000 


2X798 


318006 


3X740 


319936 


31770 


330866 


SXTM 


331480 


33.813 


339634 


3X833 


39^81 


SXBM 


334900 


3X876 


396041 


33.606 


397184 


23.017 


338390 


SX037 


330478 


93.968 


330636 


2X970 


331778 


94.000 


333930 


34.091 


33 4084 


94.043 


336341 


34.089 


S3 64 00 


94.083 


337661 


SLlOi 


338794 


34.126 


330880 


24.146 


341066 


34.100 


349936 


34.187 


343300 


»t907 


344608 


94.298 


345744 


34.340 


S4 6991 


94.280 


34 81 00 


94.300 


349381 


34.310 


36 0464 


34.331 


361640 


S4.3S9 


3B28 38 


34.373 


86402S 


94.383 


366918 


34.413 


366400 


34.434 


3S7804 


94.464 


368801 


34.474 


MOO 00 


94.406 
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881901 


24.616 


MS404 


24.686 


868609 


24.BS6 


864816 


24.ST6 


866026 


24.S97 


86 73 86 


84 617 


868449 


24.687 


86 96 61 


84.668 


870881 


24.ffre 


872100 


24.698 


873821 


24.718 


87 46 44 


24.780 


87S7 69 


24.759 


87 6996 


24.770 


878826 


24.709 


87 9466 


24.819 


880089 


24.889 


8819S4 


24.860 


88 8161 


24.880 


88 4400 


94.900 


88S641 


24.920 


S8 68S4 


S4 940 


868129 


24.060 


8898 76 


34.960 


89062S 


26.000 


891876 


26.020 


898129 


25.040 


894884 


2S.060 


89 66 41 


25.0S0 


8969 00 


85.100 


898161 


25.180 


899424 


26.140 


4006 89 


25.169 


401986 


85.179 


408226 


25.199 


404496 


26.810 


406769 


25.280 


407044 


25je69 


408821 


26.278 


409600 


25.296 


410681 


25«18 


41 21 64 


26.888 


413449 


26.8B7 


414786 


26 877 


41 60 26 


25.897 


417816 


26.417 


418009 


35.486 


4199 04 


26.456 


421201 


25.475 


4226 00 


25.406 



Squn. 


6«<>.Boot 


438801 


25.615 


426104 


35.534 


48 8409 


25.664 


427716 


26.673 


430026 


25.598 


4808 86 


25.618 


481649 


25.682 


482964 


25.862 


484281 


26.871 


486600 


35.090 


48 69 31 


36.710 


48 82 44 


36.739 


4896 60 


26.749 


44 0606 


25.766 


44 22 36 


25.788 


44 8566 


2S.80T 


444889 


25.826 


446384 


35.846 


4476 61 


25.866 


448900 


26.884 


46 02 41 


25.904 


461684 


25.938 


45 2029 


26.942 


4643 76 


35.963 


46 66 85 


25.881 


466976 


26.000 


468839 


36.019 


460684 


26.088 


461041 


36.058 


463400 


26.077 


48 87 61 


36.006 


465124 


38.116 


46 6489 


26.184 


46 7886 


38.158 


46928S 


26.178 


470596 


36.103 


47 10 69 


28.211 


47 38 44 


36 380 


474791 


88.349 


47 6100 


26.268 


47 74 81 


26.287 


47 88 64 


36.806 


48 0240 


26.829 


481686 


26.844 


488085 


36.868 


484416 


36.888 


485809 


36.401 


48 72 04 


26.420 


48 86 01 


26.489 


490000 


26.458 
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SqOUfc 


Bqa.B0dt. 


351001 


33.383 


25!»M 


93.405 


25 3009 


32.428 


36 4016 


33.460 


356036 


33.473 


256036 


92.494 


267049 


32.517 


2580 64 


32.539 


269081 


22.661 


960100 


33.683 


S611S1 


32.605 


263144 


93.637 


26 SI 69 


22.060 


264196 


22.ffra 


966326 


33.994 


366266 


22.716 


36 7389 


23.738 


368334 


23.760 


360361 


33.783 


370400 


33.804 


371441 


33.835 


873484 


33.847 


273529 


33.809 


87 46 76 


32.891 


376636 


23.913 


976676 


21.935 


27 7720 


32.966 


OT878* 


22.078 


979641 


23.000 


280800 


33.033 


981061 


23.043 


28 3034 


23.065 


984080 


23 JW? 


286166 


23.108 


386336 


23.130 


98 7996 


23.152 


38B3S9 


23.173 


98M44 


23.196 


20 0631 


93.216 


291600 


33.238 


292681 


23.269 


20 3764 


23.381 


2S4849 


33.303 


895036 


23.334 


397036 


23.346 


2981 W 


93.367 


200909 


33.388 


300304 


93.409 


301401 


23.431 


303500 


33.463 



Bq«^ 


8qu.H»i. 


303601 


93.473 


30 4704 


93.496 


306800 


23.616 


806916 


93L53T 


308096 


33.668 


309136 


23.680 


8103 49 


33.601 


811364 


33.633 


312481 


23.648 


818600 


33.664 


814791 


98 686 


316844 


23.707 


316969 


33.798 


318006 


23.749 


310335 


iB.770 


330366 


98.791 


321489 


93.819 


323694 


23.833 


33 3761 


93.854 


334900 


93.875 


326041 


33.886 


327184 


23.017 


338339 


93.937 


32 94 76 


23.958 


330635 


33^079 


831776 


34.000 


333920 


34.031 


334084 


34.042 


3352 41 


34.063 


836400 


34.063 


837561 


34.104 


338794 


24.125 


339880 


24.146 


341066 


34.166 


349295 


24.187 


3433 06 


34.307 


34 46 60 


34.328 


345744 


34.349 


34 8021 


94.269 


34 8100 


34.300 


840281 


34.310 


35 04 SI 


24.331 


3516 40 


34.352 


353836 


24.373 


854026 


34.393 


365216 


34.413 


366409 


24.434 


8576 04 


34.464 


868801 


24.474 


380000 


2440S 
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86 IS 01 34.615 6S1 43 88 01 25.015 

S6 M 04 S4.586 669 42 SI 04 2S.SM 

868609 34.666 658 496409 S6.6B4 



^ X'4 



867986 S4617 6S6 480886 

868449 S4687 667 481649 

a<g664 94.668 6»8 482964 

870881 84878 669 4849BI 

879100 94.016 860 4S6600 



Z 

610 

nil 

SI 

610 
616 

z 

636 891876 



87SS31 94718 

8740 44 34.780 

8787 69 34.769 

876996 94.779 



880089 34.889 

884400 94.900 

8800 41 34.930 

886884 24940 

88 81 99 34.900 



1876 25.030 

81 29 35.040 

48 S4 96.000 

895641 35.060 

896000 36.100 

898161 36.136 



198181 
)99434 



l?;;5S 



404496 
400709 
407044 
408831 



Si? 

640 
641 

Si 

644 41 47 80 30 8' 
646 410020 26.807 

646 41 78 16 35.417 



Z ^^'4 



661 486931 35.710 
663 488344 25.739 
068 48 90 SB 20.749 



!S? SSiS K 

668 446394 25.840 

669 44 7B 61 30.860 

670 4480 00 35.884 

671 450341 36.004 

673 4010 84 25.938 
678 45 30 30 20.943 

674 45 43 76 35.963 

675 4006 30 25.981 



iS:^ 



681 40 8761 

683 460124 

s s;iis 

680 469330 

680 47 05 96 

687 47 19 69 



iHs ii E lis 



604 481686 



l:SS 



896 48M16 96.889 

Z Ji^S 1S:S 

699 488601 96.460 

700 490000 96.458 

DigilizodbyGOOgle 
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Ham. Sqnan. 8qn. BooL 

761 H4001 27 404 

759 56S5 04 97.428 
T» S6 70M 27.441 
7M 6685 IS 97.469 
756 670035 97.477 

756 57 15 SS 27.495 

757 67 80 49 27.514 

758 57 45 04 97.682 
769 676081 27.600 

760 67 7600 27.668 

761 67 01 91 87.666 
7S2 5606 44 37.604 
768 6821 69 ST.6S3 
764 66 86 96 27.641 
705 56 S3 35 27.659 

766 S8 67 66 37.077 

767 56 63 89 37.096 

768 58 98 34 37.718 

769 59 18 61 37.781 

770 59 29 00 37.749 

771 69 44 41 27.767 
773 6959 84 97.786 

773 697S29 27.808 

774 59 90 7S 97.831 

775 600636 97.889 

776 60 31 76 97.857 
T77 6087 29 27.875 

778 606984 27.898 

779 606641 27.911 

780 60d400 97.938 

781 009961 97.»4« 
763 61 15 34 37.964 

788 61 80 69 37.982 

784 614656 38.000 

785 61 69 36 36.016 

786 617796 38.086 

787 619369 88.064 
768 63 0944 28.07L 

789 62 35 91 98.089 

790 694100 98.107 

791 636681 98.126 
703 63 73 04 86.142 
708 69 88 49 98.100 
794 6804 86 38.178 
705 6820 36 28.196 

796 68 86 16 28.218 

797 68 5209 28.931 

798 63 08 04 38.340 
790 68 64 01 3S.S07 
800 640000 38.884 



401401 


96.476 


499604 


36.495 


404309 


86.514 


495616 


26.688 


497086 


36.603 


496436 


36.571 


49 9849 


36.B69 


601364 


26.006 


0036 81 


86.637 


604100 


88.646 


005691 


36.006 


606944 


86.668 


606869 


26.703 


609796 


36.731 


611380 


36.789 


613656 


26.708 


614089 


3B.777 


6150 34 


28.796 


0169 61 


26.814 


518100 


26.683 


0198 41 


8S.8GI 


631384 


86.870 


S2 2720 


36.880 


534176 


26 907 


630696 


36.9i6 


69 7076 


36 944 


0280 80 


36.968 


69 99 84 


96.961 


5814 41 


27 000 


582000 


27.019 


68 48 61 


27.087 


63 68 34 


97.055 


6879 69 


27.074 


68 6766 


27.002 


640936 


97.111 


64 IS 96 


37.199 


543169 


27-148 


64 46 44 


37.166 


646121 


87.166 


5476 00 


27.208 


549081 


27.221 


650664 


27.240 


509049 


37.368 


508086 


37.276 


060036 


37.806 


55 65 IS 


27.813 


058009 


27.381 


669504 


87.860 


561001 


27.868 


5630 00 


27.886 



Digitized by VjOO'J IC 
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801 641601 S8.80a 

E EH li 

BOO 648020 28.818 

806 649686 «.a» 

807 e312« 28.408 

z IH ii 

611 60 7731 28.478 

Bia 65S8 44 38.496 

BIS 660969 36.518 

814 66 2e 96 38.&31 

615 664339 38.548 

li IB li 

819 67 07 61 38.618 

830 67 2400 38.686 

822 67 5684 38;671 

838 67 78 89 38.688 

Ml 'dT£ i:% 

LI I^S K 



886 69 88 96 38.914 

Z 'X'^ 1:11 

841 707381 39.000 

843 708964 39.017 
848 71 06 49 39.084 

844 71 S8 86 29.0S3 
646 714026 39.069 



881 7343 01 39.173 

833 730904 29.169 

868 72 7609 29.306 

804 73 9816 29.328 



78 2786 
78 44 49 
78 6164 



~4 6496 29.894 
48225 39.411 



IS 5JS 



^T« 



869 76 0161 39.479 

870 75 6900 29.496 



874 76 88 76 39.668 

870 76 6636 29.680 

r,; ?sj?5s i:si 

878 77 0884 39.681 

S St!S lis 

m 776161 8».68« 

S KSIS l:ffi 

BBS 78 49 26 29.766 

887 78 67 69 29.788 

888 788544 29.792 

IS SSfS s 

l?l SIS K 

893 79 7449 30.888 

894 79 93 86 29.900 

895 801035 39.916 
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APPENDIX III 

Answebs to Fbobleus 



10 4 

11 1 

9. At. is the more variable. 
10. In the case of D. 
11. 

Bniml B«ian 

Crude Mode 23 22 

Median 22 22 

Average 21.0 21.65 

A.D. from Median 2.5 1.75 

8.D. from Mediao 2.&4 2.M 

Med. Dev. from Median 2 1 

Q 2 1 

12. a. 18 through 24. 
b. 21 through 24. 

13-22. The various answers are mduded in the tables that follow. 
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23. The three surfaces will be as shown in Fig. 92, but on a 
larger scale. 

24. The three surfaces will be aa shown in Fig. 93, but on a 
larger scale. 




I r 



2"'/ (> 8 /o a 

Fid. 93. 
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26, 27, 28. The surfaces will be such ^i^t the distributions of 
the taUe bdow, n bdng 64. 



7 



QaMtltr Pnbl^ M PnblMn 37 h*blai n Qnutltj Prablva M Probinn V 



SFi 23 



30. bang used, the values are, in order, 3.52 tr, 3.22 <r, 3.02 ir, 
2.87 0- and 2.74 tr; 1 per cent, bong used, the values are, in order, 

^ 2.03 «-, 2.78 a, 2.65 a. 2.55 <r and 2.46 ir ; 2 per cent, bdng used, the 
values ue 2^.62 a, 2.51 o-, 2.42 a, 2.34 v and 2.27 a. 

31. If the distribution is a rectan^e, o ia + l.OS Q, 6 is + 1.88 Q, 
/ U + 1.72 Q, and « is + 1.44 Q. 

If the distribution ia of Form il, a to+ 2.7tf, 6 is+ 1.01 9, 
/ is + 1.48ff, and * is + l.OOff. 

If the distribution is of Form 2>, a is + 3.52 7, 6 is + 2.09^. - »"V 

32. Light blue= ~ 2.28 <r; blue-dark blue = -r 1.00 a; gray- 
blue-green = -A .08 <r; dark gray-hazel = 4^ .47 <r; li^t brown- 
brown = + .83 <r; dark brown = •\- 1.34 a\ very dark brown-Uack 
= +2.16ff. 

33. ^ = -|-3.3Q; B = + 1.7 C; C- -(- .1 <?; Z)--1.4Q; 
£= -3.OQ; F= -4.6Q. 

35. Since the average variability for C.T.'s 107 through 112 
is 34.8 and the average variability for CT.'s 110 through 126 is 
only 33.0, it is dear that for this group of criminals at least, those 
of longer finger length do not vary any more in finger length than 
those of short finger length. In comparing races, sexes, and the 
like in respect to variability of finger length, there is no a ftioti 
reason for dividing gross variabilities each by its C.T. or even by 
the square root of its C.T. 
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to. Median A/B = .345. Q of A/B's - .12. 

44. f = .80 or .81, if tlie squares of tlie diiferences in ranlcs are 



4S. 
46. 

ylx — 

47. 
48. 
49. 
50. 
51. 
62. 
53. 
54. 
55. 
56. 
67. 
58. 
59. 
60. 
61. 
62. 



r V .76 or .78 if the sum of the gains in ranks is used, 
r a .73 if the number of unlike-aigned pairs is used (counting 

5/14 of the paira with zeros as unhke-signed). 
r B ,80 if the x.y products are used/ 
r ■» .71 if the xjy and yjx ratios are uaed. (The '(H)' 

pair is to be scored as a dose correlation.) 
T^ - .73; r^c = -99; Tad = -16. , \^ 

f, = 2.18; B, = .456; mid xly = . 05 (g/0 ui 1/1) ; mid 
UOQ (0/7 01 lQyil), r=;tfi^. 






= .22; <r^ 
= .27;<rt 
= .32; <r^, 

■ .47; <r^ 

■ .16; fft 



,16. 
= .19. 



i.34. 



"■t dK— oM. am. ^ .52. 
"».««.— obtain. ~ -27. 
fft. difl —oM, dut. ~ -31. 
''■(.dja,— c*t aw. ■* ™^ ^A 
fft.r-<**.r.-= .056r 
ffL,-oM.r= -069. 
fflr-*tr= -040-. 

68.3 per cent 

14.3 per cent. 

0.1 per cent. 

11.7 per cent. 

9.7 per cent. 

26.1 per cent. 

4.7 per cent. 

10 and 11.68. 

10 and 8.05. 

8.07 and 11.93. 

12.64 and 21.84. 

12.11 and the lower limit of the distribution. 
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ANSWEB3 TO PROBLEMS 

72. 18.96 and 21.11. 

73. a. 124 chances in 10,000. 
6. 228 chances in 10,000. 

c. Between i — 6.2 and Jl; + 6.2. 

74. a. 228 chances in 10,000. 
h. 8,664 chances in 10,000. 

75. a. 82 chances in 10,000. 
h. 82 chances in 10,000. 

c. 6,826 chances in 10,000. 
. d. .21 and 2.19. 

76. a. .36 and .60. 
b. 228 in 10,000. 

77. a. 26 in 10,000. 

b. 1,151 in 10,000." 

78. a. 67 in 10,000. 
6. 975 in 1,000. 

79. 6.73+. 

80. a. 604 in 10,000. 
h. 1,903 in 10,000. 

c. 4,464 in 10,000. 

d. 2,123 in 10,000. 
c. 5,597 in 10,000. 

81. a. 890 in 1,000. 
b. 992 in 1,000." 

82. As high as .40, 1,996 chances in 10,000. 
As high as .41, 459 chances in 10,000. 
As high as .42, 57 chances in 10,000. 
As hi(^ as .50, chances in 10,000. 

84. a. 3,265 chances in 10,000. 
b. 6,735 chances in 10,000. 
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AiKms, H. A., 10 

Api^cAtion Dt the theory of measurfr- 

tnenta, 3f. 
AppioziiDatioiu in ctdculation, 49 S. 
Array, defined, 148; vaiiability of an, 

l»f. 
Attentirai of coeffitnenta of eonelaljon, 

177 ff. 
Average Deviation 36, 43, 46 f., 64 f., 

SS f . 5«e also Variability. 
AveresM, 36, 36, % 44 ff., fil fl., 69; 

unreliability of, 188 ff. 
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Bimodauty, 33 f . 
Boas, F., 138 
BowLET, A. L., 1, 97, 212 
Brown, Wabmeb, 216 

BbOWN, WlLLIAH, 214 
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172 f.; coefficients of, 162 ff; tech- 
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of for attenuation by chance in- 
accuracy of the paired measurou 
177 ff.; eouatriction, dilation and 
distortion, 180 ff.; meaning of coef- 
fiosnts of, 182 B. 

Cbellb, a. L., 216, 229 

Curves of frequency, 30 ff. 



Deviation, and Variability. 
[KfferBUces, measures <rf, 12 _ . . 
lietiea ol, 127; in central tendency, 



iiUty. 
<rf, 127 ff.; 



Craitral tendendes, . . 

calculation of, 42ff.: of groups, 92 i 
cnnparison of, 128 ff.; unrdiability 
of measures oi, 188 ff., 164 f. 

Qiangea, measurement of, 127 ff., 134 ff. 

Coefficients, of vaiiability, 133: of cor- 
relation, 162 ff., 164 ff., 193 f. 

ComiAK, L. D., 216 

Cou.n, C., 97 

CommetunirBbilitv, of measures of re- 
lations, 156; OI coeSdents of corre- 
lation, 164 ff. 

Complexity of mental meaBurementB, 
SfT 

Composition, scale for messuiing, 19 ff. 

Constant errora, 208 f. 

Constriction, of correlations, 180 ff. 
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76 f. 

Continuity of measures, 21 f.;infnences 
from in calculation, 61 ff. 

Ccanlation, 156ff.j estimated from 
nmilarity in relative pontion, 1G7 f., 
167 ff.; estimated from die^ercent- 
age of lik»«igDed pairs, 168, 170 f.; 
estimated fnm the ratios of the 
paired deviatkm-meaBUiee, 160, 172: 
estimated from the diSraeikcee oi 
the paired deviation- 



Dilation, (H correlations, 180 ff. 
Discrete series of measuree, 21 f. 
Disptfmon. .See Variability. 
Distribution, of a variable fact, 28 ff.; 
tona of, 53 S.j 64 ff., 80 ff., 94 ff.; 
form ct distribu- factors determming, 80S.; efiect of 
chance combination of causes, 80 ff.; 
of, 36 ff.; effect of interdependence of causes, 
" """ 86f.; samples of^ 98ff.j mterpre- 
tation of, 102 ff.; m rdation to mix- 
ture and sdection, 104 ff.; as an ud 



construction (3, 201 f.; taUea <^, 

67 ff., 167 ff., 217 ff. 
Distortion, of correlations, 180 ff. 
Divergence of obtained from tnie 

measuree. See Unrdiability, 

EsBiNaHAUB, E., 143 f. 

Eudorr, E. C, 215 

Eqoations <A lines bounding suifaoes oi 
frequency, 64 ff. 

Errors in measurements, 207 ff.; vari- 
able, 207 f.; constant, 208f.; due to 
phyrical conditions, 210; to p'W'-nl 
conditions, 210 f. 

F<»in of distribution. iSee XXstri' 

bution. 
Formula for correlation, 162 B.; for 

unreliabilities, 188 S. 
Freqiiency, surfaces of, 28 ff., 64 ff.; 

tables of, 67 ff., 197 ff., 217 S. 
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Gioupa, measurement <^, gi ff.; form lUsemUance, mc 
of distribution in, 94 ff.; homogene- Rice, J M 6 
ouB and mixed, 103 8,; oomparison Robebto, C., 96 
ot, 128 ff.; measurement of ohanse 
in, 137 fi. ^^ 



HiLLXOAB, M. B., 18 
Homogendty in groups, 103 S. 
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on measurea of groupe, 92 ff.; on 
meaaures of correlation, 177 ff. 

Individuala, oombination of 



(he amount ot a Tariabb fact, SB?. 

Interval of the scale required toiwdude 

a given percentage <H the oaaee, 202 f . 

Kbtjxoib, F., 216 

Mathematics and measurements, 1 f. 

Mean, See Average. 

Mean Square D^riation, 39 f., 43* 

calculation of, 47 f,, 65 f., 69 f. ; 

unreUability of, 190, 195 
M^ui Variation. See Average Devi*< 

Median, 36 f., 38, 43; calculation of, 

48 (., 61 ff., 64, 59 f.; unreliability of 

190, 19fi 
Median Deviation, 40, 44; calculation 

of, 49, 60 
MBTI.&IT, Q. L., 96 
Mode, 37 ff., 43, 64, 60 
Multimodal distributiona, 83 f., 37, 39. 

40 f., 78,86 ff, . .o"* 
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PaABBON, K, 96, 97, 133 
Percentile oomparisons, 128 f. 
Percentile measurea, 40, 43 f., 48 f.. 

61 ft., 66 f., 69 f. 
Pbtxr^ J,, 216 
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Q. See Semi-interquartile-nuige. 
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24 ff., 109 S. See also Tnuumn- 

tation of measures. 
Reliability. See Unreliability. 



Samphng, m rdation to the ealculaticn 
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68 f.; unreliability due to, 186 ff. 

Scales, 7ff.: defects in, 7ff.; objectiv- 
ity, 13 j definitenees of units, 13 ff.; 
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position, 19 S.; deiirod horn mew- 
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Semi-^terquartile-range, 40, 44; cal- 
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W. P., 56 
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SpwaiiAi^ C, 174, 179, IBl, 216 
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Deviation. 
Stbatzb, G. D., 216 
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217 ff, 

Thomas, W, S.. 216 
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Units of measurement, i f., 7 fl., 13 ff.; 
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of the cases, 188; formula for, 
188ff.; of central tendency, I88ff.; 
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190 ff.; of correlation, 193 f.; use 
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Uimur, F. M., 214 
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6; measures of, 39 ff.; causes of, 
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